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We must never cease from exploration. And the end of all quioerg will be to
arrive where we began and to know the place for the first time.
T. S. Eliot

Basta mirar algo con atenon para que se vuelva interesante.
E. D'Ors

Sigue, sigue adelante y no regreses,
Fiel hasta el fin del camino y tu vida,
No eches de menos un destinascil,
Tus pies sobre la tierra antes no hollada,
Tus ojos frente a lo antes nunca visto.
L. Cernuda

Toma la verdad y évala por el mundo.
E. Bose






Prefacio

Escribir la tesis es una de esas cosas quéhanauna sola vez en la vida. Otras
cosas uni-ocasionale® le hacen a unasin comerlo ni beberlo, como nacer o
morir. De hecho no se me ocurren muchassntosas fruto de la voluntad que
no se repetan (el eterno no retorno), tal vez el parto de un figco o la boda
con la media naranja. En cualquier caso, un poco del uno ytaeé@mplo tiene
escribir la tesis. De lo primero, porque escribir la tesisies catarsis. Uno se
explaya, se desaloja, se V@adodo lo que puede y “pare” un monstruo de 200
hojas, que posiblemente solo le parezca absolutamenteitita@a una (de ah
la similitud con el ejemplo segundo). Incluso cuando siemypra tender a creer
gue pudo hacer &s y mejor, el amor de un doctorando por su tesi€reparida
es dbito. Despés de los sudores del parto, e incluso en los casos desaosin
en los que se reniega del contenido (¢ pd@ no?, se ha dadoas de un caso), la
vision primera de esas verdades tan bien encuadernadas noddlgoao. Con
este texto, mato dosajaros de un tiro y ya solo me queda plantaéadool.

Mi tesis comena a gestarse allen la adolescencia, cuando el gusto por las
matend@ticas tond un tinte personal: las matéticas y yo. Cierta Rosa me efiée
a deshojar las funciones y ya no pude quitarme desde entod@sempese
a divertirme de una manera muy especial, distinta a otras que céampeffan
distinta que gad por pura curiosidad de ver si esa endmdndescriptible, ansiosa,
que me invath al ir desentr@ando los misterios de los numeros complejos o las
exponenciales, sexr mas intenso seém se fueran complicando los problemas. Y
no puedo negar que, a ratos, como todo, en la carrera qudelpgdido sentir esa
emocbn, ese hilo motivador de mi vida, y ese sentimiento de sciturale belleza
abstracta (sin aplica@n) que lo envuelve todo en un instante de compénsi
profunda. Gracias a ese hilcagico, que me conecta con la imagen demisma
que siempre proyeget de la que a veces daig a la que siempre valyvestoy aqu
hoy, luchando por darle vida esta carne de mi carne a las 4rioalmla méana.

Y no se trab nunca de la Bica, ni de la Ciencia (ni de otras grandes cosas
con mayisculas), ni siquiera de la admirani por los grandes cidifitos o los
grandes proyectos. Siempre sedrdé algaintimo, raramente compartible, como
una tarde a la soledad de mi mesa con un problema o una @cudido nada
mas que eso, pero eso cada.dSiendo yo poco (o tan) exigente, no siempre ha
sido facil. ..

No siempre ha sidoatil seguirle la pista al hilo adorado. Durante mucho
tiempo pared haberme abandonado. Las pasiones, incluso las cotidavases
se nos revelan y no hay que culparse. Como una espectadoraiarexirdia,
actuando por costumbre donde siempre mé glinstinto. Capacidad, voluntad,
futuro, fueron palabras que durante ese tiempo se me estapdp hay que
menospreciar la crisis del doctorando, es toda una ingiitunental: la carcel de



las ilusiones perdidas. Casi no ala pena seguir en los momento&smduros
de estos cuatroii®s y medio. Pero, como en toda historia con final feliz, lo
humano se impone sobre los constructos, eficasobre las apariencias y la f
nos devuelve a la lucha, ciega a toda evidencia que vatieimetd. Cuando tanta
gente en la queitcrees (ver los Agradecimientos) cree en ti, tienes dudassde
dudas. Y eso te puede salvar. A me salb, al margen de que decidiera no
abandonar la tesis.

Con todo, es un largo camino el que me hadwehasta adu La tesis es una
etapa, para los que nos damos a la vida @cach, como el colegio, el instituto,
la carrera. El eslan mas duro que no te asegura el cielo pero te da cierta altura.
Es duro porque ed$ a solas con la ignorancia, por primera vez, sin red ni ar-
mas. Ya no te puedes esconder en los libros manoseados gricisies mil veces
repetidos por generaciones. Ya no puedes correr al sald@sprgara que corrija
tus torpezas. Los sabios cercanos ya no existen mientra®ggabios lejanos
e inaccesibles se multiplican. Los problemagsnmirusculos, tan miasculos
gue al principio te dan risa (jj¢ diagonalizar una matr)z?¥ ponen constante-
mente en evidencia frente a uaitpico mundial que te ignora por defecto. Ya no
te codeas con las grandes fesrde la humanidad cadéagdpero cualquier inte-
gral del camino amenaza con no tener sdogcly eso te paraliza. j@uabsurdo
desamparo!

Como si se tratara de una teegue ya no aplica y empieza a dar divergencias,
la tesis te obliga a cambiar de modelo. Hay deeidir (sin pararse a pensar) que
todo el mundo empieza a andar con lo§iglas, a pasos ficulos y titubeantes.
Solo hace falta que te den la mano para no caer y para compgobaambzn
son numerosos los titubeos de los otros. La felicidad magatattorando es la
del nino, poder jugar sin miedo, sin nisiquiera concebir la ideagig@vocarse.
Los errores no existen. Claro. limico que debe quitarme el sigees no tener
suficiente madeja para mi hilo. Solo cuando aéran plenitud esta idea, solo
cuando los sabios abstractos caéyede su pedestal lejano, pude volver a subirles
a uno nas cercano y verdaderoasia mi altura, reén conquistada por decisi
propia. Y las cosas parecen tranquilizarse. Nada e&tdrcbmo me atormentaba
pensando ni tan digil como acak creyendo. Solo tuve que empezar a andar.

Es andando que me cizon lagente Al final siempre se trata de la gente.
“Que la ciencia nos hagaas humanos” déa aquella, pero primero tenemos que
hacer nosotros a la ciencia completamente humana. Poaeals gestos, miedos
e ilusiones. Despojarnos de las excusas y las causas sam@gsquler hacer cosas
interesantes en serio. Disfrutar con laida requiere que nunca se ponga por
encima de nadie ni sea loam importante o algo sagrado. lisifa ha de ser algo
plastico, modelable, que no se escandaliza ni sabe de apasigrneubterfugios.
Un refugio para la humanidad de sus subjetividades, dongedes verdadero y
de calidad lleva la batuta. Lejos de l@picos, creo que prefiero ehlido baremo



de la bgica al fio critero de los intereses personaled, 8 que esa ciencia,
concebida con los ideales con la que mi padres me llenabaibéza de peqgie,
no existe, pero me gusta pensar que es a la que aspiramos.
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Abstract

Castellano

Esta tesis se ocupa, en el marco de laitede Electrodiamica C@ntica en Cavi-
dades, de la interadm de luz y materia bajo un bombeo continuo e incoherente.
Como tal, aplica a sistemaisicos como es un punto &@atico—que provee de ex-
citones (materia)—dentro de una cavidad semiconductotee-prpvee de fotones
(luz).

Considero dos modelos para describir su intetaccel modelo lineal (para
excitones ba@nicos) y el modelo de Jaynes-Cummings (para excitones dermi
nicos). En el llamado regimen d&oplo fuerte fotones y excitones interaen
fuertemente, perdiendo su identidad y dando lugar a nuarésias, logpolari-
tonesO-dimensionales.

La fisica de polaritones se ve gravemente afectada por la decwliee que
ahado a la teda a traes de érminos Lindblad en una ecuéoi maestra. Las dos
fuentes principales de decoherencia en semiconductands disipacdn (perdida
de pariculas) y el esquema cw de excitacifuera de resonancia (inje6ai con-
tinua de paiitulas). Aunque el efecto del decaimiento ha sido estudizdoe
los comienzos de cQED, el efecto del bombeo incoherenteithagpsco tenido
en cuenta. Agumuestro 6mo y en gé casos el efecto conjunto de bombeo y
decaimiento puede impedir o favorecer la forndaaile polaritones.

El modelo boénico se resuelve exactamente mostrando las consecuencias
cualitativas y cuantitativas que el bombeo tiene en losraxgatos, en particular,
en medidas espectragucas de fotoluminescencia. El problema fénico se
resuelve semi-angiicamente, y se propone como una herramienta de labaratori
para estudiar la transam del €gimen cantico al casico.

La observadin de polaritones en los espectros de emnisiepende crucial-
mente del bombeo y de la naturaleza de los excitoneso(boa o fermbnica),
como muestro en el texto. Otras propiedades de estos sssteonzo correla-
ciones de primer y segundo orden, ganancia de uno o dos $tefeeto &ser y
“entanglement” son tamén discutidas.
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English

This thesis is devoted, in the framework of cavity QuanturmecEbdynamics, to
the interaction of light with matter under an incoherenttoarous pumping. As
such, it describes physical systems like a quantum dot—gfatides excitons
(matter)—inside a semiconductor microcavity—that pregigghotons (light).

| consider two models to describe their interaction: thedinmodel (for
bosonic excitons) and the Jaynes-Cummings model (for fenmiexcitons). In
the so-calledtrong couplingegime, photons and excitons interact strongly, loos-
ing their identity and giving birth to new patrticles, call@D) polaritons

Polariton physics is greatly affected by decoherence. liatllthe theory
through Lindblad terms in a master equation. The two maimcgsuof decoher-
ence in semiconductors are dissipation (losses of pas}ieled the off-resonant
continuous wave scheme of excitation (continuous injactb particles). Al-
though the effect of decay has been studied since the eayly afacQED, the
effect of incoherent pumping has been largely overlookestholw how and when
the interplay of pump and decay can hinder or favor the foilonaif polaritons.

The boson model is solved exactly and shows the qualitatiecuantita-
tive consequences that pumping bears in experiments, trcylar in spectro-
scopic measurements of photoluminescence. The fermidodgpras solved semi-
analytically, and advocated as a laboratory tool to studytridinsition from quan-
tum to classical regimes.

Observation of polaritons in the actual spectra of emissiepends on the
pumping and the nature of the excitons (bosonic or fermjani@ crucial way
that | unravel in this text. Other properties of these systéke first and second
order correlations, one and two photon gain, lasing andngfgenent are also
discussed.
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Notations

We seth = 1 in most of the text, to remove the distinction between enary
frequency. The energy (time) unit will be the coupling camsg (inverse ¥g), if

not otherwise specified.

The hat for the quantum operators is omitted for simplidiging their nature

clear by the context.

The light mode and its associated quantities will be denotdid the lettera
(W, Va, Pa...); the exciton mode with the lettéx when bosonic, and’, when
fermionic. In the case of two quantum dots, and o> will be the notations for
the lowering operators. The labelsl andE2 will be used for QD1 and QD2
and their excited states whenever the more concise notdtiand 2, would be

potentially confusing (like in Chaptel).

I will use notations of naive set theory, suchgdo refer to real numbers
andC to complex numbers (the so-calleshumbers of Dirac). Therefore, | will

write p € R to mean thapis real.
The bracket notation for intervals is as followse (0,1] means O< p < 1.

More particular or punctual notations are introduced irt teken they are

needed.

List of acronyms

This is a list of the acronyms used in the text.

1R(P)
2LS
2R(P)
AO
BEC

cQED
FWHM
FSC
HO
HWHM
JC(M)
LM

one-photon (resonance)
two-level system
two-photon (resonance)
Anharmonic oscillator

Bose-Einstein Condensate (or
Condensation)

Cavity Quantum Electrodynamics
Full Width at Half Maximum

First order Strong Coupling
harmonic oscillator

Half Width at Half Maximum
Jaynes-Cummings (model)

linear model

MC
OPO
PL
QD
QED
QRF
QW
sc
SE
SS
SSC
VRS
wC

XVii

Mixed Coupling

Optical Parametric Oscillator
Photoluminescence

Quantum Dot

Quantum Electrodynamics
Quantum Regression Formula
Quantum Well

Stronc Coupling

Spontaneous Emission
Steady State

Second order Strong Coupling
Vacuum Rabi Splitting

Weak Coupling
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Chapter 1

Introduction

Contents
1.1 Quantum Electrodynamics (QED) . . . ... ... ... .. 1
1.2 CavityQED(cQED) . . . .. ... .. ... ... . ..... 6
1.3 SemiconductorcQED . . ... ... ... ... ... ..., 11
1.4 Summaryofcontents . . ... ... .. ... ........ 23

In this introductory Chapter, | will discuss, at the level eingral physics, the
theory of spontaneous emission, as an introduction to Quagiectrodynamics
(QED). Then, I will revisit this phenomenon in the contextakity QED and of
semiconductor physics, giving an overview of the state efatt. This introduc-
tion is part of a review paper, in preparation.

1.1 Quantum Electrodynamics (QED)

Quantum Electrodynamics (QED) is the relativistic quanfigid-theory that de-
scribes the interaction of light with matter.

It is the most successful theory ever conceived by man. Theaked fine
structure constantt—the coupling strength of the interaction between electron
and photons—~brings together some of the most importantfionethtal constants
of physicst a = €/(4msphc). The numerical value of this constant embeds both
the impressive achievements of science and its limitati@rsthe one hand, the
theory has proven exact in predicting phenomena of lightenaouplings with an
accuracy better than one part in a billion. On the other hnsule is no fundamen-
tal (or mathematical) explanation of its value, it has to beedmined empirically.

1The charge of the electrag the vacuum permittivityo, the reduced Planck constamand
the speed of light in vacuum



As a consequence, the best of our theories provides a vergidswiption of nat-
ural phenomena, but ultimately relying on what is essdgtéfitting parameter.

The small value of the fine structure constant beforer & 1/137, allows
to recourse to the techniques of perturbation theory, lyvekpressed in terms
of Feynman diagrams. QED is sometimes described as theripatitie theory
of the electromagnetic quantum vacuum, and this is indeisgtrticular aspect
that most books on that topic actually study. In this text,shall contemplate
a rather different angle at the same time as we focus on a \aticylar con-
fine of the general theory, namely, to that which is knowmaantum optics It
fits in the general picture as QED in the Coulomb gauge. We shalarticular
discard relativity completely and rely on the Sgtinger equation (rather than
Dirac equation), but we will, on the other hand, reach thepeoturbative regime
of strong interactions, where quantum phenomena prevdisamreep away com-
pletely our classical intuition. Scbdinger immortalized his worries about one of
the tenets of quantum theory—the principle of superpasitiavith his namesake
cat that he imagined in a quantum superposition of alive agatid Nowadays,
there is no mysticism about the meaning nor doubt about tlstesxce of such
“cat states”. One of the most important physical object thatwill deal with
throughout this text—thpolariton—is specifically of this naturé.(We introduce
it in next Section)

By studying the equilibrium properties of a gas of photonséavty, Einstein
deduced the fundamental mechanisms of interactions dfwgh matter:

i Spontaneous Emission (SE)
il Stimulated Emission

(Absorption is here regarded as a particular case of theukttsd process)
The first mechanism refers to the return towards the groundr{ontermediate)
state: when an atom has been excited and raised to an enatgyhggher than
its ground state (with one electron having undergone aitrandrom its orbital
to one of higher energy), it will ultimately recover its gralistate by emitting a
photon which carries away the energy of the transition. @kisay of the excited
state is spontaneous: it occurs randomly. Einstein deawvetquantified it with
the so-calledh coefficient.

The second mechanism seems more mysterious at first, itilbes@mission
in presence of another photon: if the excited atom as aboiwepsesence of a

2In quantum dots. | use here a terminology that | shall defineerpeecisely later. The main
field where the terminology of polaritons apply, is currgrtiat of quantum wells, where their
guantum character is more disputable. However the termimsngawide acceptance to describe
superposition of light and matter, specifically in a quanttontext. It is now even used in the
atomic literature.



photon similar to one that would be emitted spontaneoudiyalbout the same
energy), then the atom decays towards its ground stateigraticlone photon of
the original one, leaving two identical copies in the finakst Einstein quantified
it with the B coefficient. They are still known as such nowadays.

A andB coefficients arise from Einstein’s rate equations to fit tlan €k distri-
bution. A major conceptual difference between them is thedpite the seemingly
natural character of SE, it is actually of a more subtle nscopic origin.

The nature of thd3 process comes from the Bose statistics, responsible for
lasing and Bose-Einstein Condensation (BEC). Bose statistiel$ follows from
a requirement of symmetry of the wavefunction. In that regpearises naturally
from elementary quantum mechanics (in the first quantinqtibheB coefficient
thus comes straightforwardly from perturbation theorythvihe original photon
playing the role of the perturbating field.

The origin of theA coefficient cannot be traced at the same level as that of
its B counterpart: an excited state without any perturbatiomgatn it should
remain as it is, according to Sdinger equation that forbids explicitly sponta-
neous (or nondeterministic) events of the like of S8ready in the so-called “old
guantum theory”, it was felt by Bohr that SE was of a curiougiari the atom
makes aguantum jumpwhich is probabilistic and without a cause. Of course,
phenomenologically, one can introduce a decay rate, amsdighthe procedure
Einstein used to fit the observed data. In this sense the &impis great to think
of this decay as an intrinsic property of the atom, its life¢i Dirac (1927 was
the first to study the microscopic origin of thecoefficient, in the framework of
the quantum theory of radiation, soon known as QED (he waBr#ido use that
term). Dirac’s extension of Schdinger equation to include relativity still found,
remarkably, an exact solution to the problem of the hydrogfem, providing a
complete, exact and self-contained picture of speciativélaand quantum me-
chanics working together. One consequence of this theosythat states with
the samen and j but differentl quantum numbers are degenerate. In a cleverly
set up experiment to challenge this predictibamb Jr. and RetherforL947)
evidenced the contrary with what is now known as ltlenb shift between the
states & > ((n,1,]) = (2,0,1/2)) and 2oy > ((n,1, j) = (2,1,1/2)). This showed
that even a relativistic quantum description of the hydrogeom was not, after
all, complete! This caused a great turmoil at the time, $adiy during the first
Shelter Island Conference on the Foundations of Quantum afech in 1947.
Bethe(1947 quickly worked out a non-relativistic argument involvirgcuum
fluctuations that showed how a good numerical estimate coeldbtained. In
this attempt, he had to deal more directly than ever befotle thie famous prob-

3Even the famous exception to this rule, the “collapse” ofwlaefunction, does not help to
resolve the issue.



lem of divergences that plague Dirac’s quantum theory abtamh, the resolution
of which—initiated at the Shelter Island conference thab @ttended Schwinger
and Feynman—Ied to the full-fledged QED.

Back to the late 20s, Weisskopf, then a student aitidgen, addressed the
problem of the emission of one excited state to a stable (gtpstate. He did
not encounter divergenceas he neglected most of the relativistic features but his
treatment was nevertheless directly inspired by Dira€atinent of the radiation
field. Franck proposed Weisskopf to investigate the caseaoBitions between
two excited states, that, however, he could not solve by élinfee once said
that if he had had the proper mathematical training, he wbale calculated the
Lamb shift even before it was found). He put the question tasdivg Wigner
who worked it out with him on the spot. Agreeably surprisedtiyy outcome,
Weisskopf and Wigng1930 wrote a joint paper, now famotisThe outcome that
pleased them both was the way the final linewidth built up flmmmadenings of
the various states involved in the transition. The problemschot occur when the
transition is from an excited state to the ground-statecivis not broadened. This
is this case that the young Weisskopf solved by himself, amdiwis the one most
frequently reported as Weisskopf-Wigner theory (sometimigh more than was
there in the first place, like calculation of the Lamb shift)terestingly, we shall
see in my formulation of the problem that the Weisskopf-Véigooncerns revive
in my treatment that includes the excitation, because, anitincoherent pumping
term—such as the one that | will introduce—the ground stats groadened too,
and this bears some interesting consequences on the proldebrather than
considering any source of excitation, Weisskopf and Wigoeisidered the SE of
the initial state|1,0), where the atom is in its excited states and all modes of a
continuous radiation field are devoid of photén¥hey computed with the Dirac
equation (that is in fact the Satdinger equation in their approximations) the time
evolution of the amplitude fofl, Ox) and state$0, 1) for the variousk that could
have received the emitted photon. Even in this simplifietiupg the problem is
short of trivial. For our analysis it is enough to considegitlmesult in the form of
the Fermi’s golden rule, which is an approximation for thie raf transition from

4They would resurface much later when his work would be scized by early quantum field
theorists such asow (1952 or quantum opticians such asuisell (1973.

5The historical background of this important theory can hfbin the Interview of Weisskopf
by T.S. Kuhn and J.L. Heilbron on July 10, 1965, Niels Bohrrhily & Archives, American
Institute of Physics. Weisskopf’s humility brought him tonclude that he was the first author
of the paper with Wigner only for reasons of alphabeticaleardsadly, the theory is now more
frequently referred to as “Wigner-Weisskopf” theory.

6Here we must quote agalrow (1952 who, in his three complaints against the Weisskopf-
Wigner theory, starts with the problem of the excitationesuole that is approximated as a mere
initial condition. The divergence | mentionned before wessdecond complaint.
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the initial state to the bulk of photon modes:

271

=140, 3| Hint [1,0) [*0 (), (1.1)

W10 =
whereHjy; is the light-matter coupling: - E and p(hw) the density of optical
modes. The main value of Weisskopf-Wigner approach, at leatheir view,
was an alternative microscopic derivation of the mechamiftine exponential SE
in quantum theory, with the same rate that had been givenqugy by Dirac,
Eq. (1.1). Although the Schizdinger equation is reversible, the Weisskopf-Wigner
model devised an insightful mechanism—with a coupling oingle mode (the
excited atom) to a continuum (the empty radiation field)—uehiereversibility
emerges from a Hamiltonian (cyclic) dynamics. This mecsanis the first step
towards the modern description of decay in terms of couplingxternal reser-
voirs, a formalism that | will review briefly in Chaptét.

The modern QED picture accounts for the Lamb shift, with tbheusacy
evoked previously, by summing-up various contributionarijus Feynman di-
agrams) of opposite tendencies (like the anomalous magmatiment, and the
vacuum polarization). But the most important effect is the oaptured by Weis-
skopf and Wigner's mechanism and advanced by Bethe, thateofethormal-
ization of the electron mass by its interaction with the &t@oagnetic field (in
vacuum). This was further studied hyelton (1948, who also suggested that
fluctuations of the vacuum were responsible for spontaneoussion. In Dirac’s
interpretation, this was attributed to QED radiation reactbut, as was later re-
alized byMilonni et al. (1973, this is essentially the same with some reordering
of operators.

Another important name of the field, Jaynes, was also thqnkinterms of
back-action of the electromagnetic field on the atom, but #ie view that quan-
tization of the field was not necessary, at least not to exgla Lamb shift, SE
or any related phenomena. He accepted the challenge to d&matenthe Lamb
shift from these grounds (without photon field quantizationwithin 10 years!
He could indeed reproduce, with great efforts from himset his students, the
result qualitatively, but he failed to match the same aaguttaat QED was provid-
ing so elegantly. Ironically, the modeDaynes and Cumming4963 developed
as a support of Jaynes’ so-called neoclassical theorynsigield quantization,
is now the most famous example of quantum optics and cQED.c€lebrated

’Stroud remembers the whole sequence of evenfBlie ‘Jaynes-Franken Be§30 of “A Jewel
In The Crowfi, Meliora Press, (2004). Jaynes’ efforts have naturallgrbpursued long time after
him, see for instance the attemptsBgrut and Huel¢1996, whose claims have been, naturally,
further disputed. | will leave aside further questions owkich extent is the full-field quantization
necessary, holding to the mainstream view that it is andkbtt the Lamb shift and SE are two
fundamentally quantum phenomena.



Jaynes-Cumming6JC) model provides the fundamental picture of light-matter
interactions at the ultimate quantum level: when only onéenaf lighta (an har-
monic oscillator, HO) is interacting with only one mode oftteao (a two-level
system, 2LS), and single quanta are mediating the interatilts hamiltonian
reads:

H=wa'a+ w,o'0+g@'o+ac’). (1.2)

Here, wa o are the free energies for the modes anid their coupling strength.
The physics of this system is to be investigated in spec@kypared conditions,
where these single modes have been properly selected datedoThis is the
topic of next Section.

1.2 Cavity QED (cQED)

Cavity QED (cQED) rests on the realization above that théiife of an atom is
not a property of the atom itself but of the coupled atomatdn field system. If
one would be able to alter the radiation field in some sensz as for instance
by suppressing its fluctuations (including those of the vaat) or modifying its
density of states, this would alter the lifetime of an extis¢ate, as suggested by
Eqg. .1 if p(w) is changed.

The effect was first put to use Burcell(1946 in nuclear magnetic resonance
for the practical purpose of thermalizing spins at radig@encies, by bringing
down their relaxation time frore 10%s to a few minutes. Interestingly, this sem-
inal achievement in tailoring what was widely regarded bef@ince Einstein’s
theory of spontaneous emission) as an intrinsic propentyaiter, did not impress
much Purcell himself or his contemporaries, despite thelgmoing (Purcell did
not attend the Shelter Island conference, but Rabi, his tienarshic superior,
did). The effect of tailoring lifetime through the densitiaptical modes is never-
theless now known as thurcell effect Similar concepts were investigated from a
more fundamental angle liyasimir(1948, for instance demonstrating the attrac-
tion between two conducting plates close enough for—in thede/of Casimir—
“the zero point pressure of electromagnetic wavesing reduced between the
plates. With regard to SE, the problem was considered agaitsfown sake by
Kleppner(198]). In his initial proposal, he considered it in the opposekase
than Purcell, namely, to increase the lifetime of the extcgtte, by decoupling
it from the optical field (and therefore also from its vacuuocfuations). Soon
after, Goy et al. (1983, from the Haroche group, reported the first experimental
observation of Purcell enhancemént.he authors concluded their paper setting

80f sodium atoms, with an increase tx80*s ! from the free-space value of 150s
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the goal for a higher milestone of cavity QED: when spontasesmission is en-
hanced so much that absorption—which is equal to it fromt€ins theory—or
more specifically, since we have only one emittegbsorptionof the photon by
its own emitter, becomes dominant over the leakage of thioplaut of the cavity,
then the perturbative—so-call&deak CouplindWC)—regime breaks down and
insteadStrong CouplingdSC) takes place. In this case, emitted photons engage a
whole sequence of absorptions and emissions, knowRaas oscillations until
their ultimate decay out of the cavity. This regime is of geeanterest, as it gives
rise to new quantum states of the light-matter coupled systemetimes referred
to asdressed state@specially in atomic physics) or @®laritons(especially in
solid-state physics). Experimentally, SC is more diffi¢alteach, as it requires a
fine control of the quantum coupling between the bare modesmparticular to
reduce as much as possible all the sources of dissipation.

Haroche’s group in their first report of tuning the SE, platiad higher goal
only “a tenfold increase in Qaway. Shortly after, they reported, witkaluzny
et al. (1983, the first observations of Rabi oscillations. However, eatihan in-
creasing th&, they had usedl atoms, thereby enhancing the coupling strength
by a factory/N. Unfortunately, my thesis will stop short of the so-calleith®
Hamiltonian that explains this enhancement in its full gahty. However we
shall see its manifestation in the particular casé&lef 2 in Chapter6. Haroche
and Kleppnef1989 wrote an authoritative review on the early cQED experimen-
tal achievements.

On the theoretical sidesanchez-Mondragoat al. (1983 were the first to
address the fundamental problem of the lineshape of the 8GED1° They met
with the difficulty of the definition of the optical spectrunvhich had otherwise
found an acceptable solution for physicists with the matiteal work ofWiener
(1930 and Khinchin, even in the cases of non-stationary signBIst instead,
under the guidance of Eberly, they had recourse to the mgoeausEberly and
Wodkiewicz(1977) time-dependent physical spectrum:

t t . .
R(t,wp) = I'%/ / g (Mrmiwn)(t=t) g~ (M@ (=) (3t ) Ta(ty) \dtdtp . (1.3)
This expression is derived from physical (rather than nratitecal) grounds, com-

puting probabilities of measuring a photon by absorptiamfra detector, that
introduces its linewidtH ¢ into the problem. The remainder of their treatment

9This much quoted paper is nowadays of interest mainly fohigsorical content. Better re-
views for the modern reader are given by, among otheesmondet al. (2001), Mabuchi and
Doherty(2002), Vahala(2003, etc... There are also many excellent textooks now availab

10The brevity and clarity of the full abstract of their text iseenplar and will fit comfortably in
this footnote: The spontaneous-emission spectrum of an atom in an idedy éacalculated:
This work was part of the Ph. D. thesis of 8akavier &nchez Mondragn.

7



was otherwise very straightforward. Their Hamiltonian \#&s and they consid-
ered as initial conditions the excited state of an atom inraptg cavity (case of
Fig. 1.1) or in a cavity prepared in a coherent state, in which casgdbeerved
the transition from a Rabi doublet to a Mollow triplet with thensity of light.
This first description however suffered from serious limdas, the most impor-
tant of which being the absence of dissipation: they comsdlan infinite lifetime
atom in a lossless cavity (whence the “ideal” cavity). TlEsanother value of
Eberly and Wbdkiewicz’s approach that it takes into account the linéviof the
detector, thereby rescuing their result in such approxonat with well-behaved
spectral-shapes rather tharsingularities. The doublet they obtained as a result
of this modelization consists of exactly two Lorentzianekn They could ob-
serve, however, theacuum Rabi splittingind the anticrossing at resonance, but
their result actually relates to the Hamiltonian structfréhe coupling, artificially
broadened. Their description is lacking in particular trestimportant feature of
SE, as should be clear from our previous discussion, nameyersibility.

Figure 1.1: The first theoretical computation of the cQED lineshape efgpontaneous emission
of a system in strong coupling, as detuned is variedsdychez-Mondragoet al. (1983.

If only for reasons of self-consistency, cavity decay sbdo¢ included to
describe any luminescence experiment, since photonsalealk out from the
cavity to be detected, as duly noted Agarwal and Pur{1986, who added this
ingredienty, (k in their notations) in a master equation for the coupledtligh
matter system:

Ya
2
H is still JC Hamiltonian [Eq.1.2)] although here, it is solved in the linear case,
that is, considering only a maximum of one photon in the gavihis constriction
makes the problem equivalent to the linear model where bettisfiobey Bose
algebra: two harmonic oscillators instead of a two-leveha{as we will see in

ap = —i[H,p] + = (2apa’ —a'ap — pa'a). (1.4)

8



Figure 1.2: Lineshapes of a coupled light-matter system with cavitgigation, as computed by
Agarwal and Pur{1986. Solid lines are cavity emission and dashed lines direrhat emission.
Detector linewidth was taken ag’5 (a) at resonance for no cavity decay (upper lines) and small
cavity decay (lower lines). The strong coupling resulti@Rabi doublet (b) Same as (a) but for

a detuning ofy/2. (c) Bad-cavity case with disappearance of the doublet.

Chapter3). Moreover, in this limit of SE, the Lindblad form is not nestito
compute correlator functions and a much more straightfoivii@eatment is ob-
tained by including dissipation as an imaginary part to thergy, as we shall also
prove later. Interestingly, they used the same Eberly adkiéwicz’ physical
spectrum, Eq.X.3). Agarwal and Pur{(1986 also considered transmission and
absorption as well as SE, but | will not discuss this aspeth&f work, which is
not directly related to my main concern here (photolumieese).

The most complete quantum optical calculation, supporiethb most in-
sightful discussion, was brought I8armichaekt al. (1989, who considered the
most general case with both types of decay:

ap = —i[H,p]+ ya(Zapa a'ap —pa'a)

Va
2

(k for the atom andy for the decay in their notations.) As their predecessors,
the authors considered the SE of the initial stat@) (excited state, no photon in
the cavity) and solved the problem exactly, thanks to thepimgpwith the linear
model. In this case, the Hilbert space truncateg @), |g, 1), |g,0).

In rupture with the two previous approaches, the lumineseapectrum was
here computed with the formula:

— 1 / / e il tz (tl) <t2)>dt1dt2
2m Jo (o(t)Ta(t))dt

which is the expression we shall later adopt in the case daf-tiependent dy-
namics (case of SE) for several reasons. The main one ishibatetscription of

P (20pat—otop—palo). (1.5)

(1.6)
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Figure 1.3: Lineshapes of a coupled light-matter system with both gaaiid emitter dissipation,

as computed bz armichaekt al. (1989, showing the subnatural linewidht averaging. Parameters
arey, > Yo and 3/y; = 5. In inset, zoom on one peak comparing the SE (dashed)sfraee
fluorescence (broader line, dot-dashed) and fluoresceolig)(s

luminescence of the coupled light-matter systemCaymichaelet al. (1989 is
the most involved at this level of description and the one, tw#h Laussyet al.
(20089, | took as a starting point to formulate the counterparhas problem for
semiconductors. Another reason is that it frees us from #teator’s linewidth,
which does not need to enter the picture at the chief levelt, disl in the two
previous descriptions. It could be included in any case byusual procedure of
convolution. Finally, I will show later that formulel(6) leads to the relevant case
of the Wiener-Khinchin formula for the stationary fields.

Before closing this Section of the seminal experimental arditetical efforts
in cQED that are the most relevant for our subsequent dismudswant to com-
ment on the features that are missing fr@armichaekt al. (1989’s description
for my purposes, and that | will provide in Chap8iThose are the arbitrary initial
condition (rather than merely the excited state of the atamgj observation of the
cavity emission (rather than only the direct atom emissi@hg later case means
computing Eqg. {.6) with a operators rather tham, and should be an obvious reqg-
uisite to the semiconductor microcavity physicist. In thgartial pictures, both
Sanchez-Mondragoat al. (1983 and Agarwal and Pur(1986 had addressed
these questions to some extent (but still far from full gatigr). The former had
considered various coherent states of the optical fieldffamthtter had computed
both the photon and exciton emission. | want to comment dyimk the necessity
of these extensions, though we shall discuss them at gteatgth when | will ad-
dress the problem head on. It is clear that the initial camlistrongly influences
the optical spectrum, as can be seen by considering ad siitiges the excited
state of the atonijg, 0), or one photon|g, 1) on the one hand, and an eigenstate of
the Hamiltonian in Eq.X.2), |e,0) 4 |g, 1), on the other hand. These will normally
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(in SC) produce, a two Rabi peaks and only one of them, respégtivhich are
quantitatively very different. It is may be less obviousttfe0) and|g,1), also
differ in their SE wheny, # Yy, and in some case also quantitatively. These con-
siderations, that in this context might appear as mere génations, will become

a natural, and in fact, compulsory, requirement in the sendactor treatment, to
which | now turn.

1.3 Semiconductor cQED

The physics of cQED has naturally attracted the attentioth@fsemiconductor
community, if only in view of the possible technological #ipations. Semicon-
ductor heterostructures are the state of the art systerttasgurpose. They allow
to engineer, with an ever rising control, the solid statenterpart of the atomic
system to match or isolate their excitation spectra.

At the most basic level of description, an heterostructsra inan-made, mi-
croscopic edifice of different semiconductors. A typicatenestructure is the
alternating sequence of fine semiconducting slabs witlewdifft refractive index,
such as gallium arsenide (GaAs), the compound of galliumaasenic, and alu-
minium arsenide, AlAs, with almost the same lattice cornstarGaAs but a wider
bandgap. A pile of typically twenty such pairs produce a wscopic mirror for
light, because of Bragg’s reflection in this periodic cryggich a structure is
called a “Bragg mirror”, or a “distributed Bragg mirror”). Twsuch mirrors face
to face produce a microcavity.

The different bandgaps result in energy band offsets tlvahyre potentials for
the carriers. In effect, this can be used to confine the serdigdor excitations,
namely, electrons and holes, or their bound state, callezkeiton Confinement
can thus be achieved in a plane when, e.g., a slab of semictamdsisandwiched
between two others with a wider bandgap, giving rise to aadled Quantum Well
(QW), for instance again with GaAs and AlAs, used above tadaiinirror. Con-
finement can also be achieved in 1D with Quantum Wires, andg mgportantly
for our discussion, full confinement in all dimensions camableieved in so-called
Quantum Dots (QDs). A QD, for that reason, is sometimes medeio as an “arti-
ficial atom”, because the full space quantization meansthakcitations consist
in discrete excited states, much like in the Bohr (and modantlire of the atom.
Growing a sequence of alternating layers to produce a firsbmthen growing
QDs, and finally toping it off with another sequence of al&timg layers to pro-
duce another mirror, completing the cavity, yields a miesgale cQED system,
opening the way forward tmicrocavity QED

For historical purposes, and to give the proper backgroonohitrocavity
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QED, one must start with QWs as the active elentémipt QDs. | will give
only the most elementary overview of this huge figdd.

For the same reason that atomic physics found it hard to e=I8€ with a
single atom, it was not at the reach of technology to yieldrajrexciton-photon
coupling until the year 2004 (interestingly, at the samer ylean the experiment
by Bocaet al. (2004 in atomic cQED, that, by retaining one and the same atom,
provides the closest counterpart to the QD cQED case, whérast the problem
of the wandering excitation is controlled to its best poes#xtent). QWs are more
easily grown and controlled, multiple QWs can be placed m#ie cavity and at
the antinodes of the field (where it is maximum) to achievebtb&t coupling.

The most significant finding in this field has been the obsemdty Weisbuch
et al. (1992 of anticrossing in absorption of a planar heterostructér@hose
schema is shown on the left part of Fig4. The stack explicated above is here
spelt out; the QWs also involve Indium. The anticrossinglfitseshown on the
right: at resonance, two symmetric dips show a splittinghef structure modes.
This splitting is universally called the Rabi splitting. Wayse to provide the
proper context to this terminology.

Weisbuchet al. (1992 described their seminal finding as sofid state QED
effect and linked it to the vacuum Rabi splitting (VRS) with many nefieces to
the atomic QED achievements. They were well aware, howef/dre alternative,
“more classicdl picture. Which one should be favored has been a topic of de-
bates, that is still not completely settled to this d&kitrovaet al. (2006, in their
review of SC with QDs in microcavities, speak of a “genuine"real” SC, to dis-
tinguish it from the 2D-polaritons SC what they would prdfebe called “normal
mode coupling” (a term that we find in the origin&kisbuchet al.(1992’s paper
along with VRS, but that has been completely ignored by tharioh community
thereafter). Normal mode coupling essentially refers tollg tlassical analog to
the phenomenon of anticrossing that, because it evokes repdésion, is often
favorably understood as quantum in origin. Instead, theerappearance of new
modes in coupled (classical) oscillators, is an exact digpiof the phenomenon

L active” in this context means the part that provides theglenic excitations, the excitons. A
cavity without QWs or QDs between the two Bragg mirrors is aptyoavity, a passive element
described by classical linear optics.

12Excellent reviews have been written on that topic, for instaby Skolnick et al. (1998,
Khitrova et al. (1999 or, for the most recent developments, Kgvokin (2007); see also the
textbook byKavokin and Malpuect{2003 for a dedicated coverage of QWs polaritons and the
collection of texts edited bpeveaud2007) for the views of some of the leading experts of these
guestions.Kavokin et al. (2007)'s textbook is addressing these questions in a larger kbatel
will be a useful companion to this introduction for bridgibgtween dimensions.

13There has been, prior to Weisbuch’s line-splitting, repoftPurcell effect in planar cavities
(e.g., fromYokoyamaet al. (1990 andBjork et al. (1991)), but I will not discuss these because
they are of interests in the context of 2D polaritons only. 8Nell focus on the QD case later.
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Figure 1.4: Schema of a semiconductor heterostructure;lbydi et al. (1994, and its observed
anticrossing, byVeisbuchet al. (1992, launching the field of microcavity-polaritons physics.

without the need to recourse to quantum physics. This pa@istdeen made very
clear byZhuet al. (1990, who insist that their Rabi splitting stems from classical
physics. The main issue against 2D-polaritons to perforre@@hysics is the
vast number of excitations involved, as opposed to QDs witerehysics can be
brought to the quantum limit, in the sense of involving a favata, one—or none
if there is a way to evidence effects of the quantum vacuuma-iegime where
one quantum more or less changes drastically the behaviole gsystem. In the
2D case, the idea of Rabi splitting goes with that of lineapoese, but not with
that of field quantization. The most elaborate and accurasergptions of these
systems have been in terms of continuous fields. Also, intibrmia QED prob-
lem, interaction is between two modes only (in this sensezero-dimensional),
but with 2D-polaritons, although there is still a one-tceamatching between a
photon and an exciton, this extends over a whole range diinepvavevectors?
This provides polaritons with a rich dynamics of scatterimgt in a fundamental
picture, this brings complications and somewhat blurs tbeipe.

This is not to say that quantum physics should be excludedvasoée from
these systems. Probably the second strongest input to thetpo field was the

140ften, thek = 0 mode is considered separately from the higher modes and agynments
of OD cQED reappear in this particular context. Here nejthewever, this polariton ground-state
can be put on a par with the single mode of a real OD system.
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report bySavvidiset al. (2000 of stimulated scattering of polaritons. This evi-
denced bosonic statistics in the system, and opened theonthy field of polari-
tons BEC, with its recent experimental claimibgisprzaket al.(2006. One of the
most actively sought after signature of the quantum degegesf 2D-polaritons
is currently superfluidity, and some preliminary experitaépevidence have been
reported byAmo et al. (20090 andAmo et al. (20093. In any case, those are still
manifestations of macroscopic coherence where large nsndiemicroscopic
particles exhibit the behavior of a continuous field (clealsor not). At the ul-
timate quantum limits where single polaritons matter in arqum way, there is
still some activity but not with quite the same attention.t e mention how-
ever the pioneering proposal 6futi (2004'° to generate entangled photons from
2D polaritons, or the investigations of vacuum radiatiadhat he proposed with
De Liberatoet al. (2007). In a cleverly designed “triple cavity'Diederichs and
Tignon (2005 have proposed another promising mechanism for generating
tangled pairs, later announced byederichset al. (2009. Finally, Savasteet al.
(2005 have also discussed the genuine quantum nature of paolgritdowever,
those results have elicited a limited interest (as comptodteir significance)
and their recognition is unclear. There is not as yet an eixglemonstration of
full-field quantization such as violation of some Bell ineljies. The opposi-
tion between macroscopic quantum phenomena versus nantitessical optics
is still important, and the necessity of the quantum pictréhe one-quantum
limit for 2D-polaritons is even more debatable.

Clearer manifestations of single quanta were foreseealileeitQD picture.
Brunneret al. (1992 were already able to measure the PL of single dots, a feat
repeated byMarzin et al. (1994 with self-organized (or self-assembled) QDs.
Placing them in a cavity would seem to lead to an easy, direteaplicit mani-
festation of full-field quantization.

To be in SC with the single-mode QD, the cavity should alsdasnsn iso-
lated single mode, otherwise the mechanism of Weisskopbofreversible leak-
age of the excitation into the many cavity modes would leagkfmnential decay
rather than Rabi oscillations. There are various but mahnige types of designs
to achieve this goal of a zero-dimensional semiconductaraooavity. Fig.1.5
shows a stunning view of so-call@dlar cavities These are obtained from etch-
ing a conventional planar stack of Bragg mirrors. The lateoalfinement is then
provided by the refractive index. Each pillar is abouui®of height. They would
typically be selected one by one for experimental invesibgauntil a system ev-
idences a sufficient interest. Chance has it that, as of todagy, and probably

15Ciuti et al. (2000 had already pioneered the theory of OPO in 2D microcavitiest has been
so far the system of choice for tracking polariton superityidh a theoretical context that he also
put to the front with CarusottdQarusotto and Ciu{2004).
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Figure 1.6: Various pillars as grown by the University of Sheffield, dersvating the great control
of shapes and sizes that can be obtained. Ellipticity ofitite pillar is used to control polarization
of the emitted light, as discussed Whittakeret al. (2007).
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Figure 1.7: SEM image fromL offler et al. (2005 of the two Bragg mirrors, forming the micro-
cavity (that can be seen near the center) and of the QDs thanalnedded inside.

most, of these pillars do not present a single QD in SC. Theheigfore a strong
element of chance in isolating an interesting system. Tdotst of my knowl-
edge, there is however no quantitative estimate for thi®fat shall discuss this
guestion in more details later. Fif).6 shows close-up views of pillars, this time
grown in Sheffield. There is an impressive control in the sind shapes with
which to shape these structurezanvittoet al. (2005 have reported high values
of Q with such structure? but could not observe SC. | will propose a tentative
explanation for this shortcoming. In Fid.5, finally, we get the closest view on
the pillar system, with an image from Wsburg, where are shown both a close
view of the Bragg mirror (compare with the schematic view aj.Ri.4) as well
as the particular QDs that have been used in this work. | dlealtribe this aspect
in more details later when | come back to the theoretical @sen of these dots,
as the pillar structure is the one to which | will devote moirect attention.
Another important realization of a single microcavity madehe photonic
crystal. The concept has been put to technological use eogntly, after the topic
was itself brought to the limelight byablonovitch(1987 andJohn(1987 (in two
consecutive letters to the Physical Review). The principlbdsed on the same
physics that leads to bandgaps in semiconductotise propagation of photons in

160f the order of~ 3 x 10*. Same figures are also reportedMyller et al. (2006, and more
recently, of 165 x 10° for radius size of im by Reitzensteiret al. (2007).

7Yablonovitch (2001) himself dub them “semiconductors of light” in a personataent of
the early experimental efforts to the Scientific Americamd & generally keen to relate the two
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the periodic structure is forbidden for continuous regiohwavelengths because
of destructive interferences of the same type as those ofgBpagsics. These
regions form bands that can be separated by a photonic bandga
Yablonovitchet al. (1997 reported the first 3D PC, obtained by a complex
drilling of holes in a slab at three different angles, legdim a full bandgap in the
microwave rangeKrausset al. (1996 reported a 2D PC near the optical spec-
trum. We shall be more interested in this case, that has inath@acted more
attention, if only because of the much easier fabricatiaitlifch holes on a plane
rather than inside a volume: the crystal is directly etcmtd a slab of semicon-
ductor).Nodaet al. (2000 demonstrated that a cunningly introduced defect in the
2D crystal structure, is forming a cavity for photons (tHayt injected through a
lateral waveguide close to the cavity). TQeof the cavity thus formed was then
of about 400. They then realized that much better confinemeastpossible if
the cavity, rather than coming merely from a defect in thestaly would be engi-
neered to allow the electric field distribution to vary slgwtleally as a Gaussian.
This is realized “simply” by shifting the position and redug the radius of neigh-
boring holes to the one that has been skipped to form theycavdw, Q factors
of more than 5 x 10° have been reported Biakahashet al. (2007 andTanaka
et al. (2008 speculate on designs that promises figures up Y0A®@eview of PC
structures is given biodaet al. (2007).

| a— 300 nm

Figure 1.8: SEM image of a Noda cavity formed in a photonic crystal by “o®ing one hole”
in the periodic structure, bBadolatoet al. (2005. On the right, calculated electric field, with
maximum in dark. Remarkabldadolatoet al. (2005 can place a single QD at a location of their
choice, so they could put it at precisely one of these maximamely at the point marked by the
red cross. The dot is indeed visible on the SEM picture!

Finally, a last structure prone to rich cQED, is the so-chitgcrodisk, where

systems in his academic discussions. Yablanovitch is omtleeo$urest future Nobel laureate one
can envision for the near future.
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Figure 1.9: SEM image of a microdisk, fror{ippenberget al. (2006, sitting on a Si post erected
on the silicon wafer. The silica microdisk cavity is/3® in radius. The wedge has been etched
intentionally to push the whispering gallery modes inw#&ogyrotect them from scattering-induced
cavity boundaries. See also the discussiofbyaniet al. (2003.

light is trapped in whispering gallery modes. An exampleteysis shown in
Fig. 1.9. A review of microdisks is given bilosichet al. (2007).18

Embedding the dots in a pillar cavit@gérard and Gayral1999 reported the
Purcell effect of shortening, or lengthening, of the lifie¢iin the SE problem. The
first report came with a Purcell factor of 5, and there has Iseere a considerable
number of similar observations in various systems (&glomoret al. (2001 and
Bennettet al. (2007) also in pillars Kiraz et al. (200J) in microdisks,Changet al.
(2009 in PC, etc...). In Figl.1Q Purcell effect is nicely demonstrated 6yang
et al. (2006 who observe the time-resolved observation of the lumielese of
a dot in a bulk semiconductor (with a lifetime of~ 0.65ns). When a similar
dot is placed inside the photonic bandgap of this semicaoduits lifetime is
extended to B2ns, while still another dot—this time in resonance witrasity
mode etched into the semiconductor—sees its lifetime doop21ns. Another
experiment with the Purcell effect that | want to highlightthat ofBayeret al.
(2002, in a pillar whose sides had been coated or not, demonsirdie impact
of leaky emission on the Purcell effect. In subsequent @rapt will discuss at
length leaky emission in the physics of SC.

A continuous progress has been made towards a better quaatypiing with
dots in OD MC, as well as towards its external control. Theusidn in the cavity
of QDs lowers the quality factor, but new progresses have hesle in the engi-

180ddly, the SC issue is addressed but no literature is quottrds review.
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Figure 1.10: Purcell effect, as observed I8hanget al. (2006 with a QD (1) in resonance with
a single mode of a PC, suffering enhancement of its decay, 4Xpbut of resonance, slowing
down its SE and a QD in bulk, setting up the scale of “normataje

neering of the heterostructures, allowing to determicadly position a QD inside
a photonic crystal to within 25nm accuracy, and thus plaeeditt at a maxima
of the light intensity, along with an etching technique df tioles of the photonic
crystal to match spectrally the QD and cavity mode emisssee (Fig.1.8). At
the same time, the density of self-assembled QDs in theeactadium has been
successfully reduced over the years, with figures éfd—2, and the possibility
to grow large dots (with lens shape ©f30nm) so as to provide a large oscilla-
tor strength. Nevertheless, reaching the SC has been |lahgedious, and the
number of reports has not been overwhelming ever since. Awpyin late 2004,
in two consecutive letters to Naturgpshieet al. (2004 and Reithmaieret al.
(2004, reported SC of QDs with a single-mode microcavity, in a @ a pil-
lar, respectively. At about the same time, but publisheek|&teteret al. (2005
reported SC in microdisks. Their results, which consistriraaticrossing of the
modes at resonance claimed as a true VRS, are shown id .Eiy. We will dis-
cuss at lenght in the rest of the text up to which point is pertt to identify a
splitting with SC and with VRS in the presence of decoherence.

In contrast with my superficial overview of the situation kvRurcell effect,
| shall attempt to be exhaustive in the list of SC reports @minting multiple
publications of the same experiment) following the threevabmentioned. We
shall see that there is ample room for them even in this shodduction. They
are displayed in Figl.12

Despite the steady progresses made in all areas relevai@ fthisics, the
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Yoshie et al. (2004), with a PC Reithmaier ef al. (2004), with a pillar Peter et al. (2005),
with a microdisk
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Figure 1.11: The seminal observations of SC of a QD with a single-modegbit)iby Yoshieet al.
(2004, Reithmaieret al. (2004 andPeteret al. (2005. All observe a clear anticrossing of the
modes as they are brought to resonance by tuning the teraperBecause the dataReithmaier
et al. (2009 appeared the cleanest to us, we decided to focus on thisyartexperiment.

reports of SC are conspicuously rare. The latest one, franthtet al. (2008,
comes with an interesting setup. The authors have realizesleztrically con-
trolled device, shown on Fig..13 that is operated with a mere bias voltage, using
the quantum confined Stark effect to detune the dots in SCthétimode of a L3
photonic crystal® They excited the system with an off-resonant laser pulse, an
observed the SE from the fully integrated (at the exceptidh@® pumping) chip,
allowing for quick, convenient and reversible control. ¥iveork opens the road
towards on-chip control of SC.

The SC reported byHennessyet al. (2007 comes with a strange oddity,
namely, the appearance of a triplet at resonance! The authotivate the sce-
nario that the triplet is in fact the superposition of a ndrRRabi doublet of SC
on top of a single line of the system in WC, and that the systenthsrein WC
or SC depending of some irrelevant microscopic détaifter all, the emission
is collected from millions of realizations of SC, and if a ftiaa of them does
not succeed but remain in WC, the net impression will be thatisfgerplexing
triplet structure. In this sense their SC is not robust teitgironment, but this
is still better than no SC at all. The main value of this workswanyway, not
so much in this spectral line, but in its photon-countindistias. Measuring®
(I shall explain its exact meaning in next Chapter), they dauipport the double
result that:i) the middle peak was indeed not correlated with the douliietysg

194 3" means that three holes in the PC patterns have beenesttifgoproduce the defect region
that serves as the microcavity. The PC in Higis therefore L1.

20In their case, they suspect the effect of a charged cargerttgir manuscript for more preci-
sions.
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Figure 1.12: Later reports of SC in OD semiconductor microcavities after seminal break-
throughs of Fig.1.11: by Hennessyet al. (2007, Presset al. (2007, Lauchtet al. (2008 and
Nomuraet al. (2008.

that it is just an addition, plausibly indeed an irrelevangé ¢but the exact nature
of which is not completely certain), anid that the two peaks of the doublet are
antibunched. This second result is the most important dris.plossibly the first
tangible argument to support full field-quantization of @&-MC system, that we
have discussed previously. This result has been confirmé&idseet al. (2007).
This is not completely conclusive, however, as althoughaves that the dynam-
ics involves a single quantum of excitation between twoated modes (by itself
already a considerable achievement), it does not instrutit®@modes themselves
(consider the vacuum Rabi problem of two harmonic oscillgttiat gives the
same result). After all, dimming classical light until siegghotons remain, would
exhibit antibunching, but this says nothing about the emitself?*

2lwhich is ultimately quantum anyway; if the photons are confiegn the sun, for instance,
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Figure 1.13: Lauchtet al. (2008’s on-chip device, controlled by an applied bias-voltag@ening
the road towards fully-integrated cavity QED devices.

A genuine, or quantum, SC, should culminate with a direct)iexglemon-
stration of quantization, with one quantum more or less glmanthe behavior
of the system. In the ideal picture where the QD system canelserdhed ac-
curately by a 2LS (that the QD cannot accommodate more tharfesmionic
exciton), the JC physics should appfy.Such a quantum sensitivity would then
be strongly manifest, as is well known from its Hamiltoniarusture Shore and
Knight (1993 have given an authoritative review of this textbook sysjdmpar-
ticular, the so-calledaynes-Cummings laddduuilt up from the light and matter
states dressed by their strong interaction, would providé s direct, unarguable
proof of cQED regime at its apogee. Such nonlinearities e more or less
directly observed byBrune et al. (1996 and Meekhofet al. (1996 in atomic
cQED. Recently, direct spectroscopic evidence has beemteepfmr atoms and
superconducting circuits, in elaborate experimentSblusteret al. (2009 and
Fink et al. (2008 that remind the heroic efforts of Lamb to reveal the spigti
of the orbitals of hydrogen. Even more recently, very cleangitions from up
to the fifth step of the ladder have been unambiguously obddrvcircuit QED
in very strong-coupling, with the Rabi splitting more thar026nes the vacuum
linewidth Bishopet al. (2009!

To the best of my knowledge, no such nonlinear features haga keported

they all originate independently from the spontaneous gpnsof an atom, or to much lower
probability, from stimulated emission. If this seems likmaot statement, let us remember from
the atomic QED case the controversy that arise anytime tletduantization is deduced. Did not
Lamb Jr.(1995 himself support the view that “there is no such thing as a@ti® Such contro-
versies can be settled completely only with a direct, expliemonstration of field quantization,
rather than one of its many possible logical consequence.

22| aussyet al. (2006 have considered QDs that would exhibit an intermediate tasween
bosons and fermions, but their approach does not lend itsalfi exact computation of the lumi-
nescence lines. They have resorted to a Lorentzian appativimand followed ananifold method
that | explain later and find also useful, although limited.
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in microcavity QED. The panorama laid down by Fig@sl1and1.12show that
observation of the VRS is already a difficult task.

In this work, | shall endeavor to take up the situation wheieas been left
by Carmichaekt al. (1989 with regard to the theoretical description of the line-
shapes of the SC system. My principal theme will be that th@icanductor case
differs in at least one fundamental respect with the paradigt up by atomic
cQED. Namely, in its excitation scheme. In the canonicalisenductor case, a
steady state is established by the presence of an incolpeneming. This pump-
ing itself is quite different in character than the coheexitation that is typically
used in the atomic or circuit QED case, where it enters in tamiHonian. Ex-
tending the previous description and solving the systemwilldoe rewarded by
a beautiful generalization of the SE problem. As far as cetegrexperimental
physics is concerned, | will show that my considerations hegye importance
for understanding the data. In particular, it could exphlaimy SC reports have
been so scarce, and if the description is right, it would tyéweelp to correct this
shortcoming and to benefit from a quantitative descriptibthe result. As far
as the problem of full-field quantization is concerned, llwibpose that, despite
figures of merit much lower in semiconductors than otheresyst (atomic and
circuit QED), clear qualitative features could still be ebsd, but still thanks to
the same proper understanding of the excitation schemél. slvaiw that, indeed,
merely increasing the pump intensity in the hope of probioglinearities, could
more likely bring the regime to the classical realm.

1.4 Summary of contents

The rest of this text is organized as follows:

In Chapter2, | introduce the two basic elements of all the theoretiagthth
matter models that are discussed in subsequent chaptersatimonic oscillator
(HO) and the two-level system (2LS). | will lay down in full @&s the Hamilto-
nians that describe their coupling and provide the defim&iof the fundamental
concepts as we go along. | will introduce the formalism ofdkasity matrix and
its equation of motion (the master equation), includingadtecence (dissipation
and incoherent continuous excitation). | will develop is ihost general form
the method to compute two-times correlators, namely, trentyum regression
formula (QRF), and derive from it the spectra of emission ofssigdative sys-
tem. Thanks to this Chapter, the whole text should be reaspself-contained
and accessible to a wide range of readers with elementaryidaty of quan-
tum physics. | will then proceed to investigate system#yiozarious cases, as
sketched in Figl.14

In Chapter3, | address light-matter coupling of bosonic excitons (adéeg
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Figure 1.14: Schematic representation of the systems studied in this tex

for large QDs or a 2D-polariton mode), in the framework of thd, that also
describes the linear regime of vanishing excitation. | wflbw how this model
successfully reproduces one of the first experimentalza&bn of strong coupling
with a single QD in a microcavity, bireithmaieret al. (2004. The incoherent
continuous pump, both electronic and photonic, is a key eféno tune between
the coupling regimes enhancing or hindering the visibitifythe dressed modes
(a Rabi doublet vs. singlet).

In Chapter4, | present the case of two coupled 2LSs, interesting bedause
interpolates between the LM and the JCM of coupled modes ivglconsiderable
advantage of being fully solvable analytically. | dedicates chapter to it for its
fundamental interest and because it brings us one stepr ¢ctsmravelling the
JCM, shedding light on the more complex mechanisms that estrgt a larger
scale there. New regimes of coupling appear for this modeltduhe interplay
between pump and decay, giving rise to more exotic linesh&peadruplet and
triplet structures that result in distorted doublets anglgits).

In Chapter5, | describe light-matter coupling with models that takeviat-
count some excitonic nonlinearities, appearing when tlogaion is sufficiently
strong to probe the system out of its linear regime. Suchinealities typi-
cally arise from the Coulomb repulsion experienced by thé&ems if their wave-
functions overlap in the QD, and/or from the fermionic natof the underlying
electrons and holes. The study of the first effect is doneideriag excitons as
weakly interacting bosons, described by an anharmonidlateci(AO). The start-
ing point is the analytic results of LM in Chapt@rand a separate analysis of the
AO physics. The second effect of saturation is studied wighJaynes-Cummings
model, the most important and fundamental model of cQED. Wawuel in this
section a surprising complexity with fractal structurdgttsuggest a transition
from the quantum to the classical realm. In all cases, theteplas a multiplet
structure, better resolved in the quantum regime, thatwaminto broad singlets
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(AO) and Mollow triplets (JC) in the lasing regime, all depemglon the compe-
tition with decoherence.

In Chapter6, | go through different properties of three element systems
natural extension of the previous chapters is the study ofQ®s, or one QD that
can accommodate up to two excitons (a biexciton) in a miaiocarhe descrip-
tion of this configuration requires putting together two Jankiltonians, it is the
simplest case of the Dicke model of superradiance (two 2Lfpled to an HO).
| address their properties of emission, this time distisgung between one- and
two-photon emission and lasing. The finding of a scheme aflircent excita-
tion that generates entanglement between the QDs, leadghes proposal of an
equivalent transport experiment with three QDs, contdolieth gate voltages.

In Chapter7, | provide a brief overview of the main results of this thesis
drawing some general conclusions.
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Chapter 2

Theoretical Background

Contents

2.1 The harmonic oscillator: bosonic states . . . . .. ... .. 28
2.2 The two level system: fermionic states . . . . . . ... ... 36
2.3 Coherentcoupling . . . .. .. ... ... ... ..... 38
2.4 Incoherent processes: master equation and Lindblad terms 42
2.5 First order coherence function and the power spectrum . . 47

251 Basicexamples . . .. . ... ... ... ... 51

2.5.2 Themanifoldapproach . . .. ... ......... 53
2.6 The Quantum RegressionFormula . . . . .. ... ... .. 54
2.7 Second order correlation function and the noise spectrum . 58

In this Chapter we introduce the formalism that we will usehe test of
the text: the quantum harmonic oscillator, the two-leveitegn, strong coupling,

decoherence, spectra of emission and other central canaeptiefined.

More details of the content can be found in various textbpelksh as those
of Gerry and Knigh{20095 andHaroche and Raimon@006 for basic quantum
optics and light-matter interaction, dandel and Wolf(1995 and Scully and
Zubairy (2002 at a more advanced leveCarmichael(2002, Gardiner(1991)
and Schlosshauer and Schlosshauer-Selq€07 are more focused on noise
and decoherenceyamamoto andmamaglu (1999 and Kavokin et al. (2007)

address specifically the semiconductor systems.
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2.1 The harmonic oscillator: bosonic states

Thequantum harmonic oscillatqiHO) is the most natural description for field ex-
citations. Basically, it consists in the endless possyhibtitcreate particles through
a creation (or ladder) operatat. It is then the perfect match fiwosons Bosons
are particles, quasi-particles or composite particlestiage an integer total spin
and can be many to occupy the same state. The electromatektjcomposed
of photons, is exactly modelled by HOs. Also, matter exiote, such as excitons
in semiconductors, that are composite bosons in the régagte< 1, can be well
represented in this basic picture, since when the densiugrislow, their energy
levels are far from saturated and the Pauli effects arisimg the fermionic com-
ponents (electrons and holes) are negligible. We will seégei2.2 how to deal
with matter excitations when fermionic effects are impotta

Let us now go quickly through the basic properties of the H@ igspossible
realizations. To begin with, a state with one particle is@iyrdefined as the
application of a creation operataf on the vacuum|1) = a'|0). Then-particle
state is obtained through recursive creations:

Ty\n
% 0. (2.2)

with a normalization prefactor/a/n! that depends on the state of the field. The
hermitian conjugate of a', annihilates a particle. Therefore, these operators act
on thenumber stateg) (with n particles,n an integer), as:

I =

ajn) =vn[n—-1), (2.2a)
a'ln) =vn+1jn+1), (2.2b)
a'ajn) =n|n). (2.2¢)

With such propertiesa’a is the number operator. The Hamiltonian of a free,
single-mode, field finds its most compact expression as:

Ha = wad'a, (2.3)

wherew, is the frequency of the monomodal field. In this section, wekwno
Schibdinger representation where states carry the temporamigs and opera-
tors are time-independent. Heisenberg picture, whereatgrsr—and not states—
evolve with time, will be more suitable later on, when we deéh two-time
correlations. In this picture, from the commutation rulé$osons,[a,a’] = 1,

1ag is the exciton Bohr radius ardithe density of excitons.

28



other relations follow, for example, those related to ndrondering of the opera-
tors (which requires to move all creation operators to tfg le

aa" = a"a+na" " (2.4a)
a’a’ =a'a"+na"?! (2.4b)

In order to further investigate interesting states of the, ld@e can imagine
an ideal detector that absorbs field particles of all fregiemnone by one. A
“detection” means removing one particle from the initialdistate|i) to get the
final statea|i). As described byslauber(1963h, the probability per unit time to
detect a particle whatever the final state, is given by

Probability(1) = Z |(f|ali)|?, (2.5)

which is equal to the mean number of particlesy) = (i|a'ali). Therefore, the
probability of counting a particle per unit time is proportal to the intensity of
the field. It is possible to generalize this idea to the prditglof counting M
photons at the same time

Probability M) = Z L(FlaM iy 2= (ijat™aM i) . (2.6)

Here, we see the importance of normal order and how it is dnkeobserv-
able quantities in photon counting experiments. The mdsbcated of those is
the two-particle coincidence experiment developedibybury Brown and Twiss
(1956 with photons. Taken at zero delay (we will see more genaralttme ex-
pressions in Se.7), the probability of detecting two photons informs abow th
statistics of the particle number distribution, which is@portant property of the
guantum state of the field. A widely used quantity is tiegree of second-order
coherencdor, equivalentlysecond-order correlation functicat zero delay)

@ _ (a'a'aa) 2.7)

(afa)2 - '

It is linked to the variance (or secomdmulan) AnZ = ((na — (na))?) of the dis-
tribution of particles:

2 _
g2 =1+ A—na<n §na> . (2.8)
a
More generally, thelegree of Mth-order coherenceads:
g _ @Va) (e -Dna-2).(a-M4D) o
(aa)M (na)M ' '

2| (f|ali)|? = (i|a'|f) (f|al|i) and summing ovef gives the result.
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Thenumber stater Fock statethat we already introduced, has zero variance
around the mean number of particleshat is completely determined. This results
in g® = 1—1/n—which jumps from 0 ah = 1 to 1/2 atn= 2, as it corresponds
to a two-photon observable. It is always below 1. This feamirg® < 1 is
associated to some kind of quantum behayioris a very “quantum” state, in the
sense that each quantum counts: the change in number hassong impact.
This is in contrast with a classical continuous field wherénatpn would be an
infinitesimal contribution, which removal or addition has effect whatsoever, as
we shall see shortly.

If one photon is detected from an initial state= |1), no second photon can
be expected as it gets projected into vacudin= |0) when measuring the first
photon. For the number states, the probability of emissegrehses as photons
get detected. At high numbers, one particle more or onegtattess does not
make much differencen(~ n+ 1). A classical description and understanding of
the state starts to be valid at this point agié tends to 1. Similar behavior is
found for higher orders of coherence:

n!

The probability of havingp particles in the field can be written as a Kronecker
delta2?, = | (p|n)|? = &1 p.

Another interesting state is tleherent statéa ), derived by Schidinger for
the first time in 1926 but fully developed in its quantum ogticontext byGlauber
(19633. Itis characterized by being the eigenstate of the detsbruoperator:

ala)=ala) (2.11)

with eigenvalue a complex number,= |a|€?. Eq. 2.11) shows that removing
one particle does not change the coherent state. This issamtedly classical
property where all detections are statistically indepahndm stark contrast to
the case of the number state. Therefore, the coherent statgood quantum
description for the classical monochromatic wave. Let ke s an illustration of
this point, one mode of a transversal free electromagnedit. flThe electric field
operatorkE is composed of photons (bosons) and at some point of spackecan
written (skipping constants) as a sum of two contributions

E:gﬂ+gﬂ:%@gwuaMWy (2.12)

This can be also considered the expression a general bdgdicin a coherent
state, the expectation value of the electric field, the sitgroperator and the field
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variance, respectively, are given by

(E) = (a|E|a)=|alcos(wit — @), (2.13)
(E?) = (a|E?|a)=(E)?, (2.14)
AE? = <E2)—<E>2:%, (2.15)

which basically means that the quantum fluctuations of thé A& are indepen-
dent of its intensity(E) and become negligible at lardge|. This is the regime
where the coherent state can be considered a classical Wavthe other hand,
for number states the situation is radically different

(E) = 0, (2.16)
1,1

(B = S(5+n). (2.17)

AE? = (E?), (2.18)

having no electric mean field but quantum fluctuations.
For a coherent state, the variance of the particle numbéilkdison is the
same as the mean number
(ng) = An2 = |a|2. (2.19)

In fact, all cumulants of the distribution converge to thadue and the state is
coherentat all orders (in Glauber’s sens&)™) = 1 for all M. One can double
check this by obtaining the explicit expression of the cehesstate in terms of
number states

00

2 an
la) =e 19725 Z_|n) (2.20)
2V
and analyzing the particle number distribution

p
Zo=|(pla)p e 2 2.21)

This is aPoissoniardistribution® A distribution withg® < 1, such as that of the
number state, is callesubpoissonianand a distribution wittg® > 1, is called
superpoissonian

States likgn) and|a) that are completely described with a wavefunction (one
ket) are known apure states. They can be a good description for a field in some
limiting cases where it is very well isolated from the enwimeent, and it expe-
riences onlycoherent dynamicgiven by a Hamiltonian. For example, the evo-
lution of |a) through the free Hamiltoniar2(3) (a phase rotation in its complex

3Discovered by S. D. Poisson and published in 1838 in his wBdsearch on the Probability
of Judgments in Criminal and Civil Matters”.
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parameter) remains always perfectly determined by a waetifin, |e '“!q).
However, in general, one should consider the contaminafidinis dynamics due
to the field being irremediably in contact with the exteriand. In principle one
could model all possible interactions with the environm@ith a more compre-
hensive Hamiltonian that includes all the processes tliiettahe fielda. This is,
of course, an impossible task if one takes it seriously fato model the whole
universe!), and quite a difficult one even with drastic apprations. One cannot
and does not want to keep track of all the degrees of freedtentedy the field.
This lack of interest on the external world resultslecoherencéor our system.

In the previous example of the evolution of a coherent state,can imagine
that the fielda is affected by aincoherent procesthat interrupts its coherent free
evolution (like a measurement that randomizes its phase)aM not interested
in this process by itself and therefore only retain its dffat our field: the rate
at which the perturbation happens. After some tigpevhen the probability that
a first event has happened 8., we cannot say anymore that the state of the
system is defined b$e—i‘*’atea>. We only know that this is so with a probability
1— % and that the state of the systemés with a probability %%.. Therefore
we need anixture of two wavefunctions, rather than only one like for the pure
state. Following this idea, the dynamics of the system canrukerstood as a
succession of coherent periods and incoherent random (@anignorant point
of view) events that project the wavefunction into a givestest Those are the
so-calledquantum jumpsOne can guess that after some time and a complicated
mixture of quantum trajectorieswe loose track completely of the phase of the
state. This means that the steady state (SS) of this systempécted to be a
mixture of coherent states where all possible phases haveatime probability,
Z(p)do=1/(2m).

A consistent way to express this situation, and the mostrgédescription
of the state of the system, is using tthensity matrixoperatorp. In general, the
density matrix can always be put in its diagonal form, as edirsuperposition of
projectors’

p=> Zi|¥)(Wi. (2.22)

{Z} are the probabilities for the field to be in the states of amglvasis{|W¥;)},

in the Hilbert space. The pure state is a particular caseeyher |W1) (W4, all
eigenvalues op are zero but one#’; = 1 and %1 = 0). In this case, it is
straightforward to see th@a? = p. On the other hand, a mixture is characterized
by p? # p, which yields Tfp?) < Tr(p) = 1. These properties are independent of
the choice of basis and so are others such §s)F 1 (normalization) op = p'

“4A projectoris an operator such a¢/) (W| that, when applied t( ), returns the stat@gd) with
its weight in|&). This is zero if|§) and|W) are orthogonal.
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(hermiticity). In any other basis than that of the eigerestgh has off-diagonal
elements that give an account of the interplagonerencédetween each pair of
pure states. For example, the density matrix of a coherat, st

M~ N
a__ . —‘0‘2 a’'a
=la)(a|=e
pg =la)(al > i
has all off-diagonal terms in the number state basis. On therdand, in our
previous example of a mixture of coherent states with a nangbase, the SS
density matrix can be constructed as

jm) (nl, (2.23)

1 : :
oiy = [ do5-|lale?) (lale? . (2.24)
from which follows that
a —|al? |a|2n
Pla| =€ z e Iy (n| . (2.25)
< nl

In each basis we can see two aspects of the decoherenceditatigrent state of
Eq. (2.23 has suffered. In the first one, the most direct consequeiite phase
randomization manifests in the lack of off-diagonal eletedretween states with
different phases. The second basis of humber states eesl¢hat the particle
number distribution is still Poissonian but also that thlediigonal elements be-
tween number states have been washed out. As it is the casayamixture
diagonal in the number state basis, the average of the fielercs (E) = 0, and
its intensity is time independent,

(E%:=%(%+wng). (2.26)

These results are closer to those of a number stafiE)(than of a coherent
state £.13. However, the state is still coherent at all orders.

The next important state to discuss is thermal mixture It is the state whose
bosonic excitations, the particles of the field, are thelyrsgiread among the en-
ergy levels. We will see in Se@.4 that this is the result of the interaction with
a reservoir of particles at a given temperatliteThe density matrix for a given
modew;, can be derived from thBose-Einstein statisticss

H - waala

eiKBiT e kT
q = —— = — (2.27)
Tr(e o) 1/(1-e ')
wherekg is the Boltzmann constant and the denominator is the parfitioction.
The thermal density matrix is also a diagonal in the numbsisba

ph= Z%IW (n[,

n

(2.28)
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with the average occupation being tBese-Einstein distributign

(Na) = ——— (2.29)
ek —1

This formula was guessed by M. Planck in 1900 to fit the expemision black-

body radiation and later derived by Bose from a statistiGgarents for photons:
Bose merely required that the particles be indistinguishaBk the system is in
thermal equilibrium with a bosonic bath, their average petion at the frequency
W, are the same:

(Ng) =nr. (2.30)

Let us analyze the process that leads to the thermal equitibWe suppose
that the reservoir population is not influenced by the irdéoa with our system
(approximation discussed in Sez.4). The system does evolve from vacuum
into the SS of thermal equilibrium and the mean value dependime (n,(t)).
The total rate of incoming particles from the reservoir te fystem is given by
Kant[1+ (na(t))]. The effective rate of excitation to the system (analogue fo
bosons of thé&instein B-coefficient is

P, = Katr . (2.31)

It vanishes al' = 0. Similarly, the total transfer rate in the opposite sesgpven
by Ka(1+ n7){na(t)). The system is loosing excitations at an effective rate of:

Ya= Ka(l-+nT). (2.32)

The new parameteq, is thespontaneous emissi¢S8E) rate al = 0, analogous
to theEinstein A-coefficientln terms of the effective parameteysg, P, therate
equationfor the system dynamics reads:

d{na(t))
dt

and leads in the SS to EQ.B0), now

= —Va(Na(t)) + Pa[1+ (na(t))] (2.33)

F)

SS a

ny~= . 2.34

2 Ya— Pa ( )
At very high temperatures, as the effective income of plagi@approaches the
outcome,P, ~ 4, the number of particles grows a§S ~ kgT/w, but it never
diverges becaud® < y4. As long asy,; # 0, any combination of parameters Py
corresponds to a physical thermal bath (Wth= y, — P, andT > 0).
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Logically, given its origin, the thermal state does not éxhany coherence
properties at any order (other than the first for a single mpde

gM =M1, (2.35)

and in particulag'® = 2. This means that the particle distribution in E212Q) is
superpoissonian with fluctuations

A2 = (na)® + (Na) (2.36)

that exceed those of the Poissonian distributioririgy?. A thermal state is a very
fluctuating field indeed. We shall see that this has some itapbconsequences
for the spectral shapes.

In the following chapters and sections, we will study diffler configurations
and processes which generate the states that we just dakciery rarely, the
state of the system is completely thermal, or coherent, ®ahaurely Poissonian
statistics. In most of the cases, the bosonic field (of lightnatter) is a convo-
lution of different states. For example cathermal statethe superposition of a
coherent and a thermal state, first explored_bghs(1969, has a distribution of
particles

nf [ nc/nt]
(1—|— nt)“H n 1+ Nt

(Nl P&tnN) = Peotn(n) = e T (2.37)
wherel,, are the Laguerre polynomials. Together with the total medwe/(n,) =
nc+ Ny, this state is defined by the fraction of coherent partiglesn:/(na). With
this definition, the thermal fraction i = (nz)(1— x). This interpolates between
a thermal (aty = 0) and a Poissonian (at = 1) distribution. The variance is
the sum of the variance of both components, Eql9 and Eqg. 2.36), plus an
“interference term”

AN? = N+ N2 + g+ 2nen. (2.38)

The density matrix of the optical field assumes a transpaseptession in the
P representatiof? namely, the convolution of the coherent and ther@dlinc-
tions (ad function and a Gaussian, respectively). This results in as&an cen-
tered at the mean thermal population. However, | shall nethis representation
in what follows.

SThe fact that a single mode of thermal light is first-ordereramt was not clearly understood
before Glauber.

5The P representation is the counterpart of the Wigner repreientéor the density matrix,
in normal ordering of the characteristic function. Thisherefore an object of great importance
in quantum optics, given the role of normal order with respealetection, as | have discussed
previously. It can also be understood as the weight of thHe gtahe basis of coherent statps=
JPla)(alda. This representation has been advocated by Glauber intnsi&tions of quantum
optics and bySudarshar1963, although with an antagonist interpretation of its megnin
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2.2 The two level system: fermionic states

Excitons cannot be described in all regimes by an HO. Whenitgeisshigh
enough to push together more than one electron or hole inaime state, the
Pauli Exclusion Principleenters the picture. This is also the case of atoms, whose
excitations are electronic and therefore saturable. Ithabe examples, the sys-
tem can only populate a finite number of levels with a maximdione excitation.

The most suitable description is in terms of the project@raors’

i) il (2.39)
for each level (with corresponding ener@y) and their ladder counterparts,
ai =) il (2.40)

the rising (ifw < wj) and lowering (ifw > wj) operators. Eq.4.40 describes
the promotion from stateto j # i by creating an excitation of the matter field in
the same way aa' does for the bosonic field. The difference is tbﬁtcannot be

applied twice because only one excitation is allowed in dew#l®

(i) = 4. (2.41)
The free Hamiltonian of these levels is simply
Hieveils= ) @ [i) il . (2.42)
|

Let us consider two of these levels with an energy differesfce, and op-
erators of creation and destructiod and o respectively. Thigwo-level system
(2LS) covers the Fermi statistics in the same way as the H@rsdsose statis-
tics. Together, they describe a great deal of physical tsiios, as we will see,
and, most importantly, they constitute the paradigm forstuely of light-matter
interaction. For what concerns us, the 2LS is a reasonalpi@x@jpnation for an
exciton in a small quantum dot. The two levels involved aeedtound staté0),
in the absence of an exciton, and the excited gtBte= o' |0), in its presence.
The o-operators

{o"=1)(0l, 0 =10)(1], 070 = 1) (1], 00" =0} (O]} (2.43)

can be put in terms of theseudo-spiperators oPauli matrices {sy, S, S;}:

s = %(O’TO'—O'GT):%[GT,O'], (2.44a)
s = o'+o, (2.44b)
s = —i(o'-0), (2.44c)

’See footnoté.
80peratora’ had implicit this possibility in its expression aé = Snvn+1n+1)(n|.
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used for the 12-spin dynamics. The anti-commutation rdles
0,07, =1 (2.45)

summarizes the fermionic properties of the 2LS algebra. Hamiltonian in
EqQ. (2.42 can be written as

+

Ho =ws0'0. (2.46)

A general state is described by the 2-dimensional densityixndt is char-
acterized by two numbers: the probability of having an exmn, which is also
the average occupatiof?; = (o'0) = (ny), and the coherence between the two
levels,pg;,

o __ 1_<n0> po
P ‘(<pgl>* <n?f>>' (2.47)

In case of a pure state of the foril — (ng) |0) +€®/(ny) |1), we havepg; =
v/(ng)(1— (ns))e~'?. On the other hand, if the system is in thermal equilibrium
with some bath at temperatuife we have a thermal mixture as it was the case
with bosons. The density matrix of EqR.27) should be computed now taking
into account thé&ermi-Dirac statistics

(A)a'O'TO'
o= = (1-(ng))[0) (0 + (no) |1) (1 (2.48)
1+e ket

where(ng) is theFermi-Dirac distribution

1

efal +1

(ng) = (2.49)

The maximum value that this probability can take, for inBrigdmperature, is/2.

It is, therefore, not possible to saturate the 2LS, thatoisnvert its population,
only with a thermal bath. We will see in Sé&4 how this can change when more
than one bath is considered.

The thermal equilibrium for the mean val{ie;(t)) is driven by the interplay
of outgoing particles into the reservoir, with a rate givgrkl (1+nt)(ng(t)) (Ko
is theEinstein A-coefficientand incoming particles, at the ratgnt[1— (ns(1))].
The incoming rate is, in contrast with the bosonic case, tagnal to the subtrac-
tion 1— (ny(t)), which is the probability of the system being in the grouratest
and therefore available for excitation. This provides thisation effect, as now,
with the same definition for the effective parameters as engtevious section,

9 use the notatioA, B], = AB-+BA. Another common notation is with curly brackets.
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Yo = Kg(1+4nt) andPs; = Kgnt (the Einstein B-coefficieft the rate equations

reads:
K)o (1) + Pol2— (1) (2.50)

The SS of Eq.Z.49 can be also written as

SS_ Po _ nr
° YotPs  2m+1

(2.51)

At very high temperatures, as the total income approacleesutcomepP; ~ vy,
we obtain the half saturation. In this case, the 2LS canngg tiee same occupa-
tion number as the reservoir, which is bosonic, but bothespond to the same
temperature. Also in contrast with the bosonic case, ngiaasible combinations
of the parameterg,;, P, correspond to a physical thermal bath (whgye> Py).
In this text, we will study the most general case of pumping decay where it is
made possible th&, > y,, and therefore to completely saturate the 2113,: 1.
We will see in Sec2.4how this is feasible experimentally.

Itis interesting to note that the 2LS dynamics is symmetnidar the exchange
of pump and decayy§ < Py) if we also exchange the ground and the excited
states. Saturation can occur in two senses, in the groutelvsken the decay is
large, and in the excited state when the pump is large. Thwagoce between
pump and decay for the 2LS is in contrast with the totallyeddht nature that they
bear in the HO, where the pump can put up to infinite excitatigvhenP, — ya)
but the decay can only “saturate” the system in the ground.sta

2.3 Coherent coupling

Coherent processes are those that can be written as a Haamltbrfalways her-
mitian) and included in the Sabdinger equation:

dp .
rTin i[jp,H]. (2.52)

We already wrote the free evolution of the bosonic and fenimgitelds in Eq. 2.3
and @.46). Two fieldsa andb in the same point of space can interact linearly with
a Hamiltonian that is of the form

Hap = g(ab’ +a'b). (2.53)
If the detuning between the modes,
A= wy— wy, (2.54)
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is small as compared to the coupling, during the dynamiddgf ana-particle
becomed and vice-versa. The frequencies are assumed much largettiba
coupling and detuning between the modes, < g,4, so that theRotating Wave
Approximatiort® holds. The Hamiltoniatd = Hg + Hyp + Hap does not conserve
the number of particles andb separately, as they experience a mutual conversion
in the form ofRabi oscillations The particles whose number is conserved are the
eigenstates dfl. But in order to diagonalizel we must specify the nature of the
fields.

In this text, fielda will be always the electromagnetic field inside a cavity,
where one mode with frequenay, is selected. Depending on the model for the
material excitationp is described by, typically, another HO, giving rise to the
linear model(LM) developed byHopfield (1958, or by a 2LS, giving rise to the
Jaynes and Cumming$963 model (JCM), discussed in the Introduction. Those
are the most fundamental cases as they describe materds figth Bose and
Fermi statistics, respectively. Possible extensions acdlection of HOs; this has
been considered birudin and Reineckél999 and more recently byverkiev
et al. (2008, or of many 2LS like in the work oDicke (1954, or a three-level
system as considered Byenertet al. (2004, etc. . .

The parameteg depends on both the properties of the cavity and the emitters
g~ (f/V)~12 whereV is the effective cavity volume anfithe oscillator strength
of the emitter. Therefore, in order to achieve strong cagpéxperimentally, the
cavity must have a high quality fact@ (y» ~ Q1) and a small effective volume
V. The emitters must be placed close to the anti-node of tlatreldield in the
cavity, have transition frequencies close to resonanck th# cavity mode and
exhibit high oscillator strengths.

The linear model (discussed in Chap®icorresponds to the coupling of two
bosonic modesa andb. The HamiltoniarH can be straightforwardly diagonal-
ized, giving:

H=cwyu'u+ o, (2.55a)
wy =21t 5 (2.55h)
L
=]+ (%)2, (2.55¢)
with new Bose operators = cosfa-+ sinfb andl = —sinBa+ cosf b, deter-
mined by themixing angle
_ g
6= arctan( % +%> . (2.56)

10The Rotating Wave Approximation in this context allows tdte/the coupling as Eq2(53),
i.e., neglecting the energy non-conserving teaanda’b’.
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Figure 2.1: Solid black: Bare energies of the cavity photon (horizotited) and of the exciton
(tilted) as a function of detuningg = w,; — w,. Dashed black: Eigenenergies of the total system
Hamiltonian, without dissipation nor pumping [EQ.%53]. The exciton-like state at large neg-
ative A has become a photon-like state at large positivand vice-versa. Around = 0, both
modes are an admixture of exciton and photon.

These new modes are tpelaritons(or dressed stat¢swith || 1,0)) = u'|0) and
1 0,1)) = 17|0), where|0) is the vacuum|m, n) is the Fock state of in the bare
basis and| m,n)) the Fock state in the dressed basis.

The energies defined by EQ.550 are displayed in Fig2.1with dashed lines,
on top of that of the bare modes, with thick lines, as deturgngried by changing
the energy of the emitter and keeping that of the cavity @nsiTheanticrossing
always keeps the upper mode U higher in energy than the lovesrel. strongly
admixing the light and matter character of both particlethd system is initially
prepared as a bare state—which is the natural picture wizehirgg the SC from
the excited state of an emitter—the dynamics is that of anlascy transfer of
energy between light and matter. In an empty cavity, the &v@ution of the
probability to have an exciton when there was one-ab, is given by:

Pexe=|(0,1]e7M|0,1)|? = sin* 6 + cos' 6 + 2sirf O cos 6 cog2%t), (2.57)

which results in oscillations between the bare modes at ahealled Rabi fre-
guency given by 27. At resonance, these oscillations reach their maximal am-
plitude Peyc = cog (1), making possible a complete photon conversion. In this
text, we will refer to# directly as the Rabi frequency for simplicity, keeping in
mind that there is a factor 2 that links it to the oscillations

On the other hand, when the coupled modes are far from resedars- g,
they affect perturbatively each other as we can see inZig.In this regime, the
small difference in energy between the coupled and bare sngdenown as the
Stark shift The Rabi frequency, whegyA — 0 is%Z — |A|/2+g?/|A| so that the
Stark shift of each mode amounts to the same quantity

9
S = iK : (2.58)
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The second interesting possibility is when the matter fisld LS. We will
denote it byo for clarity and discuss it in more details in Chaptérsnd 6.
The Jaynes-Cummings Hamiltonibin= Ha 4+ Hg + Hag can be diagonalized in a
givenmanifoldwith a fixed (and integer) number of excitation= (na) + (Ng) >
0: #n={|n,0),|n—1,1)}. Rewriting the Hamiltonian as a sum of all manifold’s
contributions,

H=SH=Y [nwa|n,o><n,0|+ ((n—l)a)a+wa> In-1,1) (n—1,1]

+gvA(In—-1,1)(n,0]+n.0) (n—1,1/ )| ,(2.59)

it can be diagonalized in each subspace as

H =Y | Il 10,00 (10,0 | +a" [ 0.1))((0.1n | | . (2.60)
n
The eigenstates and eigenenergies aremowpendent:
o =% g (2.61)
L 2
as well as the (half) Rabi frequency:
2, (B2
I =1\ (VN2 + (5)°. (2.62)
In the case of the Stark shifts, only that of the 2LS dependb@®manifold:
NG
S8 = A (2.63a)
NG
S¢ = —(2n— 1)K' (2.63b)

The manifold structure is the fundamental difference betwthe coupling of
modea with a bosonic or a fermionic mode. Thenanifold in the first linear case,
is composed by tha+ 1 states{|n—m,m) } with m=0,...,n. The Hamiltonian
can be also written in these terms, in the bare or polaritersba

n

H:;{ > [(n—m)waﬁ-mwo} INn—m,m) (n—m,m| +

m=0
+g”zl /m(n_m+1)(|n—m—l,m+1>(n—m,m|+h.c_)}
m=0
=2 i) [<”—p>wu+pal}Hn—p,p>><<n—p,p|\, (2.64)
n p=
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which makes it explicit that the energy of an excitatiow, |, is independent of
the manifold. We will see in Chaptérthat if we consider the excitonic particle-
particle interactions with a Hamiltonian that carries mo@ar terms imy, such

as

Hint = %bTbTbb: %nb(nb— 1), (2.65)

this indistinguishability is lost. The enerdy accounts for the strength of the
interactions and is positive in the case of weakly repulgixeitons. A linear
simplification of the total Hamiltonian, as in ER.659 and @.64) is no longer
possible as the eigenenergies now depend on the manifold:

Hine= 5 ¥ (0 1)) (n. (2.66)

All these cases are indistinguishable when the excitasorery low and the
system only probes up to the first manifold, as it is not unskeaond excitation
arrives that interactions or fermionic effects enter thetyse. It is one of the
goals of this text to explore the differences arising betwine different models
and physical systems when> 1.

A last interesting point to discuss is the coherent excaitatf a mode via
coupling to a monochromatic laser. For instance, the cdiatgl can be excited
directly with a classical electromagnetic fididt) = (E(t)) (in a coherent state)
with frequencyw_, like that of Eq. 2.13). The corresponding Hamiltonian,

H. =eF(t)(a'+a) ~ %(e*i‘*’“ajL datal, (2.67)

drives the cavity field into a coherent state = ]é“lts/(Zwa)>. The same can
happen with the excitonic field, changiagpperators for thd or o. If the exci-
tation intensity is strong, it may result in the appeararfagew eigenstates in the
system and Rabi oscillations with proportional magnitude.tk other hand, if
it is wealk, it can be used to probe the structure of the systéhout altering it,
as we will see in Se@.5.

2.4 Incoherent processes: master equation and Lind-
blad terms

The correct description of the system dynamics must indlneéeecoherence pro-

cesses, as we explained in Sectibf. The first element to take into account is

dissipation. The excitations (photons, excitons or ptdasg) will eventually leak
out of the system (the cavity in our case). Apart from the decence induced in
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the system, these excitations can be detected from thedewsid provide valu-
able information of the light-matter coupling inside theita Therefore, at zero
temperature—as we have seen when studying the thermalbemuii states—
photons and excitons in the cavity have a finite lifetimgx(l At T # O, not
only the dissipation rate is now given by EG.32, but also there is an intrinsic
particle income from the environment with a rate given by 431). In order to
take this into account, the model is upgraded from a HamétofEq.2.52] to a
Liouvillian descriptionwith a quantum dissipativeaster equatiofor the density
matrix of the systenp:
z—fzi[p,H]+@$p+@$p. (2.68)
Each superoperata®} (c = a,b) is composed of two so-callddndblad terms
after the study of equations of motion for density matricgd_mdblad (1979.
They represent the outcoming and incoming particles, cisgdy:
BEp = M(ZcpcT —cfep—pcle) + % (2c'pc—cc’p — pech).
(2.69)
Mainly, there are two possible (and complementary) ddowatof these terms
in the literature. The first one is the microscopic approastdbed byCarmichael
(2002 or Gardiner(1997). It consists in considering dissipation as a coupling to
a bath of oscillators and taking the following steps:

1. Inthe interaction picture, we apply second order pedtiob theory on the
coupling constants.

2. Born approximation we assume that the coupling is so weak that system
and reservoir are separable at all times and that the batio itge to be
affected by the system dynamics.

3. We consider Markovian environmenthe interactions with the system take
place at a longer timescale than the environment’s intedyiagdmics and,
therefore, any correlations induced in the environmentumhsnteractions
are quickly lost.

4. We trace out the reservoir degrees of freedom making useeofbosonic
statistics in thermal equilibrium.

5. We change back to the Sdlinger picture.

In this frame, the escape of the cavity photons is accouniealfthe coupling
to a reservoir of exterior photons in thermal equilibriumhelk, parameter is
inversely proportional to the cavity quality factQr k; = ws/Q.
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There is also the spontaneous decay of the QD into other ntioale shat of the
cavity, following the mechanism of Weisskopf and Wignee®if they are kept in
the vacuum state (at zero temperature). Although theiritjeofstates has been
greatly reduced, it will be nonzero in a realistic cavity.ri¥adiative de-excitation
also takes place due to the coupling to phonons and otheclparof the solid
state environment. The total QD decay ratg, is typically much smaller than
the cavity emission rate, but still they can induce significant deviations from
the ideal case and should be included in an accurate desarifphe environment
also inducepure dephasingn the light-matter coupling, causing the off-diagonal
terms of the density matrix, linked to light-matter couplirto decay. | will not
consider this effect for simplicity and because in gendralniy contributes to
destroy the coherence, and its role is well understood.

The last essential ingredient is the excitation of the systi@ semiconductor
experiments, one usually excites—optically or with elieatrinjection—the elec-
tronic levels far above resonance. Then, a reservoir otreledole pairs is cre-
ated in thewetting layemwith further relaxation to the exciton level. A detailed mi-
croscopic analysis of carrier capture in QDs has been dgedlbyNielsenet al.
(2004 taking into account semiconductor many-body physicshdinged that the
Coulomb scattering of electrons and holes, in delocalizatestof the wetting
layer, can provide efficient transitions into the discreialized QD states. Also
LO-phonons can be an important mechanism responsible tdr auelaxation.
Another approach with a microscopic derivation of the purgpnechanism has
been recently investigated #ywerkiev et al. (2008. In this work, the pumping
terms will represent only carrier capture due to phonorns;gsses where a fully
correlated electron-hole pair is created in the QD. Our airarefore, is not to
make a systematic analysis of all the relaxation procesbtedhvare taking place
in the system. Rather, it is to develop an heuristic model @/lo@e can investi-
gate the impact of the pumping mechanism at a fundamenill [&he pumping
is modelled by a coupling to a reservoir of electron-holegpand phonons. How-
ever, some conceptual changes are needed in the microstrpiation of these
terms that we described above. The case of electronic pgmnfaninstance, is
similar to the process of laser gain: the medium requiresnarsion of electron-
hole population, something that cannot be achieved by ma&fansimple HO heat
bath. The actual process of gaining an exciton in the QD uesthe annihilation
of an electron-hole pair in an external reservoir out of Bouum and the emis-
sion of a phonon, that carries the excess of energy, to anatieg\which can be in
thermal equilibrium). A simple effective description ofigmonequilibrium pro-
cess can be made by an inverted HO with le¥§)s= —w,(p+ 1/2) maintained
at anegative temperatur@s explained bysardiner(1991). Since the raising op-
erator for the energy decreases the number of quanta ofgbikator, the role of
creation and destruction operators is indeed reversed@sfiect to the usual case
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Figure 2.2: Schema of our system for the SS case: self-assembled QDsimiacnductor mi-
crocavity. The QD sketched on the right isstiong couplingwith the cavity mode with coupling
strengthg, while the one of the left is inveak coupling The electron-hole pairs created by the
incoherent pumping of the structure provide an effectieetebnic pumping, of the dot of interest,
while the pumping of the assembly of nearby dot results infeative cavity pumping through
rapid conversion of the excitons into cavity photons.

of damping. Effectively, this results in new Lindblad terfos the incoming par-
ticles, like those in the last term of EQ.69), but that can be controlled externally
and independently. This mechanism of direct excitatiorheféxcitonic degree
of freedom is sketched in the right side of Fi&y2, where is represented the QD
under study, represented by its two levels and interactitigtve single-photonic
mode with coupling strength.

| also consider another type of pumping, that offers a caparefor the cavity
by injecting photons incoherently. The major factor to astddor such a term
is the presence of many other QDs, that have been grown alghgthve one
of interest. Those only interact weakly with the cavity. Iroshexperimental
situations so far, it is indeed difficult to find one dot withudfcient coupling to
enter the nonperturbative regime. When this is the casehalbther dots that
remain inweak couplingWC) become “spectators” of thetrong coupling(SC)
physics between the interesting dot and the cavity, and gnesence is noticed
by weak emission lines in the luminescence spectrum and @eased cavity
emission. They are also excited by the electronic pumpiag) ifhnimposed by
the experimentalist, but instead of undergoing SC, thetblair energy into the
cavity by Purcell enhancemertr inhibition, depending on their proximity with
the cavity mode. This, in turn, results in an effective pumgpof the cavity as was
also pointed out b¥Keldyshet al. (2006.

The second possible procedure to derive the Lindblad tesiimased on Monte
Carlo methods and quantum jumps. In the bookssefry and Knight(2005
and Haroche and Raimon(006, this approach is preferred as it is closer to
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guantum information and measurement theories. The timetwo of a system is
conceived as a succession of coherent periods of the Hawnaiftdynamics (inside
a manifold) and incoherent events (between manifolds)n¢pglace with some
probability, which force the collapse of the wavefunctiatoia given realization.
In this image, the microscopic origin of the incoherent pisxes is overlooked
and they are just assumed to exist with a given probabilitygve rise to random
flows of incoming and outcoming particles. Once we have aealythe most
relevant processes leading to incoherent dissipation antbmg, we adopt this
point of view, as it goes better with the spirit of our study.e \6an define the
Liouvillian #¢ that acts in the density matrix through themp operator cas
Z°¢=2cpct —cfep — pete and consider the general master equation
dp : Ya a Yb b Pa af Pt)

which includes the total rates for decgyand pumpP for both modes, b. If ¢
is an annihilation operator, the Lindblad term leads to gdtzss of particleg)
and if it is creation operator, it leads to pumping (injentiof particlesc). All
together, these elements can be put in the form the totarsppeator.Z and
constitute the master equationdgs/dt = Zp. In what follows, we consider that
these parameters can take all possible values as long adrilieythe system to
some SS (with nondivergent populations). We will not be eoned with the exact
experimental situation that leads to such parameters. Gtwelg well correspond
to the action of one or more thermal baths, with positive gfatie temperatures.

It is interesting to look at the difference between the basdmn and fermionic,
o, density matrices for SS of the free particles under pumpaedy. For bosons,
solving the master equation for the general tqfﬁja = (n|p®|p),

d , n+p

giPrp = —liwn(n—p)+(y+P)——+Plon;

+Pv/(n+1)(p+1) Pr?+1,p+1+ V\/ﬁprt\)—l,p—lv (2.71)

leads, as we know, to the thermal mixture with average numiverby Eq. 2.34):
Prn = ()"(1— 7). The fermionic master equation,

. (2.70)

d

qtPSo = —Pego+veis, (2.72a)
d

apfl = —ypi1+Ppgo, (2.72b)
d . +P

apcc)f,l = lwp(‘il—VTP&, (2.72¢)

leads to the counterpany, = (5)“(1+ 5)*1 (with only n=0,1). They con-
verge at low pum@P/y < 1 when the population grows linearlyg; 1 ~ P/y, in
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both cases. At the limiP — y, the excitation is equally shared between all the
manifolds. In the fermionic system, this simply meguf§, = 1/2, but in the
bosonic case where there are an infinite number of availahteéfolds, it implies
prt]’yn ~ 1—P/y— 0, and the divergence of the averdgg At P = y/2 there is an
“inversion of population” in both cases. For the 2LS, thi%trm&‘ethatpf1 > pgo

or, equivalently, thatns) > 0.5. However, for the HO, a thermal state imposes
that vacuum is the most populated state aiid > pP,; . ;. Therefore, the in-
version consists rather in a probability to have particegér than that of the
Vacuum:2n>0prl1),n > Pg,o-

In the master equation of the 2LS, we note again the equival®etween
pump and decay from the symmetry under exchgngeP and 0« 1. Mathemat-
ically, this it is inherited from the simplicity of the 2LS epators,o’ = |E) (G|,
that makes equivalent the Lindblad terms for pump and decay.

Many other Lindblad terms have been considered in the tileza Cross terms
in which both modes appear togethapp' for instance, lead to entanglement of
the modes. Such terms can be originated from mechanismsrgé pudecay that
apply to linear combinations & andb particles rather to the bare modes. We
will come back to this point in Chapté&; to discusgolariton pumpingand6 to
discuss the joint indistinguishable pump of two identic&l<Q

Other interesting Lindblad terms are those to describehiemnt transfer of
population between levelsiollandet al. (1996 used them to describe the evap-
orative cooling and latelPorras and Tejedd2003 andLaussyet al. (2009 in-
cluded them in their models of polariton condensation, ibeorto account for
polariton-polariton and photon-polariton scattering.rdpresents the scattering
process of two particles from level 1 into another two lev@isnd 2 (assuming
energy and momentum conservation) when level 2 is adiabigtieliminated.
The jump operator describing this evenngaf. In the same way, the operator
for polariton relaxation down its dispersion, from leveldl@, by phonon emis-
sion (with energyw; — wy), IS agal. These few-body Lindblad terms couple the
modes, growing entanglement between the different papuakeven if the dy-
namics are incoherent (see Ref. 15 in the list of my publication page241).

2.5 First order coherence function and the power
spectrum

Studying light-matter interaction in a given system, meairebing the Hamilto-

nian structure described in Sét3. For that purpose, the > 0 manifolds need

to be excited and the cavity mirrors must let particles leak s that we can
measure them. Emission (and excitation if it is incohereathes with the price
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of decoherence. This decoherence changes the underlyimi¢phdastructure (by
broadening and renormalizing lines, in much the same wagssritbed by Weis-
skopf).

In order to minimize the effects on decoherence and keep @hpHysics as
“pure” as possible, several experimental options are abia| as explained for ex-
ample byAgarwal and Pur{1986. The excitation can be of the kind of EQ.67).

In atomic physics, a coherent continuous wave (cw) pumgimghe form of a
monochromatic laser shined on the atom, is used to probee@kjvor drive (if
strong) the system inside the cavity in the SS. In semicaiedsicthis excitation
process corresponds to optical resonant excitation ofuatym dot or well. In
this case, the direction of excitation and collection ofeh@ssion is the same. Ex-
citing resonantly, it is difficult to distinguish the lightretted by the system from
that reflected from the sample as they have similar freqesndihis is one reason
why the experiments are usually done with nonresonantadianit. However, in
the last few years, some experiments have been carried arevelever config-
urations allowed to resonantly drive a single self assech@Bs. Muller et al.
(2007 used a waveguide as the excitation channel to separatanttfre emitted
light, reporting the first measurementresonant fluorescenge this system.

A quantity that can be measured under the coherent cw, istipétade of the
field scatteredby the driven atom(a), given that the output is a coherent state of
cavity photons. The intensity of the scattered fidla, ) = |(a)|? is a function of
the external radiation frequency . If the laser intensity is weak, the resonances
of this function are related to the Rabi frequency of the atapting with the
cavity mode, renormalized by dissipation, the only sourfcdezoherence. Sim-
ilarly, one can look at the average rate of absorption of ggnehe absorption
spectrum Wa)_ ), proportional to the atomic fiel¢b), or (o) depending on the
matter model, with the same resonances. With a weak probsptctral features
of I(w ) andW(w_) can be similarly found by assuming that the atom-photon
system decays from a given initial state without any drivsogrce. This is even
closer to the experimental situation of pulse excitatiomhasresult is to put the
system in a given state from which it decays. Instead of logldat the SS im-
posed by the Hamiltonian in Eq2.67), we will prefer to study the SE of the
system. This will allow us to compare our results of inconepimping with the
physics under coherent excitation, where the pump doeslaptaprole further
than bringing particles.

Strong driving fields, such as those provided by resonaetdass those of
Muller et al. (2007), serve not only as the excitation source but also as the cou-
pling field that induces the Rabi oscillations. This methdadved to put more and
more particles, going up the manifold ladder, without addamy extra decoher-
ence. There is a point where the regime of Mhalow triplet, studied byMollow
(1969, is entered. It consists in driving the 2LS into the verythiganifolds of
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excitations where+ 1 ~ n. In this case, at resonance, the two eigenenergies of
the system [EQq.4.61)] in both manifolds are justws + 1/ng. The four possible
transitions correspond to only three frequeneigsand+2./ng, giving rise to a
triplet resonance. This is an interesting configuration\@advill come back to it
and its possibilities under incoherent excitation in Chapte

Finally, the case we will analyze in full depth is that of a S&eh by incoher-
ent pumping. As we explained in the Introduction and the ipres/section, this is
the most common way of exciting the system in semicondudigsigs. We will
look into how this kind of excitation can drastically modifye Hamiltonian man-
ifold picture depending on the character of the particlesdmic of fermionic. But,
in the same way that dissipation allows for the investigatbthe cavity output,
incoherent excitation does not only hinder SC, it can alsp Hem to emerge,
depending on the configuration. We will compare our resuitk the SE from a
general initial state for illustration of this and other ipisi.

In the SS under incoherent exchange with the environmeantgies such as
(a) or (o) decay with combinations of andP rates until they vanish. Therefore
they cannot be used to characterize the Rabi oscillatiomspletely washed out
from the averaged one-time quantities by the probabiligticertainty. The most
interesting and straightforward quantity to measure andysthem is thdumi-
nescence spectrunic). It is defined as the mean numberaparticles in the
system with frequency

s(w) = (a' (w)a(w)). (2.73)

This is proportional to the intensity of particles emittedthe system at this fre-
guency. It is convenient to define as well the normalizedtspec

S(w) = 5(w) / /0 “atay ), (2.74)

so that Eq. 2.74) is now the density of probability that a photon emitted bg th
system has frequenay. This is independent of the detection time, in the same
way as(a'a)(t) in Eq. (2.5 was the probability of emission of a photons dis-
regarding their frequency. The Fourier transformati) = [y €“ta(t)dt//2m
relates the emission spectrum to a two-time correlator

S0) = g e ) @ @) Yty @79

After a change of variable§ w) can be expressed in terms of the so-cafiesi-
order correlation function

G, 1) = @ (Hat+1)) (2.76)
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at positive time delays =t —t; > 0. All put together, this yields the Fourier-pair
relationship between the power spectrum and the corral&tiaction, as used by
Carmichaekt al. (1989 and discussed in the introduction:

_ 1 A (1) T
S(w)_nf(;o(afaxwdtm/o /O G (t, 7)d" drdt. 2.77)

In the SS case, care must be taken with cancellation of ifniirought by the
ever-increasing time Both the numerator and the denominator become infinite
quantities. Their ratio, however, produces a finite qugntithich recovers the
well-established and rigorously derived Wiener-Khintehformula (seé&landel
and Wolf(1995 discussion), that reads:

SS(w) = nnss / Gl (r)évrdr. (2.78)

From the general Eq2(73 to the SS, Eq.4.79), there is the cancellation of the
diverging quantities by obtaining the final result as a liofithe time-integrated

spectrum. The population and the correlator can be decordpas a transient
(TR) and steady-state (SS) values:

(a'a)(t) = (a'a) "R(t) + lim n(@'a)(t), (2.79a)
G<1>(t,r):<aT(t)a<t+r>> + lim (a THat+1)), (2.79b)

where lim_(a'a)(t) = n5S. We rewrite Eq. 2.77) as the time integration of the
Fourier transform until tim& , that is left to increase without bounds:

G (t, 1)é¥  drdt. (2.80)

. 1
S =, T eyt /t=0 =0

Substituting Eq. Z.79 in this expression, we can keep track of the terms that
cancel (one can check a posteriori from the explicit restiits convergence of
N = J5°(a'a)TR(t)dt andM; = [y’ (a'(t)a(t + 1)) TRe“T dt, for all T > 0):

00

SYw) = 1T|HOON+?W§SD [MrJthlm(aT(t)a(tJrT)) d9%dr. (2.81)

UNote that this formula is, strictly speaking, an arcane maidtical result in the theory of
stochastic processes. Thefw) is a measurement of the strength of the fluctuations of the
Fourier component at frequeney. It has no strict connection with a physical signal, as both
infinite negative and positive times are required for its desatration, which violates causality
among other things. A rigorous derivation of a physical agitispectrum based on the photon
detection arguments introduced in Sectibf, has been given bigberly and Wbdkiewicz(1977)
and used in the seminal investigations of luminescence lafestrongly-coupled systems. We
already explained why we still prefer the mathematicalaidienit, over the physical spectrum.
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Since the norm of the Fourier transformMf is also bounded (that, again, can be
checked from the explicit result), the limit ihyields Eq. .79).

This discussion should motivate the physical meaning atidityaof both
formulas, and show the connections between them.

2.5.1 Basic examples

Before going further with the details on how to compute the-tinge correlator
and the power spectrum for a general system described byakteentq. 2.70),
we can try to learn on the basic structure and propertiesesktiquantities through
some basic examples. For the isolated modes, the two-tinrelatr can be
obtained directly by solving thdeisenberg equations

dc

dt
for the creation/annihilation operators of the fields- a, b, a. A free mode
(H = Hc = wec'c), propagates like(t) = e '“!¢(0) and therefore:

i[H,c] (2.82)

' t)et+1)) =T (ne). (2.83)

(nc) is conserved and equal to the initial mean number of pastidiée spectrum
is therefore just & function,S(w) = d(w— «x), with the pole at the energy of the
modew.. We can think of the spectrum of the Hamiltonian as the priibalbf
emission when nothing is allowed to exit. The time uncetjamvery large, as we
must wait an infinite time to detect a particle. The resonaetges are, therefore,
exactly defined. They are given by the energy difference éetweigenenergies
of two consecutive manifolds. Themission spectruns nothing else than the
energy spectrumWe can see this with another example, adding interactions i
the bosonic case, with the Hamiltonian of EQ.65, H = Hp + Hin. Note that
[np,H] = 0 and therefore, = b'b is a constant of motion. Then, the operai()
depends on the manifold as

b(t) = e (@ UMb)th Q) | (2.84)
and so does the correlator:

(b'(t)b(t+1)) = e *" (b (0)e V™ b(0)) = e '>T § pppe Y PIT. (2.85)
p
This yields a spectrum for tHeoperator,
1
Sw=7"+% pPpd (w— AEp), (2.86)
(Np) P
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which simply weights with the occupatiopy) and the intensity, the resonances
that corresponds to transitions between each consecuativefpmanifolds:

AEp = (p|H|p) —(p—1[H[p—1) =w,+U(p—1). (2.87)

When the lifetime of the particles in the system is not infinike uncertainty
in the energy of the emitted particle increases. This cpoeds to changing the
0 functions by a broadened function withliaewidth One can think naively
and simply break the conservation of particles by addingesexponential decay
to the operators(t) = e~'“'e~2'c(0) which results in the expected decay of
particles(ng)(t) = e %'(nc)(0). This corresponds—and it is often found in the
literature—to adding an imaginary part to the energy

o — (o — .% (2.88)
in the free Hamiltoniatd; and solving the equatiothc/dt = —iw.C— ye/2c. This
procedure is in general incorrect. This was made cleam&iance, byyamamoto
andimamaglu (1999. It leads to unphysical results like the decay of the basoni
commutation relationfa(t),af(t)] = e ™. Dissipation not only empties the sys-
tem but also induces quantum noise due to fluctuations ingbervoir. A more
elaborated method is needed, such as a master equationindtiblad terms, that
we presented in Sectidh4. Equivalently, the Heisenberg equations for the oper-

atorsdc/dt = —iwc can be upgraded to tlggiantum Langevin equations
dc
Fri = —lwC— —c VYeR(), (2.89)

where the quantum whiteoise operator R) is introduced. This operator is de-
termined by the state of the bath. The average value of itsrattation relations
carries the statistic information which leads to the expeghysical results. How-
ever, depending on the system, solving the Heisenbergieqaatith decay intro-
duced as an imaginary frequency, can give rise to the sam#ses solving the
Langevin equations. For example, in the case of averagedtitias like (nc) or
the two-time correlator(c’(t)c(t + 1)) = e ¥le '@Te V/2(cT(0)c(0)), the cor-
rect expression is obtained. Before we derive them usingriby@ep methods, let
us just write the spectrum this yields:

Sw=-1_, * (2.90)

T(5)"+ (- )2

where we used

/wei(“’“’c)reyzcrdr: 7+i(w_w") (2.91)
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This is theCauchy-Lorentz distributionvith a full width at half its maximum
(FWHM) given by y., which is also the inverse lifetime of the particles in the
system. This shape is the most commonly found in spectrgsaspt appears
when the mechanisms causing the broadening of the linetaffieenogeneously
all the emitters.

2.5.2 The manifold approach

From the previous examples, we can generalize an appraxiexgiression for
the spectrum of emission that can give valuable and inwiithsights into the
system under study. The spectra, in general, consist of acyreaks, at least
one for each transition allowed in the system between enlekgyys. The peaks
are specified by their lineshape, position, linewidth anédnsity (or weight in the
total spectrum). In Eq2(86) we can see that, for the case of Hamiltoniar6p),
the lineshape for each pegks a Delta function (with no broadening), positioned
atawy,+U(p—1). Its weight in the total spectrum is given by the product & th
population of stat¢p), pp, times the probability of emission of such a state into
the lower ondp—1), IP = |(p—1|a|p)|?> = p, that is also the intensity of this
transition [Eq. R.5)]. If decay is considered, the lineshape becomes a Lowmtzi
like in Eq. (2.90), or an other function depending on the interferences tatake
place between the different transitions. In what followdho$ Section, we will
consider Lorentzian lineshapes for simplicity.

The extension of these ideas for a general system is whatd taled the
manifold method It has been applied, for instance, bgussyet al. (2009 and
derived more rigorously byeraet al. (2008 or Averkiev et al. (2008 from the
exact expression for the spectra in E2.7Q. We assume that the total number of
excitations is conserved by the Hamiltonian (the Hamikordynamics take place
inside each manifold independently), that the decay psasesemove particles
jumping between manifolds, and that the excitation medmrdoes not change
the energy structure. The method, based on the quantum jppmpach, to obtain
the elements of the approximate expression for the spectra

1 2
W)= pﬁ(vp/2>2+yf{w— ) (2:92)

consists in the following steps:

1. Constructing a nonhermitian Hamiltonian of the fora8@ that includes
the decay of the modes in a complex frequengy- iy/2. We know this
Hamiltonian leads to unphysical results, but we also arduosdit gives the
right ones for the average quantities of interest here.
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2. Obtaining eigenenergie{Eik} and eigenstate{sa,k} of this Hamiltonian in a
given manifoldk. We suppose that the system, in its coherent evolution, is
in a superposition of these states.

3. The positionscg'fj) and broadeningwifj/Z) of the lines corresponding to
each possible transition are given by, respectively, thegimary and real

parts of
i[Ef — (B (2.93)

This is simply because the positions are given by the diffezen energy
between the levels but the broadening of each line is givethéysum of
the broadenings associated to them. The energy of the [pdgaking out
has an uncertainty given by the sum of the uncertaintiesenggrof the two
levels.

4. Obtaining the amplitudes of probabilities of loosing aciw@tion from a
given manifold to the neighboring one counting one exatatess. This is
computed for each pair of states through the correspondimg joperator
(aiin the case of photon emission):

TRt = k=1, jlalk,i) . (2.94)

5. Obtainingpi", the average population of each stétd), for example by
solving the master equation.

6. Summing in Eq.4.92) all the contributiong — {k,i, j}.

The resulting spectrais qualitatively similar to the exasults from Eq.Z2.79

in the sense that it gives the good number of peaks and theitiguts in general.
However, it is inaccurate in the broadenings and weightsateoversimplified.
The whole picture breaks when the incoherent pump is corbfgta the decay,
as this is a strong source of decoherence, or when theretarenences between
the different resonances and channels of emission of therayas each transition
is considered independently here. Therefore, althoughrttethod provides a
good physical insight into the system and its spectra, as Wasee all along the
thesis, we must also find a way to compute it exactly. The waydad to this is
explained in the next Section.

2.6 The Quantum Regression Formula

The quantum regression formul@QRF) found byLax (1963 1967 provides a
method to compute any two-time correlator from a master iguaf the form
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dp/dt = Zp [Eq. (2.70] (for system interacting with Markovian reservoirs). As
demonstrated in the book bgarmichael(2002, once one has found a set of
operator<Cy,y that satisfy

TI’(C{n}ng) = (z‘ M{n)\}TI’(C{)\}Ql) (2.95)
A

for the general operatd®;, and the corresponding matrix elementg, g, , then,
the equations of motion for the two-time correlators follagi/(fort > 0):

S @utC (1) = 3 Mo @O 1) (299

The Hilbert space of correlators is separatedhianifolds just as the Hilbert
space of states is separated in manifolds of excitation.oftéerk of a manifold
is the minimum number of particles that should be in the sygtegardless of the
regression maitrix) so that the correlator is nonzero. Edently, it is the mini-
mum manifold of excitations that should be probed in the dyica. We will refer
to the two-time and one-time correlator manifolds &sand. 4, respectively.

The first step is to find the set of operators that are neededrpuate the
correlator of interest. For example, in the case of bosam®yrder to set the
equations to obtaia’(t)a(t + 1)), we consideQ; = a'. If this is the only field
involved in the dynamics, the most general set of operatorsormal order can
be written as{Cimn = aTma”}. For the simple problem of a thermal bath, it is

enough to consider onf@; = a. The only matrix element 811 1 = —iwa — —Va;Pa

and the correlator can be trivially integrated taking asititéal state the SS value
nSS (af(t)a(t+ 1)) = e '@Te~(a—Pa)/21nSS, The spectra is again a Lorentzian

1 la
S(CU) - _ 2 2 )
T(3) + (0-w)?

this time broadened by a renormalized bosonic decay rate:

1+n3S’

(2.97)

Fa=Ya—Pa (2.98)
In this case, in order to have a physical SS (finite populatimd correlations
which decay with time), we know that the parametgysaindP; correspond to a
given thermal bath. This implies tha§S= nt andly = k. On the other hand, if
we deal with a free 2LS and we want to comp(te (t)o(t + 1)), the equivalent
procedure yields an effective broadening:

Yo
1-—ngS

ro' = yo' + Po' — (299)
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which is different from the decay rate in vacuwg. We can also distinguish the
nature of the particles in the appearance of the bosorimg) or the fermionic (-
ng) factors in the dependence of the effective decays withvibeage occupation.
The narrowing (broadening) of the linewidth with pump, as ttumber of parti-
cles increases, is a bosonic (fermionic) effect.

In more complicated systems, the correlator of interedtdepend on other
correlators, giving rise to a set of coupled equations ofah@ of Eq. £.96). The
initial values of these equationsat= 0 must also be found, either in the S+
o) or for a general time in the SE case. The equations f@;(t)C;,(t)) can
be equally found applying the same QRF wi¥h = 1 and a new set of operators
C(7) where the previous operat:Cy,, is included:

d
+Cm® {%M{m\} (C5iy ) (2.100)

In the SE case, the initial state of these differential eiquatis the initial value

of the correlatorgCy7,(0)). In the SS case, the equations are set to zero and
solved as a linear system to fimﬁ{ﬁ}>ss. The one-time mean values can also be
obtained from the density matrix resulting from the mastgragion by applying

the general relatio(Cyz, (t)) = Tr[Cyzyp(1)].

In the general problem of two coupled modasp, we refer with the label
{n} = (m,n,u,v) to the two-time correlatokQ,(t)Cypy (t + 1)) with Cypy =
aMab™ bV, regardles€;. This is the most general form for the correlators,
grouped in manifolds#;. The emission of particles (b) corresponds t€; = a'

(= b"). Each two-time correlator will have as initial condition £ 0) the one-
time correlator{Cimy1n p, V}> (Cimn,u+1vy)) that belongs to the corresponding
manifold of the same orderi. The QRF for them, witl®; = 1, applies in a new
set of operatorgf } = (m+1,n,u,v) ({A} = (mn,u+1v)). The final result
for the correlator of interest{Ci(t, 7)), will be, as we will see in the following
Chapters, always of the form

(C(t,1)) = 3 (Ip(t) + ikp(t))e e 2T, (2.101)
p

where all the new parameters, the weidhtsky, the frequenciess, and the ef-
fective decay rateg,, are real. The valuek, andk, depend on the one-time
mean-valuesCys, (t)), either in the SS or in time, depending on the case.

In the SS, they are already constants and can be normaligeet 155/(C;)>S
K5S=k5%/(Gi)%5. In the SE, they have to be integrated and normalized accord-
|neg LSE Jo 1REM)dt/ [5(Ci(t,0))dt and K = [ kpE(t)dt/ [5 (Ci(t, 0))dt.
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From here, Eq.4.9]) leads to the spectrum,

1 % w— wp

== L —K
S(w) Z p p(%)Z_F(w_wp)z

. (2102
& (%)% + (- wp)? (#20%

<

which is in general a sum of many peaks labelled wittwith two type of con-
tributions. The first one is the already introduced Lorearizahape, which is the
only contribution for free fields. The second term is thipersivepart that breaks
the symmetry of the Lorentzian around the frequeagy This is due to the inter-
ference between nearby resonances. They appear wheneymrtitles that are
emitted are not exactly the eigenstates of the system, diectwherence or due to
the fact that the detectors measure in the bare state bhsi®(1s). They disappear
in weak coupling, where bare modes are predominant (givsegto other man-
ifestations of interferences), but also in the limit of vetyong coupling, where
polaritons rule the dynamics completely.

This way of computing the spectra, in which we take the Fourensform
explicitly, gives us the structure of the lines in a trangpamway. w, andy, are
the line positions and broadenings. They originate fronetiergy levels structure
and uncertainties, whose skeleton is the Hamiltonian sigéss, but that can be
greatly distorted by decoherence. As such, they are indkpeof the channel of
detection (cavity or direct exciton emission) and indeganaf time. Coefficients
Lf, and Kg depend on the one time correlators and, therefore, theyiffeeectt in
the SS or the SE cases. They determine which lines actuglleean the spectra,
and with which intensity depending on the channel of emrsaiod the quantum
state in the system.

Most of the authors, liké&savage(1989, Clemenset al. (2004, Porras and
Tejedor(2003 or Pereaet al. (2004, compute the spectrum with completely nu-
merical methods from the density matrix and master equafidreir results are
blind to the underlying individual lines and, therefore seall the information on
the manifold structure that the spectra contains. This isrg dramatic loss if
one is interested in quantum features or the crossover frgantgm to classical
regime, like in the case of this thesis. However, the lackisf information is not
so important when the system is essentially classical onenctassical regime,
where there is no quantized manifold structure. We shotillddwefer this kind
of “blind” methods then. In this direction and taking adwege of the SS proper-
ties, it is possible to go from the density matrix to the spgeeatithout any need to
compute the correlator. This method is described/immer (1996 in his notes:

First, we choose a basis of statgp }, ordered in a given way and labelled
with the indexi = 1, ...nmax. Then, we obtain the density matrix, in figax X Nmax
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matrix formpij = (i| p|j), in the SS. That is, we solve the master equation

d
qtPi = Zf///ij,klpkl =0 (2.103)

where.7jj i is a supermatrixz,., x N, The spectral function can be defined
in terms of the two operatos andB which constitute the two-time correlator of
interestCi(t,7) = A(t)B(t+ 1), as

SaB(W) = 7—1TD /Ooo(A(t)B(t +1))e9Tdr. (2.104)

By means of the QRF, the spectrum can be put in terms of the niatrxof the
operatordhjj (= (i|Alj)) andB;j and the SS density matrix:

SaB(W) = 10 (A +i0l) i} ki pgaAmIBii - (2.105)

i7j7 gl 7m

| is then2,,, x NZ,. identity matrix. This formula is valid as long d8) = 0 in
the SS. It is useful only when the Hilbert space is not vergdaas it requires the
inversion of anZ,,, x N2, matrix for each pointv of the spectra.

2.7 Second order correlation function and the noise
spectrum

The power spectrum can only provide information on proli@dsl for single par-
ticles, being the Fourier transform of the first-order clatien functionGV(t, 1).

To investigate the statistics, we must go further in the oofithe correlation func-
tions. We already discussed the degree of second orderasuteeof a distribution,
9@, in Eq. €.7). Now we can generalize it to an arbitrary delay and define the
two-time second-order correlation function

G2(t,1) = (@ (M)a'(t+ 1)at+1)a(t)) (2.106)
and its normalized version for stationary statgd,(t, 1) = G (t, 1) /(af (t)a(t))2.
G2 (t,7) is related to the probability to emit two particles one after other, at
timest andt + 7, and it can also be identified with intensity correlationgt us
from now on consider that— co and write expressions for the SS only, as this will
be the most relevant case. As in the time domain, in ordeiltpdascribe the cor-
relations between two particles emitted at different fiagiesw,, w,, one would
have to comput&? (wy, wy) = (a'(wy)a’ (wp)a(wp)a(wr))/(nSS)2. Even more
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interesting is the two-photon counting resolved in frequyewhich is related to a
double Fourier transform such as

@) (ty, wistp, wp) =
%D //0 @ (t)a ()alts + T)alty + 1)) e e drdr,, (2.107)

in the SS {4 = 0). This is linked to the probability to detect the first photat

t; with frequencyw; and the second, & with frequencywy. It is possible to
obtain experimentally, integrating over some time and gy windows, but
quite technically involved in theory, as it requires at tethsee-time correlators
(three implementations of the QRF). Therefore, we leave fthiduture inves-
tigations and, as a first approximation to the problem, wé suhply analyze
S?(w) O [, 5P (1 + wa, w— w1 + ws)dwy. It corresponds to the Fourier trans-
form

:—D/ (o@(1)— vderdr, (2.108)

so it can be considered the intensity fluctuation spectrumo@e spectrumin
analogy with the power spectrunS?(w) can also be interpreted as the joint
density of probability that two particles in the system h&exjuencies whose
fluctuations around the bare reference frequengy éum up tow. Still in this
simplified version o&?, the two-particle frequency correlations are to be found
in the difference betwee8? (w) and the convolution of individual densities of
probability:

(W) = S (w / S(r + wa) (@ — w1 + wa)dawy . (2.109)

The correlator(a(t)a’(t + r)a(t + 1)a(t)) needed here, can again be com-
puted thanks to the QRF. Once EQ.95 is satisfied for some set of operators
C(n), notonly Eqg. 2.96) holds, but also the relation

d <C{,7}( +1)Q5(t) Z Minay C{)\}( +1)Qo(t)) (2.110)

is true for any general operat@X,, with the same regression matrix. From this,
another useful equation involving two operators can bevddri

d

g Qe (U)Cny (t+T)Q2(1) Z Mipap{Qa(t)Cpy (t+1)Q2(t)) . (2.111)

In the present case, we need to tdke= al andQ, = a, and find the seCi
that includes the operatafa. It is interesting to note that the matrix of regression
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My and the set of correlato@ ,, involved in the computation @(?(t, T) are
the same as those involved in the computation of the onediramge value,.

For the simple example of a thermal bosonic field, only therajpesCy = 1
andC; = a'a are needed WitM1 1 = —I3 andMy o = Ps. The resultin the SS is
g(z)(r) = 1+e "7, that decays from 2 (as it corresponds to the thermal SSgto th
general infinite delay value of 1 (two uncorrelated emissjoiithermal or chaotic
sources correspond to the case where each emission evetié¢endent and:

g2 (1) =1+|gY(1)]?, Sor(w)=0. (2.112)

60



Chapter 3

One quantum dot in a microcavity:
the linear model
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In this Chapter, we solve the exciton-cavity photon coupéinglytically with
the linear model and analyze its properties of emission engresence of de-
coherence (dissipation and incoherent pump). The restdtsepted here have
been published in the referencgs3, 9 and 16 of the list of my publications, on
page241! The last one is Mathematicaplotter of the spectra of emission, that
might be useful to follow the argumentation.

1The corresponding entries in the Bibliography appedrassyet al. (20083b,c).
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3.1 Introduction

Light-matter coupling in the linear model is described by Hamiltonian that we
introduced and discussed at length in Chapter

H = wsa'a+ wyb'b+g(@'b+ab') (3.1)

wherea andb are the cavity photon and material excitation field opestos-
spectively, with bare mode energieg and w,, coupled linearly with strengtg.
In the linear model(LM), both the photon and exciton operators are Bose oper-
ators, satisfying the usual commutation rigea’] = 1, [b,b’] = 1. The linear
model is an important case for two reasons. The first one tsrthmany relevant
cases, the matter-field is indeed bosonic, such as the capegnfum wells, or
large quantum dots, at low density of excitations. The séceason is that this
case provides the limit for vanishing excitatiotiséar regimg of all the other
cases, and is fully solvable analytically. In Chaggwe investigate the case of
fermionic behavior at large pumping, more relevant whetidgavith small QDs
that confine excitations, and more prone to involve genuuentym mechanics
as one guantum of excitation can alter the system'’s response

The master equation in the absence of pump and at zero tetumgera

dp

g =P HIE Y %(ZCpCT—CTCP—pCTC), (3.2)
t c=ab

has been extensively studied, however no in its most gegettthgs. The typical
restrictions have been to consider the case of resonagce,w,, with only one
particular initial condition, namely, the excited statetloé emitter in an empty
cavity, and to detect the emission of the emitter itself. tBjether, they describe
the spontaneous emission of an emitter placed into a cavitywhich it enters
into SC. This has been the topical case for decades as thihvaagse of experi-
mental interest with atoms in cavities.

With the advent of SC in other systems, other configuratiters ® be of in-
terest. With a QD in a microcavity, the detuniAdpetween the modes, EQ.64),
is a crucial experimental parameter, as it can be easilydtand to a great extent,
for instance by applying a magnetic field or changing the &naoire. Also in
this case, the detection is in the optical mode of the cakatyer than the direct
emission of the exciton emission, because the latter is andkor various tech-
nical reasons of a more or less fundamental charddfdroth modes are bosonic,
symmetry allows to focus on the cavity emission without lokgenerality, as we

2An example of a fundamental complication is that the emisssoenhanced in the cavity
mode and suppressed otherwise, and the exciton lifetinypisally much longer, so the exciton
emission is much weaker; an example of a petty technical toatipn is that the exciton detection

62



can obtain the leaky excitonic emission by simply exchaggnuexesa, b (the
spectrum could also have photon-exciton crossed termsadigdd be computed in
a similar way).

Regarding the initial condition, more general quantum stedéa now be real-
ized, at least in principle, by coherent control, pulse #h@pr similar techniques.
Additionally and more importantly, the type of excitatiohaocavity-emitter sys-
tem in a semiconductor is typically of an incoherent naturé larings many fun-
damental changes into the problem that go beyond the merramation of
Eq. 3.2). Pure states do not correspond to the experimental reatisyead, the
system is maintained in a mixed state with probabilifige) to realize thenth
excited state. In all cases, a steady state is imposed bytiplay of pumping
and decay. Explicitly, the complete master equatibid@ reads:

do . P
d_[t) =ilp,H+ ¥ %(Zcch —c'ep—pcle)+ Y EC(Zchc— cc'p — pech).
c=ab c=ab
3.3)

The Rabi oscillations of the populations are always washedd regardless of
the photon-like, exciton-like or polariton-like (eigeast) character of the density
matrix.

There has been naturally many efforts and a large outputeditérature to
describe theoretically light-matter coupling in semicocidrs. A huge majority
of them address the Spontaneous Emission case, partlydeeoathe precedent
set up by the atomic casAndreaniet al. (1999 in their paper, which seems to be
the most highly quoted on that question, apply the atomiorthef Carmichael
et al. (1989, that was already restricted to the first manifold of exmota (see
Chapterl). This work’s major contribution was the analysis of the ging
strengthg and the prediction of QDs in microcavities as successfullickates
for SC physics. Unfortunately, the expression for the luesoence spectrum that
was taken straight from the atomic literature concerns timgiguration of direct
exciton emission, which is not the canonical case of a semdiector microcavity
where photons are detected through their leakage in theycawde (in the growth
axis).Pauet al. (1995 had used a similar scheme to describe the spectra of micro-
cavity polaritons in the very strong coupling regime (in admtzian limit). Let
us also mention, among the numerous recent works on the SkEexfcited state
in a cavity,Cui and Rayme(2006, who applied the Weisskopf-Wigner approx-
imation to compute the spectra and put strong emphasis tiothvard and side
emission,Auffeveset al. (2008 and Inoueet al. (2008, who gave an insight-
ful description in particular of th&ano resonancen which we shall comment

should be made at an angle and, practically, a lot of sampéegrawn on the same substrate.
Both the substrates and other samples hinder the laterasstc one given sample, whereas all
are equally accessible from above
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thoroughly below, andtamaguchet al. (2008, who studied the influence of pure
dephasing in the spectra, providing a possible explandtiothe anomalously
large cavity intensity found biReithmaieret al. (2004, that we also discuss. In
the appropriate limits, we recover the results of these qzapleat corresponds to
the spontaneous emission of one excitation.

In this Chapter, | address both the emission spectra obtamadonfigura-
tion of spontaneous emission (SE)—where an initial stapgapared and left to
decay—under its most general setting, and the case of lsc@mee emission un-
der the action of a continuous and incoherent pumping thtabkshes a steady
state (SS). We bring all results under a common and unifieddbbsm and show
how none of the cases fully encompasses the other. | focesiedly on the con-
tinuous pumping case which endows the problem with sel&ist@ncy in view of
its initial state. The Chapter is organized as follows. Int®ec3.2, | analyze the
single-time dynamics. In Sectidh3, we obtain fully analytically the main results
in both of the cases explicated above, this time focusingeroarthe two-time dy-
namics, which Fourier transform gives the luminescencetspeln SectiorB.4,
| discuss the mathematical results we derived in the twoipus\vsections, accen-
tuating the physical picture and relying on particular edee illustration. In this
Section, we consider specifically the case of resonancerendiethe concepts
manifest more clearly. In Sectidgh5, | show how the expressions obtained for
the SS spectra allow for a successful global fitting of theisenductor experi-
mental data oReithmaieret al. (2004, providing an estimation for the system
parameters and the pumping conditions. In Secldiwe briefly look into the
second order correlation function. Finally, in Sectii, | contemplate possible
future directions based on this model, and in SecBi@l give a summary of the
main results and provide an index of all the important formsiwdnd key figures of
this Chapter.

3.2 Mean values

Let us start by introducing the notations that will be usé&fithe general descrip-
tion of SE and SS emission. Tledfective broadeningseduce to the decay rates
in the SE case but get renormalized by the pumping rate in $heaSe:

Mab = Yab, (SE case) (3.4a)

We shall also use thoroughly the combinations:

Yat Wb

==
Ve =27 and T,=-2"—15

4

(3.5)
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Thanks to the general relatiotS) = Tr(Cp) andd(C)/dt = Tr(Cdp/dt) =
Tr(CZp), we can obtain from EQq.3(3) the single-time mean values of interest
for this problem, by solving the equation of motion of the plad system:

—gr = ~Mou(t)+p (3.6)
with
Na Pa
| M B
u= nab ) p_ O ) (37&)
nba 0
fla O ig —ig
0 T —ig ig
Mo=1ig —ig o —iator, | (3.7b)
—ig ig iA+2ry 0

wheren; = (c'c) € R (for ¢ = a,b) andnap = (a'b) = nj, € C. The SE case
corresponds to settirg, , = 0 and providing the initial conditionsi(0), with:
R =n(0), nd=np0), and nd = nu(0). (3.8)

The solution,
uSE(t) = e Motu(0), (3.9)
gives the cavity population:

0
Na(t) = 2V+t{ [cos(Rﬁ) +cosh(R,t)} ?a
(2 4+ y2)n2+ g2 + gATINY, — 2gy. On?
—[cos(Rt)—cosh(Rrw} 4 a 2|R|2 b
[ t h(Rit
N {smérR) sin REiR )] ( Dngb—y_ng)
sin(Rt)  sinh(Rt)] v (& +2 —g?)nd+gAy Ond, + (& — V2 + ¢? o, |
TRR R?

(3.10)

The expression fony(t) follows from a «<» b. The crossed mean value that
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reflects the coherent coupling reads:

0

Nap(t) = eZm{ [cos(Rﬂ) +cosh(Rit) n_;b

g(4 +iy )nd—g(4 —iy )nd — (& +2)nd, +g(nd,)"
2|R|2

[cos(Rﬂ —cosh(Rit) }
{sm(RTt sinh(Rt) } i(And, — n°—n8))
)

_|_

X

R
sin(Rt) sinh(Rt)
' { R

—i(4+ - )Q+gBy +i(B+— ) +ia(E +)2 +¢?) ngb}
2|R|2
(3.11)

where we have defined tliemplex (half) Rabi frequency

2
= \/gz— <F+i%) , (3.12)

that arises as a direct extension of the dissipationless &g €.559. R;; are
its real and imaginary parts respectivéd= R: +iR;. Note that in the SE case
. — y_in R, that we define now in general. It is clear from Eds10—(3.11)
thatR; is responsible for the oscillations aRgd together withy, , for the damping.

It is of interest to note that Eqs3.(L0—(3.11) are reproduced by introducing
decay as an imaginary part to the energies in the Heisenletge i.e., substi-
tuting wa p by wap —iyap/2 and solving directly in a full Hamiltonian picture the
operator equations of motiodc(t) /dt = i[H,c(t)] with c = a,b. This method is
in the line of the manifold picture (closely related to thengavin equations). Al-
though essentially incorrect (as we explained in the prev{@hapter), this method
provides the right average quantities, such as the coorefat(t)a(t + 1)) and
therefore leads also to the correct expression for the S&rspd he expressions
that we obtain for the four time-dependent operatafé{, a(t), b¥(t), b(t)) solv-
ing the Heisenberg (not the Langevin!) equations are allaioad in:

at) =e i3 [elRt(R+iy+_%2>s(0)_gb(O)
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The operators at zero time(0) andb(0), are the same as in the Soddger
picture. The hermitian conjugation and exchaage b leads to the other three
operators. They are all missing the noise contribution andrnfstance, one can
check thatfa(t),a’(t)] decays exponentially instead of remaining equal to one.

Onthe other hand, the SS case corresponds to setting thdd¢nmative on the
left hand side of Eq.3.6) to zero, and solving the resulting set of linear equations.
The solution

uSS=Mgy'p (3.14)
explicitly yields:
ss_ OT+(Pa+Ry)+Palp(F2 +(3)?)
ny~= >3 > Ao , (3.15a)
49 I’++Fal'b(l'++(7) )
4g2T2 4 T4lp(F2 +(%)2) ’
P (il —5
nas = 20aR 6P — 3) (3.15¢)

492r2 +Talp(F2 +(5)2)

Both photonic and excitonic reduced density matrices amgotial. They cor-
respond to thermal distributions of particles with the abmean numbers:

(n39)"
[ol p= 2 Pn.m; pm W ; (3.16a)
(nSS)m
Jos o) g —es - - (3.16b)
mg Z n.mng = (1_|_n§8)m+1

Behind their forbidding appearance, Eg3.10 enjoy a transparent physi-
cal meaning, that they inherit from the semi-classical—#nealefore intuitive—
picture of rate equations. When the coupling strength betwlee two modesy,
vanishes, the solutions are those of thermal equilibriumafandb [Eqs. €.34)
and @.51)]. In the general case whege# 0, the mean numbers can also be written
in the same form:
nSS_ PS"

a ygﬁ B Paeff 9
(Id. for modeb throughout by exchanging indexas— b), in terms of effective
pumping and decay rates:

(3.17)

Qa

P — P+ —2  (Pa+R), (3.18a)
I_a I_b

T — g 8 (Ya-+ ), (3.18b)

a Fa+Tp
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with Q4 the rate at which moda exchanges particles with mobte

Qa= ) (3.19)

in terms of the effective coupling strength at nonzero detyin

g°ff = ﬁ. (3.20)
1+ (2

Qa is a generalization of thBurcell ratey; = 4g?/y, which is the rate at which
the populationny(t), [cf. Eq. (3.10)], decays in weak coupling whew, y£ >
ya. From the point of view of mode, the coupling with modd is both adding
particles, contributing t&<™, and removing them, contributing ¥§™. The total
effective decay is:

rgff = Vgﬁ - Paeﬁ =la+Qa. (3.21)

Note that the generalized Purcell r&dg appears in the same way in both effec-
tive parameters in Eqs3(18), due to the “bidirectionality” of the coupling (the
coupling both brings in and removes excitations).
The mean value of the coherence can also be expressed indktimese quan-
tities:
ss_ 2g°"

nSS YaPb — WPa o
0 et ref

€

(3.22)

whereq = arctan(;7;).

The quantities defined in EqS3.(8 and Eq. 8.21) are all positive whe, >
0 (Qa > 0) and all negative whehy, < O (if there exists a solution for the steady
state). The conditions for the pumping teris R, to yield a physical state (a
steady state), are therefore those for which the mean vaﬁ.ﬁeare positive and
finite, implying: ’

. >0, (3.23a)
4(g°")? > —Talp. (3.23b)

The first condition requires that pumpg, R, are notsimultaneouslyarger than
their respective decay ratgsg y,. The second condition only represents a restric-
tion when one of the effective parameters, eithgrmor 'y, is negative. Then, it
reads explicitly 4g°™)2 > |Ialp|. Note that, out of resonance, the pumping rates
appear both ime™ andl,, ', and therefore the explicit range of physical values
for them needs to be found self-consistently.
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From now on, we shall refer with “SE” and “SS” to the expressithat apply
specifically to the spontaneous emission and to the steatyy sespectively, leav-
ing free of index those that are of general validity. In somsss, as for instance in
Eq. 3.4), no index is required if it is understood tHy, are defined and equal to
zero in the SE case. For that reason, we shall |Eavee of the SE/SS redundant
index.

3.3 Firstorder correlation function and power spec-
trum

We now turn to the luminescence spectrum of the syS@n) given by Eq. 2.74).
The equations for the two-time correlat@! (t)a(t 4 1)) follow from the quan-
tum regression formula. The most general set of correlatersan construct is
{Cimnuvy = @' a"b™'b}, which satisfy Eq. .95 for any operatoQ; through
the general regression matrix for the linear problem giwen b

. : —P —

anuv:Iwa(m—n)—i—l(;.b(u—v)—(m—i—n)ya ""—(u+v)yb PD, (3.24a)
mnuv 2 2

M mnuv =Pmn, M mmuv  =Ruv (3.24b)
m-1,n-1,uv mnu—1v-1

M mpuv =-ign, M mmuv =igu (3.24¢)
mn-1uv+1 m+1,nu—1v

M muv =igm, M mmuv = —igv. (3.244d)
m—1,nu+1,v mmn+-1,uv—1

However in order to computé;(t)a(t + 7)), we only need the subset of cor-
relators{Cyonoyy = a"b*}, which satisfies Eq.2.99 with a regression matrii
defined only by:

M% = —i(nwy + vooo)—n?—VE, (3.25a)
M w =M vn =-igv, (3.25b)

n+1v-1 v—1n+1

and zero everywhere else. Furthermore, for the computafitime optical spec-
trum, it is enough to consider the subgatb} andQ; = a'. In Fig. 3.1we can
see a schema of this minimal (and finite) set of correlateft) @nd mean values
(right), labelled with the indice$n} = {m,n,u,v}. The coherent (througb)
and incoherent (through, ) links between the various correlators, given by the
regression matrix, are shown with arrows (see a detaileheapon of the figure

in the caption).
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@109 @aoD)

Figure 3.1: Chain of correlators—indexed Hyj } = (m,n, 4, v)—linked by the Hamiltonian dy-
namics with pump and decay for two coupled harmonic osoilfat On theleft (resp.,right),
the set.11 (resp.,.#1) involved in the equations of the two-time (resp., singiael) correlators.
In this and similar figures throughout the manuscript (Fig&.and5.117), in green is shown the
first manifold, the only one needed to compute the spectruthenlinear model. The equa-
tion of motion (aT(t)C{n}(t + 1)) with n € .41 requires for its initial value the correlatdC5,)
with {fi} € .41 defined from{n} = (m,n,u,v) by {fi} = (m+1,n,u,v), as seen on the dia-
gram. The red arrows indicate which elements are linked g tiherent (SC) dynamics, through
the coupling strengthy, while the green/blue arrows show the connections due tinttaherent
cavity/QD pumpings. The sense of the arrows indicates weiement is “calling” which in its
equations. The self-coupling of each node to itself is notsh This is whereuw, , andl 5, enter.
These links are obtained from the rules in E§2¢), that result in the matrices of regressign
andM . Higher manifolds 4 and. 4% (not plotted), that include higher order correlators, éase
their dimension ak(k-+1) and(k+ 1)2, respectively. A manifold is only linked directly tok — 1

in this model. For example, when computigd in Section3.6, only manifolds,/ﬁ(gz will be
involved.

Thanks to the linearity of the problem, we obtain a simpleagigum,

v(t,t+1)

dar =—Mqyv(t,t+71), (3.26)

for the two-time correlators
+
V(t,t+T) = (<: (t>a(t“)>) (3.27)

where
M M H ra H
I v s A W AT S (¢
M1 . . ro - (3.28)
R

The formal solution follows straightforwardly fromft,t + 1) = e M1Ty(t,t). The
initial vectorv(t,t) is that of the mean values that we computed in Sezfor the
SE and SS case. They can also be found through the quantuessigy formula,
applied on the set of correlatorg; (see Fig.3.1) with Q1 = 1 and the regres-
sion matrixMg. In terms of these averaged one-time quantities, the eatorebf
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Figure 3.2: Complex RabR/g, separated in its regh) and imaginaryb) parts, as a function of
the decoherence paramefer/g for various detunings{/g from —1.6, up, to 0, bottom, by steps
of 0.4). Solid black lines correspond to resonance.

interest reads explicitly (for positive):

@f(tat+1)) = e MTeil@3)r

A o n
X[éRT(RJrIF——z)Zr;Qa(t) 9an(®) | ire(R IF-+2)2r:(t)+gnab(t)]

(3.29)

in terms of the complex (half) Rabi frequency that we defineBgn(3.12). Out

of resonance, the Rabi frequency is a complex number with botizero real,
R=R,, and imaginaryR;, parts. The absolute value of these frequencies can be
written as:

|Rn|=i\/|R|2i<gZ—r2+A—2>. (3.30)
) \/E 4
For parameter§ _ andg which result in SC at resonancg % |I'_|), this can be
further simplified into
Rriﬁdli 1— (E)z. (3.31)
V) R[?

At resonanceR is either pure imaginary (in the WC regime) or real (in the SC
regime). For this latter case, it is worth defining a new quyant

Ro=R(A=0)=,/g2—T?2. (3.32)

The real and imaginary parts Bfare plotted in Fig3.2as a function of _ /g
for various negative detunings. The invarianceRofinder exchange of indexes
a < b results in the propertiR(—A,I_) = R(A,—I_) = R*(A,I' ). From this
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follows the results oR; andR; for the combinations oA = 0 andrl” _ that are not
plotted in the figure:

Rr(_Aa r*) = R(A,—F,) = R(—A,—F,) = R(A7r*>7 (3.33a)
R(-AT_)=R(A,-T_)=—-R(-A,-T_)=—-R(A,T_). (3.33b)

In the limit of high detuning|A| > g, | _|, regardless of WC or SC, the real part
becomes independent of the dissipation (decay and pumtng)|A|/2, and the
imaginary part becomd® ~ FI_. We can see in Fig3.2that this sets an upper
bound forR;:

RI<Ir]. (3.34)

Once again, for the steady state case, we can obtain a rapbgatal combi-
nations of pumping intensitieBy, R, by ensuring that the correlator of E§.29
converges to zero whan— . Here, the condition follows from having a positive
total decay rate:

r,—|R| > O. (3.35)

The first consequence of this condition is simply that must be positive, as
we already found with the analysis of the mean values andewmnoEq. (3.239.
With ' > 0, the other decay rate appearing in E§20) is automatically ful-
filled (I - + |R;| > 0). On the one hand, If,, 'y > 0, Eqg. 3.39 is always true, as
we know thatR;| < |I_| < Iy [from Eq. (3.34)]. This includes the spontaneous
emission case where there is no restriction in the parame®er the other hand, if
eitherl 5 or 'y is negative, Eq.3.35 represents a further limitation for the pump-
ing parameters. One can check that it is again exactly elgmit/to the condition
we already found in Eq.3(230. Therefore, the condition that the correlators are
well behaved are exactly the same as those that the pomdatre positive and a
physical steady state exists.

Using the result of Eq.3.29 into the definition of Eq.Z%.77), we obtain the
formal structure of the emission spectrum:

S(w) = %(.zl + ) OWH (L — 27— DWW (o~ 7?),  (3.36)

with 2 (w) and.<Z (w) some Lorentzian and dispersive functions whose features
(position and broadening) are entirely specified by the derRabi frequency
[Eq. 3.12], I'; [Eq. (3.5] and the detuning:

1 M +R

120,01
L S R (- (- gwryp O
1 w—(@a—5FR)

(3.37h)



We also introduced the weigiit, a complex coefficient given by

r_+i(%3+gD)
W= R , (3.38)
that we define in terms of still another parameir,
/ @by (t) dt
D=20——. (3.39)
/ (@ (t)dt
0

Written in this form, Eqs.3.36—(3.39 assume a transparent physical mean-
ing with a clear origin for each term. The spectrum consi$tsvo peaks (that
we label 1 and 2), as is well known qualitatively for the SCimegg These are
composed of a Lorentzia® and a dispersives part. We already introduced the
Lorentzian as the fundamental lineshape for free partiwids a lifetime, and in
the expression above, it inherits most of how the dissipagjets distributed in
the coupled system, including the so-calkdnatural linewidth averaginthat
sees the broadening at resonance below the cavity mode,vaisithointed out
by Carmichaelet al. (1989. The dispersive part originates from the dissipative
coupling as in the Lorentz (driven) oscillator. It stematirthe existence of reso-
nant eigenenergies (polaritons) in the system that ovémnlapergy and interfere.
The overlapping is due to decoherence that impedes the tdaunaih polaritons
of Eq. 2.59 from being the true eigenstates of the system. Also, whastigles
are detected, in this case bare modes (photons or excittgiefmines greatly the
dispersive contribution: the further the particles endithee from the eigenstates,
the more relevant interference becomes. In the case of wenygscoupling, the
Hamiltonian dynamics are the most important and the dispepart disappears.
In the opposite limit of WC, the dispersive part also disappéacause the parti-
cles emitted are those that rule the dynamics (photons aioesg although other
kind of interference arises in the system, as we will seedltiee coupling, weak,
but still present.

This decomposition of each peak in Lorentzian and dispensarts is, there-
fore, entirely clear and expected. More quantitatively] &llowing the notation
of our general expression for the spectra in Eq1032, the peaks, are placed at
w2 = wa— 5 ¥R and have a FWHM given byy, = 2(M £R). AsR, >0,
the peaks correspond to the lower (“L’) and upper (“U”) briarenission, respec-
tively. The weights are given by, » = 1/2F O{W} andKy > = £0{W}. The
limit of bare modes at energias, and w, = w, — A, broadened with the bare
parameters 5, (FWHM), is recovered at large detunings. The bare cavity mode
will be taken as a reference for the energy scales in the féisé hapter (we set
w, = 0). Again, we find that the real (resp. imaginary) part of thenplex Rabi
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frequencyR; (R), contributes to the oscillations (damping) in the coni@land
therefore, to the positions (broadenings) in the spectrum.

The normalized first order correlation function can also lbgten in terms of
the new parameters, from EQ. 29) as:

gVt t4+1)=e+Te (@ e'RT( +iW) + e 'RT(;

So far, all the results hold for both cases of SE and SS. Thiwshhat the
gualitative depiction of SC is robust. This made it possiblpursue it in a given
experimental system with the parameters of the theorenoalels fit for another.
This has indeed been the situation with semiconductortesyplained in terms
of the formalism built for atomic systems.

To be complete, the solution now only requires the boundangditions that
are given by the quantum state of the system. They will affeetparameteD,
Eqg. 3.39, that is therefore the bridging parameter between the tges. In the
next two sections, we address the two cases and their sjtexsfic

wW)|.  (3.40)

3.3.1 Spontaneous Emission

In the case of Spontaneous Emission, where the system d&ocaysan initial
state, the boundary conditions are suppliedifer 0 by the initial valuesr(t,t),
i.e., the cavity populatioms(t) = (a'a)(t) and the coherence eleman(t) =
(aTb)(t). In turn, those are completely defined by the initial cormaisi, Eqs.$.9).
Although the analytical expression for these mean valuesasction of time are
cumbersome [see Eq8.10-(3.11)], the D coefficient, Eq. 8.39, that determines
guantitatively the lineshape, assumes a (relatively) Enmgxpression:

ose _ 30N —16nd) — 2ingy(y? — v?)](ivs — 3) +29%y: Ong,
@y (N3 + D) -+ Ny (V2 + (5 %ﬂmim%+wm%f

To prepare the analogy with the SS case in the next section|ssenrite the
particular case whenf, =0

(3.41)

DSE _ (Vano Yora) (i — A)

G2y (nd -+ np) + (% + (3
This is an important case as it is realized whenever thealrpti)pulation of one
of the modes is zero, which is the typical experimental sibma Note that in this

case DSE, and therefore also the normalized spectra, does not depetite two
populations independently but on their ratio only:

(3.42)

n
a= 5. (3.43)
b
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3.3.2 Steady State under continuous incoherent pumping

In the case where the system is excited by a continuous, émeoh pumping,
a steady state is reached and the boundary conditions a® Qwthe station-
ary limit, as time tends to infinity, of the dynamical equatiavhose solution is
unique). TheD parameter, Eq.3(39, is defined in this case as:

ss_ M5 30aR - WP — %)
T nSST 2 > Ao
NS @M (PatP)+Palu(M2 +(5)?)

(3.44)

There is a clear analogy between Egj4@d)—that corresponds to the SS—and
Eq. 3.42—that corresponds to SE Whe@b = 0. In this case, the spectrum can
also be written in terms of the ratio, counterpart of E48),

Pa
a R’ (3.45)
in which case Egs3(42 and @.44) assume the same expression, keeping in mind
the definition of Eqs.3.4). Table3.1 displays this common expression Dfin
terms ofa. The limiting cases whea — 0 orc are also given. They correspond
to only photons or excitons as the initial state for the SEQdne presence of only
one kind of incoherent pumping for the SS case.

The analogies and differences betw&tr andDSSreflect in the spectr&F
and S°S. For the samax, they become identical when the pumping rates are
negligible as compared to the decalsp < Yap. In this case, wheré 5 ~
Y+ ab, the SS system indeed behaves like that of the SE of particttsdecay
independently and that are, at each emission, either a plootan exciton, with
probabilities in the ratia.

However, in the most general ca8&S depends on more parameters tR&F.
Moreover, the pumping raté% j, affect S5 not only throughar andDSS, but also
in the position and broadening of the peaks (giveri byandR). Therefore, the
SSis a more general case, from which the SE vﬁ[h: 0 can be obtained, but not
the other way around. On the other hand, as seen in Bahléhe SS case cannot
recover the SE case whef}, # 0. Further similarities could be found if cross
Lindblad pumping terms like those we will discuss in S&c7) were introduced
in Eq. (3.3 with parameter®,, in analogy to the cross initial mean valu%b, but
this describes a different system where polaritons cantsstirectly excited. In
the present system, none of the SE and SS cases comprides adissibilities of
the other.

Anyhow, an important fact for the semiconductor commurstihat a SS with
nonvanishing pumping rates is out of reach of the SE of artialrstate, which
has been the case studied®grmichaekt al. (1989 andAndreaniet al. (1999,
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and that even in this limiting case, the effective quantuaitesbbtained in the SS
should still be resolved self-consistently, rather thasuasng fora the particular
case 0 opo.

N P
q=-2=_2 D
ng R |
0 —3(r — )%
@ +Tp(M2 +(3)2)
0w | R =806 pa)
92T (1+a)+aly(M2 +(5)?)
o (il'+—%)ya
290 4

Table 3.1: Expression oD, Eq. 3.39, as a function ofa, Egs. 3.43 and 3.45, in the SE
(with Ty ap — Yaap and ngb = 0) and SS cased embodies in the luminescence spectrum the
influence of the quantum state of the system. The latter isifspe by the initial condition in SE,

or the pumping/decay interplay in the SS.

3.3.3 Discussion

With this exposition of the analytical expressions of thmiliescence spectra,
and the discussion of their similarity and distinctionsttva have just given, the
coverage of the problem is complete. For instance, Figshows the SS spectra
and their mathematical decompositions into Lorentzian @disgdersive parts, as
detuning is varied. Figs. (b) and (c) are obtained using B®6(3.39, and in
this particular case, the expressi@¥() for D. In order to give a more physical
picture of these abstract results, we shall in the rest ef@hapter illustrate their
implications in practical terms. For this purpose, we wdlinconcentrate on the
resonant case, which is the pillar of the SC physics. The majout of the out-of-
resonance case is to help identify or to characterize tlumesse, for instance by
localizing it in an anticrossing or by providing useful aolal constrains with
only one more free parameter in a global fitting. Even a slagttning brings
features of WC into the SC system and ultimately, wign> g, the complex
Rabi frequency converges into the same expression for bgimes (as showed
in Fig. 3.2). This is why we now consider the SC problem in its purest foninen
the coupling between the modes is optimum.
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Figure 3.3: Strong coupling SS spectra (blue solid line) and their dgmsition into Lorentzian
(dotted purple) and dispersive parts (dashed green) fawusadetunings4/g = 0,1, 3, respec-
tively) with parameters of pointc) of Fig. 3.8 y, = 3.89, y, = 0.1g, P, = 0.5g9, R, = 0.1g. The
vertical black lines mark the positions of the bare modesgifgat w, = 0 and exciton aty, = —A),
showing the “level repulsion” of SC.
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Figure 3.4: Time dynamics of the correlatat (a'(t)a(t + 1))SE, cf. Eq. 8.29. Only the pattern
of oscillations is of interest here (lighter blues corragpdo higher values). In all cases, both
thet andt dynamics tend to zero. Figurés) and(b) show the SE of an exciton and of an upper
polariton, respectively, in a very strongly coupled sys{egm= 0.2g andy, = 0.1g). Fig. (c) shows
the SE of an exciton in weak couplingy(= 5.99). The oscillations irt, rather than int, are the
mark of SC.

3.4 Strong and Weak Coupling at resonance

Strong coupling is most marked at resonance, and this isantgesignature is ex-
perimentally ascertained, in the form of an anticrossingndamentally, there is
another reason why resonance stands out as predominarnis Wiere a criterion
for SC can be defined unambiguously in presence of dissipatio

WC and SC are formally defined as the regime where the complexfiea
quency at resonance, E@.82, is pure imaginary (WC) or real (SC).

This definition, that takes into account dissipation and pung, generalizes
the classification found in the literature. The reason fa definition is mainly to
be found in the behavior of the time autocorrelator, B9, that is respectively
damped or oscillatory as a result. The exponential damitige usual manifes-
tation of dissipation, that decays the correlations in taklfieven when a steady
state is maintained. On the other hand, in the same situatt&teady averages (no
dynamics) but now in SC, oscillations withare the mark of a coherent exchange
between the bare fields (the photon field and exciton field).

In the literature, one sometimes encounters the confusian3C is linked
to a periodic transfer of energy or of population betweenptheton and exciton
field, or that it follows from a chain of emissions and absiom. This is an in-
correct general association as one can explicit cases yithrant oscillations of
populations that correspond to weak coupling, or on theraoptcases with no
oscillations of populations that are in SC. The two conceqgsteerefore logically
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Figure 3.5: (a) SC spectr&&E(w) and (b) its corresponding mean number dynanmg§(t) for
the SE of three different initial states: In blue solid, oreiton; in purple dashed, one photon and
in brown dotted, one upper polariton. Parametersyaee 1.9g andy, = 0.1g. Inset of (b) is the
same in log-scale.

unrelated in the sense that none implies the other. Thitustrhted for the SE
case in Figs3.4(a), 3.4(b) and3.5 on the one hand, where the system is in SC,
and in Fig.3.4(c) and3.6on the other hand, where itis in WC. In SS, there i no
dynamics in any case, so oscillations of populations am@lgleinrelated to weak
or strong coupling. In SE, the distinction is clearly seerrig. 3.4 where both
thet andt dynamics are shown in a contour-plot in the case where theryis
initially prepared as an exciton, (a) and (c), or as a paari{b). In the polariton
case, the dynamics inis simply decaying (because of the lifetime), while it is
clearly oscillating int, were the proper manifestation of SC is to be found. The
decay is not exactly exponential because in the presencissipdtion, the po-
lariton is not anymore an ideal eigenstate (the larger thgigition, the more the
departure). However this effect in SC is so small that it azupsists in a small
“wobbling” of the T contour lines. On the other hand, the exciton, (a), thatis no
an eigenstate, features oscillations both inttilgnamics (the one often but un-
duly regarded as the signature of SC), as well ag tthenamics. In stark contrast,
the exciton in WC, (c), bounces with This, that might appear as an oscillation,
is not, as it happens only once and is damped in the long-tahees. This be-
havior is shown quantitatively in Fi®.5for SC and Fig3.6 for WC, where the
populationn,(t) is displayed for the SE of an exciton (blue solid), a photarr{p
ple dashed) and an upper polariton (brown dotted), resgdgtialong with the
luminescence spectrum that they produce (detected in thiy esmission). Here

it is better seen how, for instance, the polariton-decayabhling as a result of
the dissipation, that perturbs its eigenstate-charactédeaks some population
to the lower polariton. More importantly, note how very ditnt the spectra are,
depending on whether the initial state is a photon or an exciespite the fact
that the dynamics is similar in both cases (see the insetgsrsdale of their re-
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Figure 3.6: (a)(b) Weak-coupling spectrng(w) and (c) its corresponding mean number dy-
namicsnSE(t) for the SE of an excitola) and a photorgb) as the initial condition. In all figures,
solid blue corresponds to the decay of an exciton; dashealepta the decay of a photon and dot-
ted brown to the decay of an upper polariton. For comparisemlotted in(a) and(b), with solid
black lines, the very different bare emissian= 0) of an exciton and photon respectively. Also in
(a), in dashed black, that of an exciton decaying with the Pljrextdyk')D = 49?/y,. Parameters are
ya = 1.9g andy, = 0.1g. Inset of (c) is the same in log-scale.
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spective populations). The PL spectrum observed in theycawmission is much
better resolved when the system is initially in a photonestttan it is when the
system is initially in an exciton state. The splitting isjar and the overlap of the
peaks smaller in the former case. This will find an importantrterpart in the SS
case. In Fig3.6, the corresponding case of WC is shown for clarity, with a geca
of populations and possible oscillations.

SS
a

T
1 3
\,
\,
\,

0.5

lim;_,..(a*(t)a (t+7))/n

Figure 3.7: Dynamics of lim_.,(a'(t)a(t + 1))/nSS, Eq. 3.29 and (.153, for the SS corre-
sponding to the point&)—(e) in Fig. 3.8. In inset, the same in log-scale. Solid lines of SC [case
(b) in blue; (c) in purple and(d) in brown] feature oscillations of the correlator, as the knafr
SC. Dashed lines correspond to WC [cé&akin green ande) in blue]. Note that although the
blue dashed linée) appears to be similar to other SC lines, it does not oscilfatbe log-scale,
where it only features a single local minimum. In the same, W/ brown ling(d) that seems not
to oscillate actually features an infinite set of local miajras is revealed in the log scale.

Figure3.7shows tha dynamics in the SS (when thelynamics has converged
and is steady), for five cases of interest to be discussed(iatBig. 3.8). A first
look at the dynamics would seem to gather together a groupvmfcurves that
decay exponentially to good approximation (and remaintpesas a result), and
another group of three that assume a local minimum. The coctassification
is the most counter-intuitive in this regard, as it puts thge the dashed lines
on the one hand and the solid on the other. The mathematiasbmefor this
classification is revealed in the inset, where the same digsasplotted in log-
scale. The dashed (resp. solid) lines correspond to pagasnehere the system is
in WC (resp. SC) according to the definition, i.e., to valueR tifat are imaginary
on the one hand and real on the other. In log-scale, this sporals respectively
to a damping of the correlator, against oscillations witlrdimite number of local
minima. Note that the blue dashed line features one locaimuim, which does
not correspond to an oscillatory—or coherent-exchangeiadier of the fields,
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but rather to a jolt in the damping. These considerationsritay appear abstract
at this level will later turn out to show up as the actual ereang of split (dressed)
states or not in the emitted spectrum.

We now return to the general (SE/SS) expression for the ispdgt). 8.36),
that, at resonance in SC, simplifies to:

Solw) = 5+ 78 - 00 () OO = %;>46)

where we used the definition for the (half) Rabi frequencysdmance, Eq3(32),
and

12,5 1 [

s (“’)_nr1+(wiRo)2’ (3.47a)
12,0 1  w*Ro

o, (w)_nr1+(wiRo)2' (3.47b)

In the weak coupling regime, witRy pure imaginaryd < |I'_|), the positions
of the two peaks collapse onto the centa{,= w, = 0. DefiningiRy = Ry, with

Rw = /2 — g2 a real number, the general expression for the spectra esna:

P (w) = (EJFI_—LD{DO}) ZL

2 2Ry
1 T —g0{Do} 2
+<§_T>‘$W
g0{Do}, 1 2
~ R (= ). (3.48)

with the Lorentzian and dispersive contributions now gitagn

M +Ry

1
ipl,Z _ -
12,0 _ 1 w
O = IR (3.49b)

Before addressing the specifics of the SE and SS cases, itastampto note
that, at resonance, the Lorentzian and dispersive parts [E47) and 3.49] are
invariant under the exchange of index@s- b. Therefore, the photon and the
exciton spectrum are composed of the same lineshapegijrifie the prefactor
that weights them in Eq3(46).
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3.4.1 Spontaneous Emission

In the most general case of SE, heF coefficient at resonancgE, is a complex
number. If the initial condition further fulfil§] ngb = 0, it becomes pure imagi-
nary. Usually [see the work b@armichaekt al. (1989, Andreaniet al. (1999)],
the initial states considered are independent states abps@r excitons (not a
guantum superposition), where indergg = 0. In these cases,

DSE _ | 3 (Vano Vbno)

3.50
g (n°+n°)+n VoVs (3:50)

which yields the following expression for the spectrum:

a a naV2

(@t + (B — 2g2) + (g2 + )7 <92<n°+n°> + Q)
(3.51)

The SE spectrum of exciton observed in the leaky modes ignaatdrom
Eq. 3.51) by exchanging the indexes— b. We illustrate this with the two parti-
cular cases that follow.

The typical detection geometry for the spontaneous enmssi@n atom in a
cavity consists in having the atom in its excited state agriti@l condition, and
observing its direct emission spectrum. In this case theeablhe cavity is merely
to affect the dynamics of its relaxation, that is oscillgtaith the light-field in
the case of SC. This case correspondsXe- 1 andn? = nJ, = 0 in Eq. @.51)
with a < b. This gives:

SHw) =+ g+ ) (4 ) (3.52)
)+

T Ve '
W+ wA(F5 - 207) + (07 + vt ) (92 + )2
In the semiconductor case, one would typically still havenind the excited

state of the exciton as the initial condition, but this tirtigs is the cavity emission

that is probed. The initial condition is therefore the sammdefore but without
interchanginga andb in Eq. (3.51), which reads in this case:

SEw) = 2(ya+ ¥b) (49 + Yalh)
160" — 40?(802 — V2 — 1B) + (402 + Yalb)?

The difference in the lineshape due to the initial quantuatests seen in
Fig. 3.5, The visibility of the line-splitting is much reduced in tlrase of an
exciton in SC which SE is detected through the cavity emisdiwan in the case
of a photon. With a polariton as an initial state, only one li; produced.

(3.53)
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Again, by symmetry, interchanging+« b in Eqgs. ¢.52 and 3.53, corre-
spond to the SE of the system prepared as a photon at thé tiniiseand detected
in, respectively, the cavity emission on the one hand (B¢Z, a < b), and in
the leaky mode emission on the other hand [E85®]. In the latter case, the
spectrum is invariant under the excharmge b. Fig. 3.5also hints to the changes
brought by the detection channel (direct emission of thetexwor through the
cavity mode).

If nd =0 orn? =0 (in which casend, = 0), the normalized spectra do not
depend on the nonzero valoor nd. That is, one cannot distinguish in the line-
shape, the decay of one exciton from that of two, or more. énntiore general
case, Whenngb # 0, the peaks can be differently weighted. For instancetistar
with an upper polaritojU) = (|1,0) +(0,1))/v2 (3 = nd = nJ, = 1/2) gives
rise to a dominant upper-polariton peak (labelled 2 in tma/atequatlons as seen
in the brown dotted line in Fig3.5). One can classify the possible lineshapes ob-
tained for various initial states. For instance, as we hasementioned, the nor-
malized spectrum g, n) as an initial state, is the same whatever the nonagero
which is not unexpected from a linear model. From the previstatement, the
same spectrum is also obtained for a coherent state or adhstate of photons,
or indeed any quantum state, as long as the exciton populaiains zero. In
the same way, the PL spectrum of the product of coherensstatke photon and
2)|Z) with z=Z € C*, is the same as that of a polariton stpfi,
although both are very different in character: a classitzdéson the one hand and
a maximally entangled quantum state on the other.

3.4.2 Steady State under continuous incoherent pumping

In the SS, at resonand®§®is pure imaginary:

SS_ %(Vapb_ YoPa)
O " g2(Py+PRy) +Palpl

(3.54)

and the term that consists in the difference of Lorentziahsj. (3.36) disappears:
O{W} = 0. As a result, the two peaks are equally weighted for any @oation
of parameters:

go{Dg%} — I
2Rg

The only way to weight more one of the peaks than the otherenS§ of
an incoherent pumping, would be to pump directly the paar{dressed) states,
as is the case in higher-dimensional systems were polarfitates with nonzero

(g — L). (3.55)

$0) =5 (L +22) +
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momentum relax into the ground state or in 0D case when cruaspimg is con-

sidered. In our present model, however, such terms aredealurhe two peaks
of the Rabi doublet, composed of a Lorentzian and a dispepsve are both

symmetric with respect tay = w, = 0.

Only if D{Dﬁs} =I_/g, the spectrum of Eq.3(55 consists exclusively of
two Lorentzians. The parameters that correspond to this @aesthose fulfilling
eitherg? = Fjaparbr_ or ', = 0. The second case corresponds to the limit of
zero broadening of the upper and lower branches, that naasowe get into a
“lasing” region with diverging populations. Note that ttspectra, composed of
Lorentzians only, is the same in the exciton or photon chiasiremission due to
the invariance under the excharae- b. In the most general case, the dispersive
part will contribute to the fine quantitative structure oéthpectrum, bringing
closer or further apart the maxima and thus altering the @ppanagnitude of the
Rabi splitting. In some extreme cases, as we shall discusseiitcontrives to blur
the resolution of the two peaks and a single peak results, taaeigh the modes
split in energy. As for the weak coupling formula, it simpdito:

e L

2Ry
1 T —g{Do} 2
v <§ - T) 72 (3.56)

losing completely the dispersive contribution. Both decosifons, Egs. .55
and (3.56), have been given to spell-out the structure of the spettrath regimes.
The unified expression that covers them both reads expilicitl

S5(w) 1 80°P), + 2Pa(4w? +T2)

w) = : 3.57
T3S 160" — 40w?(8g2 — M3 —2) + (492 + Talp)? (3:57)

It is the counterpart for SS of Eg3.61), for SE. The case of excitonic emission
can also be obtained, as for SE, exchanging the indexe®.

3.4.3 Discussion

Although the spectra in the semiconductor case that areegrabnegligible elec-
tronic pumping B, < 1) with no cavity pumping at allR; = 0), are in principle
described by the same expression as that of the SE case ukedatomic model,
in practise, however, both of these conditions can be easilgted. The renor-
malization ofy, with B, brings significant corrections well in the regime whege
np < 1 and one could think that the pump is negligible. For instafar parame-
ters of point (c) in Fig3.8with P, = 0, the rateR, that is needed to bring a 100%
correction toy, yields, according to Eqs3(159 and 3.15h), average populations
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Figure 3.8: Phase space of the SS strong/weak coupling as a functiBg/gfand y,/g for the
parameterg, = 0.1g andP, = 0.5g. The red lines delimit the region where there is a steade stat
[Egs. 3.61)—(3.62]. The blue line, Eq. .63, separates the strong (in shades of blue) from the
weak (shades of red) coupling regions. The dotted black Hue 3.64), separates SC and WC
regions in the absence of pumping. The brown line, Bchg), separates the regions where one
(dark blue) or two (light blue) peaks can be resolved in theihescence spectra. This defines
three areas in the SC regiofi) two peaks are resolved in the spec{®,the two peaks cannot be
resolved and effectively merge into one, albeit in SC, @)&C is achieved thanks to the pup
(with one or two peaks visible depending of the overlap withlight or dark area) despite the large
dissipation that predicts WC according to E§.58. In the same way we can distinguish three
regions in weak coupling(l) standard WC(Il) SC with a two peaked spectrum a@it) WC

due to pumpind?,. The surrounding figure®) to (e) show spectra (filled) from these regions and
their decomposition into, Lorentzian (green) and disper@rown) parts. Parameters correspond
to the points in thenset (a) ya = 3.8g andR, = g, (b) y» = 3.8g andR, = 0.5g, (c) y4 = 3.89
andR, = 0.1g, (d) ya = 4.49g andR, = 0.1g, (e) ya = 4.8g andR, = 0.1g. Observe how, in SC,
two eigenstates have emerged, even in the cases—I{kg-irwhere they are not seen in the total
spectrum. In the same way, in WC, all the emission emanatestfre origin, although a two-peak
structure can arise as a result of a resonance, also ceatdtelorigin.
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much below unity, namely)3>~ 0.026 andn;>~ 0.121. By the timen, reaches
unity, with n, still one fourth smaller, the correction on the effectiveale rate
has became 400%. Because of thermal fluctuations in the lpantienbers, for
these average values, the results are already irrecolecildth a SE emission
case. They are, as we shall see in the next Chapter, alsonoitdde with a
Fermion model. As this is; which is proportional to the signal detected in the
laboratory, the electronic pumping must be kept very snwathst corrections to
the effective linewidth can be safely neglected. As regimigls high occupation
numbers are reached, the renormalizeecome very different from the baye

in this model.

Second, even in the vanishing electronic pumping limit, utsinbe held true
thatP; is zero. Even if only an electronic pumping is supplied exidly by the
experiment, the pumping rates of the model are the effeeedation rates of the
cavity and exciton field inside the cavity, and it is clearttplaotons get injected
in the cavity in structures that consists of numerous spactiots surrounding
the one in SC (cf. Fig2.2). Although most of these dots are in WC and out of
resonance with the cavity, they affect the dynamics of th&€)X®by pouring cav-
ity photons in the system. In the steady state, followingmewious discussion,
this corresponds to changing the effective quantum statthéoemission of the
strongly coupled QD. As we shall see in more detail in whabWs, this bears
huge consequences on the appearance of the emitted doegpetially on its
visibility.

To fully appreciate the importance and deep consequendhssd# two provi-
sions made by the SS case on its SE counterpart, we devotesthad this Section
to a vivid representation in the space of pumping and dec&g.raNow that it
has been made clear what is the relationship between the®tBa®S cases, we
shall focus on the latter that is the adequate, general iamao describe SC of
QDs in microcavities.

In presence of a continuous, incoherent pumping, the mitdor SC—from
the requirement of energy splitting and oscillations intliynamics that we have
discussed above—gets upgraded from its usual expressiad fa the literature:

9> [y-|, (3.58)

to the more general condition:
g> || (3.59)

The quantitative and qualitative implications and theiteex are shown in
Fig. 3.8, where we have fixed the parametggs= 0.1g andP; = 0.5g, and out-
lined the various regions of interest Bsand y, are varied (central panel). This
choice of representation allows us to investigate confifuma that can be easily
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imprinted experimentally in the system: by tuniggn cavities that have different
quality factors (inversely proportional 1g).

The red lines enclosing the filled regions in the central,metimit a frontier
above which the pump is so high that populations divergedtiseno steady state).
This is given by the equivalent conditions that we derivetina different ways,
Egs. .23 and 3.395. At resonance, they simplify to

MN>0, (3.60a)
47 > —Talp. (3.60b)

In the SC regime, the first condition is sufficief®: = 0 and the total decay rate
for the system is given only by, (condition 3.600 is therefore automatically
fulfilled). The equation for the border of the physical regin SC reads:

Ph=Va+Ww—P.  (boundary of SC) (3.61)

In the WC regime, condition3(608) becomes restrictive and the limiting value
for R, reads:

4g
Ya—Pa’

and can be interpreted as the point where the effective datajor modé (direct
losses plus its Purcell emission through majliss exactly counterbalanced by the
effective pump [€f = 0, from Eq. 8.21)].

The main separation inside that region where a SS existsaidbetween SC
(in shades of blue, inside the triangle) and WC (in shades af oa its right
elbow). The blue solid line that marks this boundary, is gpgtbyg=|_|, i.e.,

by
R=49—Va+W+Pa, (SS transition between SC and WC). (3.63)

Bh=Ww+Q =W+ (boundary of WC), (3.62)

The dashed vertical black line, specifieddy- |y-|, i.e., by
Ya=49+ W, (SE transition between SC and WC), (3.64)

corresponds to the standard criterion of SC (without incahiepumping).

The light-blue region, labelled 1 in Fi§.8, corresponds to SC as it is gener-
ally understood. The luminescence spectrum shows a clédingpof the lines.
The dark-blue region, labelled 2, corresponds to SC, aaogriti the requisite
that Ry be real, but with a broadening of the lines so large that inluh@nes-
cence spectrum, Eq3.65, only one peak is resolved. This region is delimited
by the brown line, which is the solution of the equatid?s(w)/dw?|y—o = O,
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Figure 3.9: Rabi slitting at resonance (dotted blue) given-bRy, Eq. (3.32), and the observed
position of the peaks in the PL spectra (solid red) as a fanafR,/g. Parameters are those of the
line of points(a), (b) and(c) of Fig. 3.8 y5 = 3.89, , = 0.1g, P, = 0.5g. The corresponding,
are marked for those points.

I.e., no concavity of the spectral line at the origin. Froms ttondition follows the
implicit equation:

(3ry —F)g?+ (M- —T4)3+g|Dol(g>— T2 +3r2)=0 (3.65)

that yields two solutions, only one of which is physical. Tdiber one is placed
on the red lind" . = 0, where the system diverges and the Rabi peaks become
delta functionsd(w =+ g). Note that this line extends into the WC region, as we
shall discuss promptly. The distinction between linetsiply, as it results from
the emergence of new dressed states in the SC, and the olmseofdivo peaks in
the spectrum, is seen clearly in F&)9, where the two are superimposed and seen
to differ greatly even at a qualitative level for most of tlemge of parameters,
coinciding only in a narrow region. The doublet, as obsemdte luminescence
spectrum, collapses much before SC is lost. Any estimafisgsiem parameters,
such as the coupling strength, from a naive interpretatidhe peak separation

in the PL spectrum, will most likely be off by a large amount.

In Fig. 3.10 we plot as a function of detuning: in black, the Hamiltonkabi
frequency,Z, of Eq. £.559; in blue, the polariton energid®; and in red, the
actual splitting of the lines in the spectra. We do this indhses (a), (b), (c) and
(e) of Fig.3.8. By comparing with the blue polariton energies, it is cleat thoth
the repulsion of the red lines in the spectra (cases ¢ anddgharcrossing (cases
a and b) can appear both in SC (b and c) or WC (a and e).

The last region of SC, labelled 3, is that specified gy4t < ya < 49+ W+
P, — B, i.e., that which satisfies Eq3.69 but violates Eq. .59, thereby being
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Figure 3.10: Polariton splittings as a function of detuning for the ca&ss (b), (c), (e) of
Fig. 3.8 Solid black: Bare energies of the cavityy = 0, and excitong, = —A, modes. Dashed
black: Eigenenergies of the total system Hamiltonian, aithdissipation nor pumping{Z in
Eq. (2.559]. Dotted blue: Positions of the underlying polariton medeR;, with the correspond-
ing pump and decay. Solid red: Actual position of the obsgtpeaks in the photoluminescence
spectra. Both repulsion (c and e) and crossing (a and b) qf¢ldg lines appear in SC (b and c)
or WC (a and e), given by the splitting of the (blue) polaritoregies.

in SC according to the more general definition that takes astmount the effect
of the incoherent pumping, but that, according to the cotiweal criterion, is in
WC. For this reason, we refer to this region agpafmp-aided strong coupling
This is a region of strong qualitative modification of thetsys, that should be in
WC according to the intrinsic system parametsgs,,g), but that restores SC
thanks to the cavity photons forced into the system.

We now consider the other side of the blue line, that displhgscounterpart
behavior in the WC. Region | is that of WC in its most natural exgies Re-
gion Il, in light, is the extension into WC of featuring two mapea in the emission
spectrum. In this case, this does not correspond to a liliggpin the sense of
SC where each peak is assigned to a renormalized (dresaéa)tsit rather to a
resonance of the Fano type that is carving a hole in the slmgleof the weakly
coupled system. In this region, one needs to be cautiousonedaid SC after
the presence of two peaks at resonance. Finally, regios the counterpart of
region 3, in the sense that, according to the conventiomarion for the system
parameters [Eq3(58)], this region is in SC when in reality the too-high eleciion
pumping has bleached it.
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Figure 3.11: The same phase space of SC/WC as in Bifas a function oR,/g andy,/g, only
with P, now set to zero (no cavity pumping). The triangle of SC is ldispd, and the regions of
one peak spectra (regio@sof SC andl of WC) are enlarged, following Eq3(65. As a result
regions3 andll have disappeared.

In the inset of Fig.3.8s central panel, we reproduce the diagram to position
the five points (a)—(e) in the various regions discussedyfoch the luminescence
spectra are displayed and decomposed into their Lorenfgiaen lines) and dis-
persive (brown) contributions, Eq3.47) and 3.49. Case (c), at the lower-left
angle, corresponds to SC without any pathology nor surptisdoublet in the
luminescence spectrum—although displaced in positiorhag/s in Fig.3.9—
is a faithful representation of the underlying Rabi-spiiti Increasing pumping
brings the system into region 2 where, albeit still in SC, ksloot feature a dou-
blet anymore. The reason why, is clear on the corresponaiogrdposition of the
spectrum, Fig3.8(b), with a broadening of the dressed states (in green) tge la
as compared to their splitting. Further increasing the pbnmmgs it out of the SC
region to reach point (a), where the two Lorentzians haviapgséd on top of each
other. This degeneracy of the mode emission means that tipdicg only affects
perturbatively each mode. As a result, the dispersive ctorehas vanished, and
the spectrum now decomposes into two new Lorentzians @shtdrzero, with
opposite signs [Eq3(560)].

Back to point (c), now keeping the pump constant and incrgagirwe reach
point (d). Itis still in SC, although the cavity dissipati®nery large (more than
four times the coupling strength) for the small valueygitonsidered. Its spec-
trum of emission shows, however, a clear line-splitting thanade neatly visible
thanks to the cavity (residual) pumpifig. Note that the actual separations of the
two peaks is much larger than that of the dressed statedsiag further the dis-
sipation eventually brings the system into WC, but in regiowhkre, again due
to P, # 0, the spectrum remains a doublet. In Fig. (), one can se&\eo, that
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Figure 3.12: Phase space of SC/WC as a function of the pulygg andP,/g for fixed decay
parameterg, = 3.8g andy, = 0.1g. As in Fig.3.8, the red lines mark the physical regions and the
blue one the SC (blue shades)/WC (red shades) transitioln tigtsame regions and2 of SC
andlll of WC, also with the point¢a), (b) and(c), of Fig. 3.8. In inset, zoom of the low-pump

region, showing the importance of both the angle, arct4a), and the magnitude,/PZ -+ B2, of
a given point in the diagram.

there is no Rabi splitting, and that the two peaks arise asudt &fsa subtraction
of the two Lorentzians centered@s = O [see the WC spectrum decomposition in
Eq. 3.49 and @.56)]. Varying detuning for the system of point (e), even leams t
an apparent anticrossing. There is no need to display arape@tom region |, as
in this case it does not show any qualitative difference aspared to that of (a).
Note that the transition from SC to WC is always smooth in theeoked spec-
tra, although it is an abrupt transition in terms of appanitor disappearance of
dressed states (due to a change of sign in a radical in thelyimgemathematical
formalism).

The schema in Fig3.8, constructed through Eqs3.61)—(3.65, contains all
the physics of the system. In the following, we shall look atiations of this
representation to clarify or illustrate those aspectshhaé been amply discussed
before.

Fig. 3.11shows the same diagram as that of g, only with P, now set
to zero, i.e., corresponding to the case of a very clean samiph no spurious
QDs other than the SC coupled one, that experiences onlyeatr@hic pumping.
Observe how, as a consequence, region 3 of SC and Il of WC hsappiared.
The former was indeed the result of the residual cavity potwelping SC. The
“pathology” in WC of featuring two peaks at resonance has disappeared, but
most importantly, see how region 2 has considerably inegtasside the “trian-
gle” of SC, meaning that the parameters required so thatrikesiplitting can still
be resolved in the luminescence spectrum now put much hidgraands on the
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quality of the structure. This difficulty, especially in tihegion whereR, < g
follows from the “effective quantum state in the steadyestathat we have al-
ready discussed. The presence of a cavity pumping, eversigd small that no
field-intensity effects are accounted for, can favor SC bkin@it visible, in-
deed by merely providing a photon-like character to the tuarstate. This is
the manifestation in a SS of the same influence that was adxd@nvthe SE: the
luminescence spectrum of a photon as an initial state of thipled system, is
more visible than that of an exciton, keeping all paramebdénerwise the same
(see Fig3.5. Another useful picture to highlight this last point, istlwhere the
various regions are plotted in terms of the pumping rd@gandR, (see Fig3.12
for the line (a)—(c) withya = 3.8g in Fig. 3.8). The angle of a given point with the
horizontal, linked tax—* = R,/P,, defines the exciton-like or photon-like charac-
ter of the SS established in the system, and thus deternheeadibility of the
double-peak structure of SC. This is, at low pumpings, inddpat of the magni-

tude + P2, as the brown line defined by E@.65) is approximately linear in
de /P2 + P2, as the brown line defined by EG.65) i imately linear i

this region. This shows the importance of a careful deteation of the quantum
state that is established in the SS by the interplay of thegmgrand decay rates,

through Eq. 8.6). The magnitudg /P2 + P2, on the other hand, affects the split-

ting 2Ry, and the linewidth .. In order to have a noticeable renormalization, the
pumps must be comparable to the decays. On the one hand, thédRpaiency
can be affected in different ways by the pumpings, dependimthe parameters.

If T4 =TIy, there is, in general, no effect of decoherence on the igglitif the
dressed states, showing that in this case there is a peyfachetric coupling of
the modes into the new eigenstates (although the broadeamige large and spoill
the resolution of the Rabi splitting anyway). If they are eli#int, for example in
the common situation that — y, > P, — R,, the Rabi increases with increasing
P, — Fy. On the other hand, the linewidth 2 = (ya+ W — Pa— R,)/2 presents
clear bosonic characteristics: it increases with the debaynarrows with pump-
ing. The intensity of the pumps also affects the total intgraf the spectra, that

is proportional tan3S throughy, and the integration time of the apparatus. Here,
however, we have focused on the normalized spectra (ieslinshape).

3.5 Fitting of the experimental data

The most striking feature of strong coupling is the splgtof the spectral shape
when the system is at resonance: the line of the cavity anathiae emitter, both
at the same frequency, do not superimpose but anticrossavafiitting related
to the coupling strength. In Fi@.13we can see the central resultR&ithmaier
et al. (2004 work. Here, it is claimed that the doublet found at 21K, whisatwo
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Figure 3.13: Anticrossing of the cavity (C) and exciton (X) photoluminesce lines as reported
by Reithmaieret al. (2004 in Nature demonstrating SC in their system. Energies are given in
meV. The red lines are our superimposed fits with the bestaglttparameters in theop left
corner. Such a good agreement cannot be obtained neglecting the-jmgmced decoherence.

modes are expected to be resonant, demonstrates SC. Hothieselaim and the
coupling strenghg extracted, are based on the SE picture and a Lorentziamfittin
of the spectra.

First, let us try to analyze this experimental data with teaeyal SE expres-
sions we obtained, Eqs3.86 and @3.41). In Fig. 3.14 we can see four examples
of anticrossing with detuning. The first row correspond ®¢hvity emission and
the second to the exciton direct emission. Cases (a), (c@sond to the decay
of an exciton and (b), (d) of a photon. An exciton decay detkdh the SE of
the exciton, plot (c), is the situation most commonly coasgdl in the literature
Carmichaelet al. (1989; Andreaniet al. (1999e.g., although, it does not cor-
respond to the experimental reality. Instead, in what coredeithmaieret al.
(2004's experiments, we prefer to consider the cavity emissially. o0Changing
the channel of detection provides results qualitativeffedent, contrary to what
one could naively think. This is because, although the systen strong coupling
and photons and excitons should convert into each othezrgthickly making all
the cases equivaleng, y, are still quite different. This becomes even more ob-
vious out of resonance. Given that> w,, if, for instance, the initial state is an
exciton [see Fig3.14(a) and (c)], the polaritons realized in the system and the

94



3 Excitor (a) 2| Photor (b)
@ @
p p
g g S
E g A
5 5
&) &)
6 4 2 0 2 4 6 -6 4 2 0 2 4 s
w/g
5 5 Photor d
: : (@
o] o]
& &
® ®
& &
=} =}
2 2
: :
[ua] [ua]
6 4 2 0 2 4 &
w/g
A=0
odl (f)
2 |\ e
) ,
=] \/\\ /,"\/
-0t \

w/g

Figure 3.14: Theoretical SE spectra: anticrossing of the cavity £ 0) and exciton ¢, = —A)
modes varying detuning from2g to 3g. The first row corresponds to the cavity emiss&fi(w)

for the SE of(a) one exciton angb) one photon as initial conditions. The second row corresgond
to the lateral excitonic direct emissi&(w) for the SE of(c) one exciton andd) one photon.
The parameters are those givenRgithmaieret al. (2004: g = 80ueV, y, = 180ueV= 2.259,

W = 50ueV=0.625. In (e) we put together the four cases at resonance [in solid{alLend(d),
dashed-purpléb) and dotted-browifc)], and their common Lorentzian contribution (blue filling).
The different dispersive contributions are plottedfjnwith the same color code.
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emission have always a stronger excitonic character (#edyd slower). On the
other hand, the bare cavity mode only survives resonance whetons are de-
tected through the cavity emission [Fig14b)]. The two cases of detection of
one mode through the opposite channel [(a) and (d)], restitd same spectra by
symmetry. The anticrossing (b) is the closest to the expartal one in Fig3.13
showing a more intense cavity mode out of resonance. Stilitirag of the data
with these formulas would not be very good. The resemblasteden Fig3.13
and Fig.3.14(b) is only a hint about the state realized in the system,géains to
be more photonic in character. Finally, it is illustratigesee in Figs3.14(e) how
misleading is to reduce the spectra to the Lorentzian darttan (plotted in blue
filling). At resonance, this part of the spectral shapes msmon to the four cases
(becausengb = 0), which anyway are very different from each other due to the
dispersive part, plotted in (f). The quantum interfereneaMeen the modes can
result in closing the Rabi doublet, cases (a) and (d) in duli@; or in separating
the peaks, case (b) in dashed-purple. It can also contrifantelittle as in case
(c), in dotted-brown. In most cases, it is therefore an pelisable element.

Now, we will turn to our SS model under incoherent continupump, that
is closer to the semiconductor experimental reality, aretbat it can success-
fully reproduceReithmaieret al. (2004 data. In this experiment, both large QDs
and low excitations were used, so a Fermionic model mighebs &ppropriate
than the bosonic picture of this chapter. In Figl4 and in the more detailed
Fig. 3.15 we show in red the results of optimizing tgbal nonlinear fit of the
experimental data (in black) with EqS.86) and (3.44). That is, the detuningu,
andwy,) and pumping rate$ andR,) are the fitting parameter from one curve to
the other, whileg and y,, have been optimized but kept constant for all curves.
We find an excellent overall agreement, that instructs onynhgofiden details of
the experiment.

First, the model provides more reliable estimations of ttis§j parameters
than a direct reading of the line-splitting at resonancef tmelinewidths far from
resonance: The best-fitting coupling constarny is 61ueV. The value fory, =
220ueV is consistent with the experimérand the value fow, that is the most
difficult to estimate experimentally, is reasonable in teguemption of large QDs,
as is the case of those that have been used to benefit fromahgercoupling
strength. The point here is not to conduct an accurate ttatignalysis of this
particular work but to show the excellent agreement thatfis@ed by our model
with one of the paradigmatic experiment in the field. Such adgglobal fit can-
not be obtained without taking into account the effect of purg, even when it is
small. More interestingly, it is necessary to include bdil éxciton pumpindg,

3The authors place it at 18@V but from a Lorentzian fit of the 5K curve in the assumptiaat th
the system is not strongly-coupled here, where our modeVsltias to be a poor approximation.
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Figure 3.15: Theoretical fit (in semi-transparent red) of the data digiti fromReithmaieret al.
(2009 (blue). The data has been fitted on rescaled axes for nuathetability by a Levenberg—
Marquardt method with4"S(w) — ¢, with .#” and ¢ to account for the normalization and the
background. Beside these two necessary parameters reggiafl the model, each panel only
hasPy/p, andwy b (€) as fitting parameterg andy, , have been optimized globally, with best fits
for g=61ueV, y5 = 220ueV andy, = 140ueV. (a) shows again the anticrossing from theoretical
curves 1-15 put togethe(b) keeps all fitting parameters the same but vith= 0 and vanish-
ing R,. The dot emission now dominates and no anticrossing is ekdealthough the system is
still in strong-coupling.

(expected from the experimental configuration) but alsoctngty pumpingP,.
The latter requirement confirms the idea that the photomtrdution is impor-
tant in the system that we could extract from the comparisitimtive SE. Experi-
mentally, we already discussed in Chagidhnat there are numerous QDs weakly-
coupled to the cavity in addition of the one that undergoesEyond this QD
of interest, a whole population of “spectator” dots conités an effective cav-
ity pumping, which looms up in the model as a honzEgoThe fitting pumping
rates (Fig.3.15 vary slightly with detuning, as can be explained by the gjean
in the effective coupling of both the strongly-coupled dathvihe cavity (pump-
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Figure 3.16: The same phase space of SC/WC as in Big.with y, ~ 2.3g and P, ~ 0.44g
fitting the experiment of Reithmaiet al. Reithmaieret al. (2004, marked by a plain blue point
(ya =~ 3.6g, B, =~ 0.42g9). In inset, the same phase space but Rar= 0, in which case the line-
splitting of Reithmaieret al. (2004 would not be resolvedb) and(c): Spectra of emission with
increasing exciton pumping, marked by the hollow points in pané). Fory, = 2g in (b), SC

is retained throughout and made more visible. For the bepafametery, ~ 3.6g in (c), line-
splitting is lost increasing pumping, first because it is re#olved and then because the system
goes into WC.

ing tends to increase out of resonance) and the spectatott@Ddrift in energy
with detuning. We find as best fit parameters at reson&ee 0.44g = 0.12y,
andR, ~ 0.42g = 0.18y, (the mean over all curves B ~ 0.15y; andR, ~ 0.28y,
with rms deviations oz 10%). The existence d?%, in an experiment with elec-
tronic pumping is supported biReithmaieret al. (2004 who observed a strong
cavity emission with no QD at resonance. We shall see in thenimg the con-
siderable importance of this fact to explain the succeskaf experiment.

The position where we estimaReithmaieret al. (2004 result in the SC-WC
diagram for this system (Fig.16), validates that SC has indeed been observed
in this experiment. In inset, however, one sees that in tise vdere the cavity
pumpingP; is set to zero keeping all other parameters the same, thefpidsin
the dark region 2 where, although still in SC, the line-spliftcannot be resolved.
Even if it is possible in principle to demonstrate SC throagfiner analysis of
the crossing of the lines [see Fig.15b)], it is obviously less appealing than a
demonstration of their anticrossing. This is despite tloetfzat the case d?, =0

98



is equally, if not more, relevant as far as SC is concernedt, aaresponds to
the case where only the QD is excited, whereas in the casegoBHi3 it also
relies on cavity photons. With the populations involvedhia tase of the best fit
parameters that we proposez= 0.15—one can still read in Reithmaiet al’s
experiment a goostacuumRabi splitting, so the appearance of the line-splitting
with P, is not due to the photon-field intensity. Rather, the systemastained
in a quantum state that is more photon-like in characterclwvig more prone to
display line splitting in the cavity emission, as we alreddcussed. In this sense,
there is indeed an element of chance involved in the SC oaeny as one sam-
ple can fall in or out of region 2 depending on whether or netghmping scheme
is forcing photon-like states. Understanding the exatascheme drastically re-
duces this element of hazard. The shortcoming of downpigthe importance
of the quantum state that is realized in the system owing toging, has as its
worst consequence a misunderstanding of the results, tisé likely being the
gualification of WC for a system in SC that cannot be spectraltplved because
of decoherence-induced broadening of the lines.

A natural experiment to build upon our results is to tune pungpln our in-
terpretation, it is straightforward experimentally to ngahR,, but it is not clear
how P, would then be affected, as it is due to the influence of the drofaspec-
tator QDs, not directly involved in SC. In Fi§.16(c), we holdP;, to its best fit
parameters and vaf in the best fit casgy = 3.6g on panel(c), then for a better
cavity with y; = 2g on panel(b), where the system is in SC for all possible values
of B,. Spectra are displayed for the valuedpimarked by the points ifa). Two
very different behaviors are observed for two systems wgrglightly only inys.
In one caself), strong renormalization of the linewidths and splittiegults from
Bose effects in a system that retains SC throughout. In ther @) line-splitting
is lost and transition towards WC then follows. At very highmping, the model
breaks down. A careful study of pump-dependent PL can tetimabout the un-
derlying statistics of the excitons and the precise locabioone experiment in the
SC diagram.

The confrontation of the theory with the experimental datan illustration
only, as the raw experimental data was not available by the of our investi-
gation. We have therefore digitized the data, what forbidgadepth statistical
analysis, since the experimental points are required rdkfz the interpolated
curves published, if only to know the number of degrees cédam. Note that
one expects better still results as our procedure addeeé.n@ée found the best
agreements near resonance, which might be due to the exbabnwhen it is
less-strongly coupled at larger detunings, may go belowdhelution of the de-
tector, resulting in an apparently broader line. All thesethtions can be circum-
vented with a careful statistical analysis (and treatméth® data to reconstruct
linewidths below the experimental resolution). This is ansiard procedure to
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validate a theoretical model over another by statisticalyais of the experiment.
It would also provide a meaningful and quantitative comgraribetween the var-
ious implementations (micropillars, microdisks and pinatccrystals). Lacking
the full experimental data, we have not been able to providerdidence inter-
val to our most-likelihoods estimators. Doing so, prognegsbe meaningfully
guantified, and claims—rather than ranging between likaly @nvincing—will
become unambiguously proven (within their interval of cdefice).

3.6 Second order correlation function

The correlator(a®(t)al(t + )a(t + 7)a(t)) needed to computg® (), requires

to apply the quantum regression formula in Ef.1(L]) for the general set of
operatorCymn vy = a a'b™ bV (that includesa’a) with Q; = a” andQ, = a

As we noted in Se@.7, the quantum regression formula is the same as that used
to compute the mean values of S8 The set of correlatorS, ;, y is again

reduced to 47 (see Fig3.1). We write explicitly these four correlators, linked to
G@ (1), in the form(a’ (t)C(mn v} (t+ T)a(t)) and construct the vector

dhisaner
a'(t t+71)a(t
WD =1 @t @t)t+ nalt) | (3.69)
(a'(t)(ab")(t+ 1)a(t))
The equation we must solve reads
w = —Mow(t,t+ 1) +pna(t), (3.67)

with the same matri¥ g and pumping vectaqo [Egs. 3.73] that already appeared
in Eq. 3.6) for the mean values. If we concentrate on the SS case, ttial ini
conditionsw(t,t) are given by the SS values,

(3.68)

andna(t) — n3S. These new four average quantities can be obtained by apply-
ing once more the quantum regression formula, in the samengalid to obtain
v(t,t), having in mind the schema on the right of Fggl. However, the quanti-
ties inwSS correspond t&, 5, in the second manifoldgf) } € .45 (not plotted in
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Fig. 3.1). We need to obtain all correlators.i:

{1,1,1,1}, (3.69a)
{2,2,0,0}, {2,1,0,1}, {1,2,1,0}, (3.69h)
{0,0,2,2}, {1,0,2,1}, {1,0,1,2}, (3.69¢)
{2,0,0,2}, {0,2,2,0}. (3.69d)

The new set of equations link these elements among thenssahceto those in
the first manifold, that we already computed. Now that we kinaw to obtain
wSS, we can write the solution of Eq3(67) as:

Mot

w(T) = e MTwSS Mt (eMoT —1)pn3S. (3.70)

Remembering from SeG.ZthatMalp = uSS, the solution can be further simpli-

fied into:
w(T) = uSSh3S e Mo (WSS— uSSn§S> : (3.71)

If we define the SS fluctuation vector,

g(2)>55 1
(el mg
55 = wSS— uSSh$S = (n55)2 <af%g> [r;ss , (3.72)
n
(a'a'ba) Dss)”
(o —0%9)

we can write a general expression & (1) (with T > 0):

—MoT £S
o= gt =1 g &7

where[x]; means that we take the first element of the vegtoKote that for the
present systen{g?)SS= 2 and

nSSSS_ N3, + Ny Pa

3.74

(a'ab'b)SS=2
A more explicit expression aj(z)(r) in terms of the system parameters, can be
obtained by analogy with the solution foPg(t) in Eq. (3.9), by exchanging for
T and the elements in(0) for those infSS/(n$S)2. However,g\? (1) can be more
straightforwardly obtained from the relatigt® (1) = 1+ |9V (1)|?, that applies
for thermal photons (Eq®.112. Two emission events are independent from each
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Figure 3.17: SS values 0@ (1) (solid blue)g'? (1) (dashed purplefa) andS? (w) (b) in SC
given by Eqg. 8.75. The spectra is decomposed in three peaks with Lorenttiatted purple
lines) and dispersive parts (dashed green). Parame&tets0, y, = g, , = 0.59, P, = 0.5g and
R, =0.1g.

other in this case, where we also hS&@r(a)) = 0. For the sake of completeness,
we can write the explicit expressions in the SSd&? (1) andS? (w):

g?(1) =1+ e—ZW{% +2/W|?+0 [éRTé —2/W|?+2i DW)]} ., (3.75a)

1 2 2r
$7(@) = (G~ WA 5ot e
L1 2r . + 2R L1 2r. — 2R }
M(2ry +2R)?+ (w+2R)?  m(2ry —2R)?+(w—2R)?
1 w+ 2R, 1 w— 2R,
+0W) [71<2r++za>2+ (W+2R)2 m(2r, —2R>2+<w—2a>2] ’

(3.75b)

with the definitions of Eq.3.39 and @.12. As it corresponds to bosons, the
emission presentsunching that is, the second photon prefers to be emitted to-
gether with the first oneg(®(0) > g@(1). The SSg? (1) goes from its zero
delay value, 2, towards the infinite delay value, 1, with dathpscillations in SC
[see Fig.3.17a) in solid blue] and exponential decay in the WC. In all cates,
transient int happens at twice the speedg? (1), given also in terms oR and
. The noise spectrum in SC consists of three peaks, one edrdérzero and
the other two at-2R; [see Fig.3.17Db)].

Another correlator of interest is the cross second ordeetaiion function,

_ (@' (®'b)(t+ nadt))

(2)
= 3.76
gab ( ) ngsngs ) ( )

a quantity related with the probability of emitting an ewcit(direct emission) at
T after having emitted a photon and= 0. This is computed together with the
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Figure 3.18: SS values 0§'? (1) (solid blue)gézb)(r) (dashed purple) in SC at resonance. Param-
eters:A=0, yy = 29, y, = 0.5g, P, = 0.5g andR, = 1.5g.

g2 (1):

@y WOl | M,

— = L L 3.77
%o ()= pemgs ~ M g 77

In this case, the correlator goes from-2P,/na+ Ry/np)/(Fa+Tp) to 1 [see
Fig. 3.17a) in dashed purple]. The zero delay value is not 1 in genéraéd ex-
actly 1 only wherP,/na+ Ry /np = '3+ Mp, and the modes behave as if they were
independent withnan,)SS = n$SnSS. One case is the very WC, with the modes
really independent, and the other one, is the very SC, wheiigaérn is equally
shared between the modesrgS = n5>= (Pa+R,)/(Ta+p). However these
two cases are clearly distinguished in the rest of the dyosinin the very SC, the

oscillations ofggi) (1) reach 2 alternating exactly wit?) (7). In the most general

case,ggzb)(r) can have starting values between 1/3 and 2, as in Fig3.18 In

their SC experimentd;lennessyet al. (2007 computed this kind of cross two-
photon counting for large detuning, where the cavity andteri modes can
be clearly resolved separately. Contrary to our present tlase observed anti-
bunching withgézb)(r) > gffb)(O), demonstrating that the modes are coupled and
that the QD is not bosonic.

The full dynamics of the general one-time average values(if, that we
computed in Sec3.2only for the SS or in the absence of pump, can be obtained
now with no additional effort by simple analogy with EG.TJ):

u(t) = e Moty(0) + (1 — e MotyySS, (3.78)
The transient part of the dynamios!R(t) = e Mot(u(0) — uSS), has the same
mathematical expression as(t), making the substitutiong{p — Map), (Vr —

1) andu(0) — (u(0) — uSS). Therefore, the frequency/damping of the oscilla-
tions in the transient is also given by real/imaginary paR.o
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Figure 3.19: SS cavity spectra at resonan¢a): parameters dPeteret al. (2005 SC experiments
(va = 0.49, W, = 0.7g) with some roughly estimated pumping, (= 0 andR, = 0.05g) and a very
small lower polariton contributior. = 0.005g). (b): Set of spectra increasing the cavity decay
(ya = 1,2,5,10 from blue to green) with fixeg, = 0.1g, P, = 0 andR, = 0.002g. (c): Idem
with some lower polariton contributiof. = 0.005g. Pumping the polariton does not prevent the
transition into WC, but delays it.

3.7 Possible extensions of this work

Polariton pumping and decay

Peteret al. (2005 anticrossing at resonance is asymmetric (Hid.]). As is
the case with quantum wells, the experimental situation beyprivileging one
polariton branch over the other. For a more complete fittimgression of the
spectra, Lindblad terms for polariton dec&}, ' and pum|c1$“T,.$'T could be
included in the master EqR(70. The parametersy, i andRy, R, respectively
would also be variables in the fit. The total master equatideims of the photon
and exciton operators would include crossed Lindblad tetefisied as

2% — 2¢cpd" —d'cp — pd'e. (3.79)

The decay and pumping rate parameters need be recalculatecdiisg the contri-
butions from all kinds. This leads to asymmetric spectrastnance, Fig.19a),
for the same reason that the SE of a polariton is asymmetfagin3.4(b) when
Nap(0) # 0. This is an interesting configuration to contrast with ekpents. In
Fig. 3.19b)-(c), we show, for instance, how strongly some polarpoimp can
affect the transition into WC. In the model, the cross termseapjn the Rabi
frequency as an imaginary part of the coupling, producirgperence but also a
detuning.

Two-time and two-frequency correlators

In this system with simple statistics (thermal mixtures)l amalytical solutions,
it is very interesting to investigate different kinds of melators as a reference for
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other systems and in order to understand their physical mgaSome examples
of quantities | would like to analyze in the future are:

e Cross correlators of the kinta'(t)b(t + 1)), related to the interferences.
They already appeared in this Chapter together with the ledoreof interest
for the spectra3.29.

e Two-frequency correlation§? (w1, wp), and frequency resolved two-photon
counting,S? (t1, wy;t2, wp) and the integral in Eq2(107). A first approxi-
mation to the problem can be made with E&10Q).

3.8 Conclusions

In this Chapter, | have presented a unified formalism for the-gémensional
light-matter interaction between bosons (the linear mpdeth in the WC and SC
regimes, for the two cases of SE of an initial state, and eamsa the SS main-
tained by an incoherent continuous pumping. The generatyirovided here is
suitable to describe not only the traditional cavity quamtlectrodynamics (di-
rect SE of the excited atom in a cavity), but also the moreresemiconductor
version with quantum dots in microcavities.

| have emphasized how a proper consideration of the incahgnemping
scheme is needed to describe the effective quantum stdizeckan the system,
and how this bears consequences on the spectral lineshiaesticular on the
ability to resolve a Rabi doublet when the splitting to braadg ratio is small.

The main results of this Chapter are to be found in E§s36—(3.39 that
provide the analytical expression for the emission speatra system whose
specificities—such as whether it corresponds to SE or thes&bleshed by an
incoherent continuous pumping—are provided by a singlarpaterD. These
formulas, valid for an arbitrary detuning between the baoeles, reduce to more
self-contained expressions at resonance, namely3Es{) for SE and Eq.3.57)
for SS. The resonance case allows an unambiguous definit®@,alepending on
whether the complex Rabi frequency, E§.1(2), is pure imaginary (WC) or real
(SC), which means that the dynamics is ruled by bare or drasseleés, respec-
tively. However, with nonnegligible decoherence, theneane-to-one mapping
of the eigenenergies of the system with the lines observedderuminescence
spectrum. All cases can arise: one or two peaks can be obisatvesonance
both in WC and SC. For that reason, an understanding of the @guieture is
required to be able to position a particular experiment engpace of parameters,
as was done in Fig8.16 rather than to rely on a qualitative effect of anticrossing
at resonance. Fig.9shows how loosely related are the observed line-splitting i
the PL spectrum and the actual energy splitting of the polamodes.
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Chapter 4

Two coupled quantum dots
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In this Chapter, we solve analytically the direct couplingtwb two-level
systems (quantum dots) and analyze its properties of emissithe presence
of decoherence (dissipation and incoherent pump). Thdtsegtesented here
belong to the referencd® and13 of the list of my publications, on pag&tl, in
preparation and submitted for publication, respectively.
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Figure 4.1: Energy levels for the coupled QDs system described by Hanidh @.1), that remain
a good picture in SC. As we will see in Set3.2 the SC regime in the absence of puiia)
separates in two regions when pump is turned on, §g@nd SSQc). The dressed statdld, L)

of SC and FSC, change in SSC into a new [$gD) that are not symmetrically splitted. The
thickness of the lines represents the uncertainty in endugyto(a) the decay angb,c) both the
pump and the decay. Transitions labelled 1 and 4 (in blueghase involvingG) and transitions 2
and 3 (in red), those involvind). The energy and total decay rate of transitions 1 and 3 (ifvgl
|U) or|l), in green) depend an, while 2 and 4 (involvingdL) or |O), in orange) depend aa. The
same color code is used in the rest of the figures for the degsitign of the spectra of emission.

4.1 Introduction
The Hamiltonian for two coupled two-level systems (2LS)d®a
H = we10] 01+ We204 02+ 9(0; 02+ 0} o) , (4.1)

where g1 > are the lowering operators of the 2LSs, with bare energieseo,
that are coupled linearly with strenggh The Hilbert space consists of only three
manifolds with zero|G) = |g,9)), one (E1) = |e,g), |E2) =|g,€)) and two (B) =
le,e)) excitations. The lettergande mean the ground or exciton states in the dot.
In Fig. 4.1 we can see in a schema how the intermediate lejels, |[E2), form
two dressed statef) ) and|L), with the same splitting and structure found for the
harmonic oscillators (HOs) [Eqs2.65—(2.56)]. This equivalence breaks in the
manifold with two excitations where the statistical natafeéhe particles reveals
and only one state is available (as compared to three in thesekl central part
of Fig. 5.5). The master equation in EQR.70 can be exactly solved in this finite
Hilbert space. If the pump is strong, the dots are broughtataration in the
SS, quenching the system emission and effectively deaugifiie dots, but also
avoiding the divergences that appeared in the LM due to bosmtumulation.
The fermionic character of botffective broadenings

M=ye1+P1, M=y2+heo, (4.2)
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results in qualitative differences that can be directlytcasted with the com-
pletely bosonic case. For later convenience, we also ddfepdrameters:

M+l el £ Ve2
ri_T7 Vi—T- (4.3)

In this Chapter, | follow the scheme of the previous one, whih ¢quivalent
unified formalism to describe SE and SS spectra. In Sedtigrwe obtain fully
analytically the luminescence spectra at resonance arglrigke-time dynamics
thanks to the QRF. In Sectigh3we analyze the spectra and define strong/weak
coupling, first in the absence, and then including the incafitecontinuous pump.

In Sectiord.4we illustrate the results of previous Sections with somergtas of
interesting configurations. In Sectidrbwe look into the second order correlation
functions. In Sectionl.6 we discuss some possible future lines of investigation
with this system. Finally, in Sectiof7, | give a summary of the main results and

provide an index of all the important formulas and key figukthis Chapter.

4.2 First order correlation function and power spec-
trum

The luminescence spectrum of the system through the emistane of the dots,
Si(w), requires the correlato(rof(t)al(t +1)) in Eq. 2.74). Let us write the
quantum regression formula for the most general set of 6EsCmn vy =

a'lala’hay}, withm, n, u, v € {0,1}. The regression matrid is defined by:

. . r r

Mmnuv = iwe1(M—N) +iwe2(U — V) — —1(m+ n)— —2(;1 +v), (4.4a)
mnuv 2 2

M muv =Bimn, M mmuv =By, (4.4b)
1-ml—n,uv mnl—py,1-v

M mmpv  =2ig(v—p)(1-n)(1—p), (4.4c)
ml-nl—p,v

M muv  =2gh—p)(1—v)(1-m), (4.4d)
1-mn,u,1—v

M mv  =igm(1—p)+p(l-—m, (4.4e)
1-mn1—u,v

M muv  =-—ig[n(l—v)+v(1-n), (4.41)
ml—nu,1-v

and zero everywhere else.

For the computation of the spectrum, we need two more cdorsland equa-
tions than in the two coupled HOs (see Fi&jl). In Fig. 4.2 we can see a
schema of this finite set of correlators (left) and mean \&al{rght), labelled
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(0,0,0,0)

Figure 4.2: Chain of correlators—indexed byn} = (m,n, u,v)—linked by the Hamiltonian
dynamics with pump and decay for two coupled 2LS. Onléfe (resp.,right), the set -/«
(resp.,Uk ) involved in the equations of the two-time (resp., singhef) correlators. In green
are shown the first manifoldg1 and.#; that correspond to the LM (see Fig1), and in blue, the
second manifold43 and.42. The equation of motior(lof(t)c{n}(t + 1)) with n € A requires
for its initial value the correlatofCy7,) with {7} € i defined from{n} = (m,n, u,v) by {A} =
(m+1,n,u,Vv), as seen on the diagram. The thick red arrows indicate whérhents are linked
by the coherent (SC) dynamics, through the coupling stregigluhile the green/blue thin arrows
show the connections due to the incoherent QD pumpings. aieef the arrows indicates which
element is “calling” which in its equations. The self-cangl of each node to itself is not shown.
This is wherewe1 g2 andlM1 > enter. These links are obtained from the rules in E4sl),(that
result in the matriceM 1 andM . The number of correlators needed to compute the spectrum is
truncated naturally (with four elements) thanks to the rsditon of the 2LSs.

with the indices{n} = {m,n,u,v}. The coherent (through) and incoherent
(throughPe=1 g2) links between the various correlators, given by the regjoes
matrix, are shown with arrows (see a detailed explanatiaghefigure in the cap-
tion). Thanks to the saturation of both modes, being 2LSsphtain a simple
equation,

ov(t,t+1)=—-Mqv(t,t+1), (4.5)
for the correlators
(o (1)1t +1))
(o1 (t)o2(t+1))
v(t,t+T7) = 4.6
( ) (af;(t)afalaz(t—%r)) (4.6)
(ol (t)ora)oa(t + 1))
with the matrix
inl—i—% ig —2ig 0
Mo ig e + 2 0 —2ig .7)
! 0 P wep M+ 2 —ig ‘ '
—Pe2 0 —ig ey + 2+ 3
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At low excitation, this system is reduced to the LM, whereyottie first two
correlators and columns/rows B remain. The general solution (for positivie

v(t,t +1) = e MiTy(t,1), leads to a correlator of the form:
4 .
(o] out+1)) = 3 (Ip(t) +ikp(t)e @7 27, (4.8)
p=1

The coefficient$,(t) andkp(t) depend on the dynamics of the mean values,

<]w‘ 1)(t) ny(t)

_ | (o102)(1) Ma(t)
v(t,t) = (afoloiog)() = 1% . (4.9)

(0] 010] 02) (1) ng(t)

Here, we have introduced some notation in order to hightiglhtmeaning of each
guantity:n; = <aiTai) € R (for i = 1,2) are the probabilities of having each dot ex-
cited (1 or 2), independently of the other dot’s staigc R is the joint probability
that both dots are excited:

Ng = <o£r 010; 02) . (4.10)

If the QDs were uncoupled, we would hang = nin,. The quantitynis € C is
the coherence between the dots due to the direct coupling thifd mean value

of vectoryv, (afafalog), is zero due to the fact that each dot can only host one

exciton at a time and, therefore, 01 = 0. This simplifies the algebra as only
three elements of the first row in mat@x ™17 need to be computed in order to
obtain the correlator of Eq4(8).

Note thatng is also the population of stafB) (see Fig4.1). The population of
the intermediate stat&i), and also the probabilities of having only daxcited,
is given byngj = n; — ng. The population of the ground state is givenmy =
1—n;—nm+ng. The last interesting averages are the excitation of eat;imgor
Ny, and the total excitation in the system,+ n,.

In order to insert these average quantities in the expned$siathe spectrum,
they must be either time integrated in the SE case togife= [; v(t,t)dt (and
the coefficient$5%, k35) or computed directly in the SS to givéS= lim_.,, v(t, )
(and the coefficients k3%). The normalized spectra for the direct emission of
dot 1 follows from our general expression as:

13 ¥ w— Wy

S(w==Y |Lp——5—2 —Kp—— , (4.11)
& [P a0 o

with Lp = Ip/n1, Kp = kp/n1 being the normalized coefficients in the SE or SS
case.
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4.2.1 Mean values

The mean values of interest can be found through the quarggnession for-
mula, applied on the set of correlators from the first and secoanifolds. 44>
(see Fig4.2) with Q; = 1 and the corresponding regression matrices. As in the
LM, the correlators in4; can be obtained independently solving Eg 6] with

the same regression matiiXo and pumping ternp as in Eq. 8.79, only chang-

ing indexesa,b — E1,E2 and with the fermionic parameteis,, — 1 2. The
solutions forn, n; andny are, therefore, given by the equivalent expressions of
the LM. On the other handhg, that belongs to45, finds its expression separately,
only in terms ofn; andn,, through the equation

dng(t)
dt

In the SE, Eqs.3.10—(3.11) apply for an initial state with averages

= —4I ng(t) + Peana (t) + Peana(t) . (4.12)

n{ =ny(0) €[0,1], nd=ny(0)€[0,1, and nd,=ng,(0). (4.13)

ng gets decoupled in the SE case and simply decays from italinéiue:ng(t) =
e—4V+tng. This is not the same result as with coupled bosons: evereiddicay
from the statgB) = |1,1), the populatiorp; 1 can oscillate as a result of the ex-
change with the other states that are available in the semamifold (2,0) and
|0,2), in the central part of Fig5.5). The fact that some mean values undergo
analogous dynamics than in the LM, does not imply that theufadjpns of the
states do as well. This is because the mean values do notlasame corre-
spondence with the level populations in both models. Fdramse,n; has not
the same expression in the example of the decay f@®m-=|1,1): in the 2LSs,
M = Ng1+Ng = P10+ P11, While for the HOspa = p1o+ P11+ 2020.

In the SS, the mean values of; can be written in terms of effective pump
and decay parameters, as in the LM, but now with the fermistaistics:

oS = R (i=12), (4.14a)
W+ RE
208" yeaPeo — VeoPer
SS_ ®
I R e (4.145)
pefi _p ., Q ff_ Q 4.14
, '+r1+r2(PE1+PE2)’ Ve y.+|_1+|_2(v51+yez), (4.14c)

and with the corresponding Purcell rade = 4(g°™)2/I 5, the effective coupling

/ 2
strength at nonzero detunigf =g/ /1+ (Ar—/f> and the phase = arctar(Ar—/*Z).
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The only mean value that is missing to complete all SS nosw@my ones i%g,
that takes a simple intuitive form in the SS,

S S
nSS _ n?Pe2 + N5 Py < nSSSs
B = <nym;~.
M+

(4.15)

Note the difference with the equivalem3®for bosons, in Eq.3.74), for which
(a'ab'b)SS> nShiS. (4.16)

This is an interesting manifestation of the symmetry/gmtisietry of the wave-
function for two bosons/fermions, that is known to produgehsan attractive/rep-
ulsive character for the correlatorsHere we see that quantum (or correlated)
probabilities(niny) (with nj the number operator) are higher/smaller than clas-
sical (uncorrelated) probabilitie@; ) (np), depending on whether they are of a
boson or fermion character, respectively. This providesat picture of bunch-
ing/antibunching from excitations of different modes tlaa¢ otherwise of the
same character. Mathematically, it is made possible franfaht that(aab'b)SS
depends on other correlators.gb, as we explained in Se8.6, while n§5 does
not (see Fig4.2).

In the most general case, with pump and decay, from the lihitithe steady
state, also the transient dynamics of the mean values aga giv the equivalent
expressions from coupled bosons, E8.78. The generahg(t) must be found
by solving Eq. 4.12. We can conclude from this, as we did for the LM, that the
single-time dynamics are ruled by the exact fermionic cerpdrt of the (half)
Rabi frequency in Eq.3.12), that we will refer to asR!™®. In a naive approx-
imation to the problem, following from the abundant simtias with the LM,
one could imagine that the definitions of WC and SC regimes &texm the real
part of R\TP = RITP(A = 0), being zero or not. However, we will see that this is
not the case whenever pump and decay are both taken intordacdde single-
time dynamics seems to disconnect completely from the mmwaved SC/WC
distinction that we will find, solving the two-time dynamics

4.2.2 Spectrum at resonance in the Steady State

The general expressions for the spectrum and correlatorafigighple analytic
solution at resonancey):; = wep, and in the SS under incoherent continuous
pump. In what follows, we refer always to such a situation tgdlefore drop the

1In some form, such symmetry requirements are responsibtédeexchange interaction.
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SS label. The four complex coefficients,

1 +iky = {[2(221+irz)(R—iI'_)+a1} Ny +ashp

_1
16Rz
Pe1
+2g[—E(2z1+|r2)+2(R+zl+|r+)} nlz}, (4.17a)
1 . |
ﬁ{ [2(222 +il)(R+Il-) — al} Ny —aghy

[PE

lo+iky =

29[ (22, +iMp) + 2(R— 25 — |r+)] nlz} , (4.17b)

I3 +iks = {[2(221—iF2)(R—iF_)—a1} Ny — aghy

16R21
n 29[— ?(221 i) —2(R— 21+ir+)} nlz} , (4.17c)

. 1 : :
l4+ika :ﬁ{ [2(222 - |F2)(R+ |F_) +a1} N1 +aghy

n 2g[PE (22— i)~ 2(R+ 25— il'+)] nlz}, (4.17d)

are defined in terms of the parameters

a1 = %[Mi +2Pe1 (B2 — 2 1) —BeolMe], ax= %PEI(PEI —¥e1), (4.18)
and the corresponding frequencies and decay rates
%—l—la}l 2l +izy, %+ia)2:2F++izz, (4.19a)
§+iw3=2r+—izl, %+Iw4—2l_+ iz, (4.19b)
They are all given in terms of two complex parameters:

212= /(D)2 (T FIR)2. (4.20)

DS is a real positive quantity, between 0 ay@, given by
DS \/(VElpEerr yeoPE1) /2 (4.21)

-

that tells about thelegree of symmetiy the system. For example, it is 1 when

all parameters are equak1 = Ye2 = Pe1 = P2, and O if one of the parameters is
much larger than the others. The renormalized coupling,

G = D%, (4.22)
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reaches its maximum when the parameters are sucldfhat\/2. The enhance-
ment by 2 is related to cooperative behavior of two coupledesgsimilarly to the
superradiance of 2 atoms of the Dicke model (Cha@}er the renormalization
by 2 in the JCM with 2 photons (Chaptgy.

The last and main parameter appearing in the previous esipressis

R= /g%~ (Dg)2 2. (4.23)

This is the true analog of the (half) Rabi frequenBy, in the LM [Eq. 3.32)].
We refer to it byR and not byRSTD, as it would correspond to the two-time
related quantity at resonance, for simplicity of notatidd.vanishing pump, the
renormalized coupling convergesgpand bothR and R%TD converge exactly to
Ro (LM).

The normalized spectra for the direct emission of dot 1 fedlérom Eq. ¢.17)
with the coefficients we have just obtained. It is composeébof peaks with
positions and broadenings given respectively by the redlimyaginary parts of
z1 andz. These latter parameters are valid also in the SE case bysetting
the pumping rates to zero. Fig.3is an example of the spectrusa(w) we have
constructed (in solid black), with its four peaks, each @ntha combination of
Lorentzian and dispersive parts.

0.4 1 .—0.000: N\

02
3
~0.2
(@)

0.1

-1 0
w/9g

-2

Figure 4.3: Direct emission spectrum from QD 1 (thick solid black line}tie SC regimeyc; =g
andye, = g/2) for the SS under vanishing pumige¢ = 0.02g andPz, = 0.01g). The four peaks
that compose the spectra are plotted with a thin blue linggtdransitions 1, 4) and with a thin
red line (upper transitions 2, 3). The equivalent spectthén_M is plotted with a dashed purple
line for comparison. Due to the low pump, the doubly excitedesB) is almost empty and the
emission from upper transitions very weak (magnifie2D to be visible). This is the linear regime
where all models for two coupled modes converge.
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4.3 Strong and Weak coupling at resonance

The criteria for strong coupling is based, as in the otheesage study in this
work, on the splitting of the bare excitonic energies (degate at resonance,
whenwe, = wez = 0) into dressed states. This is manifested in the appeacdnce
oscillations in the two-time correlators and a splittingttoé peaks that compose
their spectrum. The four peaks are always positioned synca#y in two pairs
around the bare energyyg # 0 for all p). From Eq. ¢.19, we know thatw, are
given by+0(z »). Therefore,

U (Zl) 7& 0O and O (22) 7& 0 (4.24)

is the mathematical condition for SC in this system. Giveat there are two dif-
ferent parameterg andz, on which the condition relies, the SC/WC distinction
that sufficed with bosons must be extended to cover new pligs#h Instead of
one relevant parametdr, /g, as was the case of the LM, the type of coupling
between two 2LSs, depends on a set of three parameters

{r-/9,ry/9,G/g=D°%}. (4.25)

4.3.1 Vanishing pump (and SE) case in the manifold picture

Only in the case of vanishing pump, that corresponds as wele SE situa-
tion, the simple SC/WC classification holds. In this limit, veeover the familiar
expression for the half Rabi frequency,

RRT® —Ro=/g?

(4.26)

as in Eq. 8.3). The parameters simplify n » — /(Ro % iy:)? and the associ-
ated condition for SC reduces Ry being real, or more explicitlg > |y_|, as in
the LM. In SC the positions and broadenings of the four pea#iace to

%+ia>1:y++iRo, §+iw2:3y++iRo, (4.27a)
§+iw3=3y+—iR0, %+ia>4=y+—iRo. (4.27b)

The two pairs of peakp = 1,4 and p = 2,3 sit on the same points although
they have different broadenings. This means that all pea#tengo the transition
into WC simultaneously, wheRy — i|Ro| and bothz; » — |y, £ |Ro||i become
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imaginary, giving

wp=0, p=1234, (4.28a)
2—vi-IRl, Z=vi+IRi, (4.280)
L =3y -IRl, D=3y +IRl. (4.28¢)

sincey; > |Rp| in WC regime. The four peaks collapse into four Lorentzians at
the origin with four different broadenings. The transit®@— W Cis not smooth

in its description, in the sense that, for instance, peak@stéhe place of 4 (as
well, 4 of 3 and 3 of 2 as we show below). But this is simply a shiat the dressed
states disappear in WC. In any case, all observables behay#eatety smoothly
(as in the LM).

It it important to note that, as a result of the two pairs ofksesitting always
on the same two frequencies, the final spectra can only bereithingle peak or
a doublet, both shapes being possible in SC or WC regimes tas ictM and for
the same reasons).

The manifold picture (see Secti@5.2 gives a very intuitive derivation and
interpretation of the results in this limit. We consider titmmhermitian Hamilto-
nianHy . that results from making the substitutio®i o — We1e2 — iVE1LE2/2
in Eq. @.1), in order to include the decay of the modes. Diagonalizivegiiamil-
tonian in the first manifold [as with the two HOs, see E3)5¢ and discussions
related in ChapteB], we obtain

Hnn = Eg|G) (G| +Ey|U) (U[+EL|L) (L|+Es|B) (B (4.29)
with dressed complex energies

EG:O, Elﬂ:a)El_iwiRm EBZZQEl—iw. (430)
Applying Eq. .93 between the energies in E4..80), leads to the positions and
broadenings of Eq4(27)—(4.28 in the way that we now explain. In Fig.1(a)
we can see the four possible transitions in the manifoldupgctone can check
that

e the lower transitions (in blue), frofU) and |L), coincide, respectively,
with the expressions for peaks 1 and 4 in SC, BEqR7]) and 1 and 2 in WC,

Eq. @.28);
e the upper transitions (in red), towarflls and|U ), coincide with the expres-
sions for peaks 2 and 3 in SC, E4.Z7) and 3 and 4 in WC, Eq4(29).
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The upper transitions have a larger broadening than therldueto the addition
of the uncertainties in energy of the levels involved, biduay the spontaneous
decay. This is also the case in the LM, if we consider the idd&l transitions,
in terms of the states inside each manifold. But, in the ererebulting SE from
an initial state takes place, not only at the same two engergigt also with the
same broadenings, regardless of the starting manifold. speetral shape (the
Rabi doublet) is manifold independent. The inhomogeneitthabroadenings
for coupled QDs, makes a difference in the SE spectra outeofitiear regime
(with manifoldsk > 1 involved). The spectra, like the populations, is différen
in both models if the initial state is that of the second maldif |B) (or |1,1)),
because in the LM there are two more states in the same ntofcbuple with,
than for the 2LSs.

On the other hand, the SS case in the limit of vanishing pungxastly the
linear regime, where only the vacuum and first manifold agguteted. The spec-
tra in this limit converge with the LM and also it can be analgan terms of
manifolds by extension. For instance, the spectrum in HEig) Corresponds to
SC for vanishing pump, foye; = g andye2 = g/2. The lower transition peaks,
in blue, dominate over the broader and weak upper peaksdjrarel as a result,
the splitting in dressed modes is visible in the observedtspe, in black. We
now use this configuration in what follows to explore the efffef the incoherent
continuous pump.

4.3.2 The effect of the pump and the SC/WC phase space

The different regions that can appear when the incoheraminemus pump is
turned on, are plotted in Fig.4as a function of the pumping rates. All the possi-
bilities are defined in terms af (z;) and[](z) being zero or not. The conditions
arising are linked tdR (that can only be real or pure imaginary) although not so
straightforwardly as in the absence of pump.

The most extended region is the stand@idst order) Strong CouplingFSG
in light blue), which includes the SC regime in the absenqauofip. The situation
with the levels is that of Figd.1(b). It is characterized by

R=|ReR & G’>¢g*-TI2, (4.31)

from what follows thatz; = z;, and thereforé](z;) = 0(z) # 0. Note that this

requires
r
> 4.32
9 i 32
The two pairs of peaks 1, 4 and 2, 3 are placed one on top of éhehathough
they are differently broadened [see the spectra of &i§and of Fig.4.5a) and
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Figure 4.4: Phase space of the SS strong/weak coupling regimes as afuatpump forye; =g
andye2 = g/2. In strong coupling%C, blue), one can distinguish two regions, the more extended
first order ESC, light blue) and the second ord&3C dark blue) strong coupling. The weak cou-
pling regime YWC) is shaded in purple and the mixed coupling regitd€(), with two transitions

in SC and two in WC, in green. The dashed blue lines enclosembedgions where two peaks
can be resolved in the direct emission of the first @w). One falls in SC and the other in
WC. Six points are marked with lettefa)f) for a latter analysis. The red solid line delimits the
region (from above) where the SS is reached in the LM, alway&Q for these decay parameters.

(d)]. In this region,D® < 1, so it is not possible to reach the optimum effective
coupling and maximum splitting of the lines given b{2g.

In Fig. 4.6(a) and (b) we track the broadenings and positions of thegeaks
(1 and 4 in blue and 2 and 3 in red) as a function of pump, thrabglSC region
of Fig 4.4, on the lineP=2 = PB=1/2. Following them from zero pump, where the
manifold picture is exact, the four peaks can be easily assatwith the lower
and upper transitions of Fig.1(b), and that is why we use the same color code.
The dressed statéd) and|L) exist but with energiesx; + [0(z;), both affected
equally by decoherence.

By construction, the resulting spectra in this regime cary @& a doublet
[Fig. 4.5@)] or a single peak [Figd.Xd)], depending on the magnitude of the
broadening of the peaks (that always increases with pummlecaly) against the
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Figure 4.5: A set of spectra fone; = g and g2 = g/2 sampling all the different regions of
Fig 4.4. The pump parameters of each plot are marked with their sporeding lettefa)—(f) in
the phase space plét4. The final spectral line (in thick solid black) is decompog®d two pairs
of symmetric peaks (thin red-blue or green-orange) in SCfandpeaks centered at zero in WC.
The positions of these peaks are marked with vertical liiegseocorresponding colors. The LM
spectra (purple dashed), always in SC, is composed of ordypeaks marked also with vertical
lines for comparison.

splitting of the lines (that always decreases). As in the blglserving a doublet
in the spectra is not granted in SC, but here the tendency &yalthe same: the
lower the pump and the decay, the better the resolution dfpthiting.

The second situation, the Rabi frequency being imaginary,

R=iR & G*>¢®>-T2, (4.33)
opens three possibilities, that constitute the three neimgiregions in Fig4.4.

In what follows we assume condition E¢..83 and add new conditions to define
the three such regions.
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TheWeak Couplingegime (WC, in purple) is characterized by
Z]_:i|21’7§22:i‘22‘ & G \F+—|R\| (4.34)

and thereforél(z) = 0(z;) = 0. Note that condition4.34) is not analytical in
terms of the relevant parametersd5. The four peaks are placed at the origin
with four different broadenings. The dressed stdtBsand|L) have collapsed in
energy towe1. Again, this does not mean that the resulting spectra isyswae
peak [as in Fig4.5e)], it can be a doublet when a thin negative Lorentzianesrv
a hole in a positive Lorentzian, due to the interference betwthe modes [as in
Fig. 4.5f)].

Up to here, we have studied the SC and WC as they appeared diefitied
LM. We find a new region of SC, when both parame&grsare real and

zn=zal<n=| < G>|L+|R|]. (4.35)

We call it Second order Strong Couplimggime (SSC, colored in dark blue in the
phase space). Here, the broadenings of the four peaks aak g2 = 2, but
the positions of the pairs of peaks are differents = +(z| andwy 3 = +|z|. The
reason is that the bare energies of the modes undesgoand order anticrossing
induced by the interplay between coupling, pump and dechg.€ehergies of the
dressed states are affected differently by decoherenc® the point where we
should consider new eigenstates. In Fdl(c), we have plotted these statds,
and|O), that have energies not splitted symmetrically arougd, but rather at
+|z1| (giving rise to thenner peaksin green) and-|z| (giving rise to theouter
peaksin orange).

We can see how peak broadenings and positions change wheg fgom
FSC to SSC in Fig4.6(c)—(d). In this case, we track the peaks by varyiag
for fixed P=1, moving from the points (a) to (c) in the phase space. The first
vertical line marks the border between the two kinds of SChilie opening
of a “bubble” for the positiongy, and w, (that were equal in the FSC region),
and the convergence of all the broadenings. The spectrunha@se from this
region, Fig.4.5b), features a single peak despite the subtle underlyingtsire.

In principle, quadruplets and triplets can form out of therfpeaks. However, the
broadenings and contributions of the dispersive p#t3 are too large to let the
fine splittings emerge clearly. The spectra in this regi@nsanglets and doublets
but we will see in Sec4.4 with other examples, that they can be very distorted,
undoubtly reflecting the multi peaked structure.

The last new region in Figt.4, appears whem, is imaginary andz real, or
equivalently,

zn=iz|, 2=z < [Ii—[RI<G<|I++|R]. (4.36)
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Figure 4.6: Broadeningga), (c), and positiongb), (d) of the lines that compose the spectra as a
function of pump for the decay parametggs = g andye2 = g/2. In the plots of the first column,
the pumpPe; varies withPe2 = Pe1/2, moving in the phase space of Figl from point (a) to

(d). The vertical line shows the crossing frdf8Cto WC. In the plots of the second column, the
pumpPe2 varies withPe1 = 0.2g, moving in the phase space of Flgl from point(a) to (c). The
vertical lines show the crossing froFSC to SSCand finally toMC. In all the plots, the thick
solid lines are the exact results [Eg$.19] while the thin ones are the approximated results from
the manifold method [that follow from Eqs4.37)]. The dashed blue line represents the splitting
as it is resolved in the final spectrum.{1). The code of colors (red-blue and orange-green)
corresponds to that of the transitions in Fgl and the associated peaks in Figb.

This is aMixed Couplingegime (MC, colored in green in the phase space) where
the two inner peaks, 1 and 4, have collapsed at the origin in W& sa has the
associated eigenstdte. The two outer peaks, 2 and 3, are still splitted and so is
|O). The spectrum in Figd.5c) is an example of this region, too broadened to
reveal its structure. Again, although a triplet seems fdssiistorted singlets are
the only outcome in the best of cases due to the broadenindigpersive parts. In
Fig. 4.6(c)—(d) we can see the transition from SSC into MC, at the sktgertical
line.

The manifold picture successfully associates the peaksdmapose the spec-
trum of emission to transitions between the levels. In otdamnderstand better
some features of the spectra of the SS under incoherent puthp different re-
gions that we have defined, we will now push the manifold meétkhadequate for
vanishing pump—a bit further. Note that, in this system,gbmping mechanism
is of the same nature than the decay, due to the saturatioatiof@Ds and the
symmetry in the schema of levels that they form. The masteatsan is symmet-
rical under exchange of the pump and the degay+« Ptj) when the two levels
of both 2LS are inverted® < B andE1 «— E2).? Consequently, the parameters

2That is, pictorially, when the structure of levels and titiass in Fig.6.1 (which also repre-
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71, 2 andR, and also the populations of all the levels, are symmetrtbénsame
way, as it happens with just one 2LS (see S&8.1). In other systems we study
in this manuscript, like the LM, the JCM or simply the single Hie effect of the
pump extends upwards to an infinite number of manifolds wthidgedecay cannot
bring the system lower than the ground state. There is naaldtuncation for
the pump (that ultimately leads to a divergence), as theferithe decay. But
with coupled 2LSs, stat®) is the top counterpart 0G), undergoing a saturation
when pump or decay is large, respectively. This implies,iristance, that the
spectra in the limit of vanishing decay is exactly the saméhas of vanishing
pump and that in such case we can also apply the manifold mhéthobtain the
right positions and broadenings as a function of pump, instirae way that we
did as a function of decay only. We only have to take into aotthie mentioned
symmetry consistently. As long as the dynamics moves upvardlownwards
only, even when intermediate states are coupled, the nidmifethod is suitable.

The manifold diagonalization breaks, however, in the preseof both non-
negligible pump and decay. If we combine their effects in tlomhermitian
Hamiltonian as

. 1+ _
EG:_.M, Eu= (eq —| 1+ 2 LRLTR, EB:Za)E1—|yE1+yE2,
2 L 4 2
(4.37)

we do not obtain the right results of four—in principle dif@t—peaks but rather
the standard pairing with

. . 3

Bt i =y £IRER+ 2 (Rea+ Pea), (4.38a)
. . L1

%ﬂw&g =3y, +i(R}™R) +7(Fer+Pe2). (4.38b)

These expressions bring us back to the naive associatio@ wfith [(RS™R) £ 0

that we discussed Seé.2.1 It is obvious that onlyR}™R = | /g2 — T2, to de-
scribe the splitting between the dressed states, cannettigevvariety of situa-
tions than the two parametezs, give. But there are other fundamental differ-
ences. One is the renormalization of the coupling constant®, due to the
interplay of pump and decay. Another one is made more cleanvgomparing

72 =/G?— (T_FiR)2 (at resonance) witRR!TR = \/g2 — (M~ +i%)2 (out of

resonance). The RaBiis acting as @omplex detuningor z; o, like A for RLTR,
WhenRis real (in FSC), it behaves like a normal real detuning, mushill the

sents our system if we ignore the cavity mode) are rotated36 dr, mathematically, when the
rising and lowering operators are inverted. We alreadytpdinut this symmetry in Se2.4when
we introduced the 2LS master equation.
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positions outwards in the same way (see Big). However, ifRis imaginary, it
induces a difference between the real partg @ndz when they exist (SSC and
MC), giving rise to a second order anticrossing.

Let us now look, for instance, at the positions and broadgnin Figs.4.6(a)
and (b). In thin lines (with the usual color code) we can seeapproximate
values from Eq.4.39. Not only do they deviate quantitatively from the exact
values, they are also qualitatively wrong giving too late thansition into WC
and a crossing of the broadenings when they really repel @ydosie above the
other. The joined presence of coupling, decay and pump hasa complicated
effect than simply bringing the excitations up and down gwels of Fig4.1 The
positions and broadenings are also connected with the atbpous. For exam-
ple, the anticrossing of the broadenings takes place ataime point where the
populations of the intermediate states reach a maximum @telBs starts to be
the most populated. By reasoning with the manifold picture Jower transitions
would have larger broadening than the upper, increasinguhme after this point.
However, the emptying of levelS andE1, E2 seems to decelerate this intuitive
tendency. Even more dramatic is the divergence betweenpix@mate and
the exact positions and broadenings in Fig$(c) and (d). Egs.4.38 cannot
reproduce the second anticrossing, as we said.

4.4 Some examples

In this Section we will look more closely into the populatseend spectral features
of two cases of interest: that of an effective enhancemethieotouplingg < G <
v/2g, and that of an effective detriment<0G < g.

4.4.1 Optimally symmetrical casesg < G < v/2g

As a first example, we study the situation where the parasaterequal only in
a crossed wayB:1/9 = ye2/9 andPe2/g = ye1/09. The system has a total input
that is equal to the total outpWRrot = Yror, and also equal effective decoherence
rates 1 =TI, and, therefore, equal Purcell rat€g,= Q». This is a very special
situation where the symmetry is not total but exists betwibeneffective rates
and there is a total compensation of the flows with the extefideads to 1<
DS < v/2 and a positive renormalization of the coupling strengiuinfg to G >

g. This is a very unexpected effect to be completely inducedidgoherence,
more precisely, by the optimal interplay between dissgrasind incoherent pump.
Interestingly, the present configuration of parameteet, thn make the coupling
more effective, is not accessible in the LM whére vanishes and the system
does not have SS. In the LM, nothing seems to indicate thatdhling gets
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renormalized at resonance, decoherence has the only effeltininishing the

splitting of the dressed stateg- /g2 —I2).

In Fig. 4.7 we have plotted the phase space of SC as a functidi0fg =
ye2/g and P=2/g = ye1/g with the usual color code. This configuration is in
FSC only when all parameters are eqiz= 1, (blue line) andotal symmetrys
recovered. Otherwise, the possibility of reaching all ottwipling regimes opens
as the coupling is effectively imprové&sal> g. The SSC and MC regions are linked
to the absence of total symmetry. In the inset we can seedbat,consequence
of this special configuration, the system is richer in sg¢&hapes than the ones
previously studied. The lineshape can be a doublet (areaite)y a distorted
doublet (light grey), a distorted singlet (dark grey) andnglet (black), as listed
in Table4.1, although it never reaches a fully formed triplet or quadktip

off 1.0
0.8

Al
o 0.6
™
o3 0.4
Il 0.2
D 2|
“‘:;2 N o —____.___
I . 0.0 0.2 0.4 0.6 0.8 1.0
Q—| |

1! .

QR b

Pro/d = ve1/9

Figure 4.7: Phase space 6SC/SSCMC/WC as function of:1/9 = ye2/g andPe2/g = ¥e1/0.
The color code is that of Figt.4. In inset, the possible lineshapes &f(w): a doublet (in white),
a distorted doublet (light grey), a distorted singlet (dgiky) and a singlet (black), as in Tallel

TheY-axis in Fig.4.7, with Pe; = ye2 = y andPe2 = ye1 = 0, is interesting
enough with all the possible regions and lineshapes, to dkgzed in more detail.
This is the limit of maximum renormalization of the coupling = v/2g (DS =
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| Lineshape [Li[Ly[LixLy ]| f(S) ]

singlet 12 2 1
distorted singlet| 1 | 6 6 1.3
distorted doublet 3 | 8 24 1.6

doublet 314 12 2

triplet 5|6 30 3

guadruplet 718 56 4

Table 4.1: Correspondence between the lineshape of the spectrum andlte of functional
f(S1). A lineshape can be defined by the produgtx Ly: Lj (L) is the number of times that
Si1(w) changes slope (concavity), that is, the number of realisolsito the equatiodS; /dw = 0
(d?S/dw? = 0).

v/2), where the populations and mean values read

1 1/2 X//2

=—— n=1-n Ng = nin Npo=—-——, (4.39
2 M 2, MB=5 57 M0, Mo (4.39)

2+ x2’
with x=Pe1/G = ye2/G. The two QDs are sharing one excitation only. The Rabi

n2

also simplifies tdR = ig, becaus€ _ =0, andz; » = /G2 — (g=+ ¥)2. In Fig.4.8,
we can see all these magnitudes in the different regimes.

In the limit x < 1, there is FSC with all the levels equally populated €
Ny =1/2, ny = 1/4) andny, = —ix/v/2. Soon the SSC opens a bubble in the
eigenenergies with the splitting of inner and outer peake ffansition into MC,
with the collapse of the inner peaks, takes placg-at2(v/2 —1)g, and into WC,
closing the bubble, af = 2(v/2+ 1)g. The maximum ofz, = 1/2g (in orange)
takes place ay = 2g, when the coherenciyo| = 1/4 is maximum. This is a
special point where the splitting of the dressed mode isatggekt possible 122g,
even though the final lineshape is a singlet. Finally, whencibupling becomes
very weakx > 1, the first dot saturates amg = ng = ni2 = 0.

The spectra acquire interesting lineshapes: a doublet@tB& gets distorted
towards a quadruplet in Fig..8g), and then towards a triplet in (h), as the inner
peaks close. Before reaching WC, the spectra has become a ipigliet.s The
way to distinguish mathematically the different possilthages is explained in
Table4.1. The anticrossing that this lineshapes form when detunatgden the
modes is varied from zero #yay, IS also odd. In Fig4.9a) and (d) we can see
that the distorted doublet and singlet (resp.) keep thatufes up téd\nax= g and
Amax = 29 (resp.). Note that the singlet oscillates around the orifjist, to the
left, then, right and finally center, when the detuning igéarthan in the plot. In
all cases, the emission@t; = 0 is dominant ovewess = —A because the first dot
is being pumped and the second decays. The structure isgluodixt to them, in
(b) and (d), showing the profile of the four and three peaksftren the spectra.
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Figure 4.8: (A) Positions of the peaksJy in green,a, in orange) and populationgy(in blue,ny

in purple,ng in brown, [n12| in dashed yellow) as function &&1,/9 = ye2/9, for Pe2 = 1 = 0.
The vertical lines mark the transitions fro8C (at 0) to SSC to MC, to WC, also clear from
the evolution of the “bubble” in positions. The functiditS;) (in black) tracks the lineshape of
the spectra as coded in Tablel. The most interesting lineshapes, that can only appeaSia
andMC, are the distorted quadrupl@t) and singlet(g), for parameters marked in pl¢A). The
total spectra (in black) is decomposed in inner (green) anerqorange) peaks coming from the
transitions in Fig4.1(c).

4.4.2 Detrimentally symmetrical casesD < G <g

Two equal QDs create a symmetric system of levels in the Zootal” sense:
¥e1 = Ye2 = yandPe1 = Beo = P (T = I but yrot # Prot). Effectively, the
populations behave as if the two dots were uncoupled

P

—— mg=mny, np=0, 4.40
vaw= B = NN 12 (4.40)

Np=MNp=

although the system is always in strong coupling (FSC) with

r_ Y—Pl

4.41
9 (4.41)
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Figure 4.9: Spectra for positive varying detuning (anticrossings38C(first row, (a)-(b)) and in

MC (second row(c)-(d)), with the parameters in Fig.8(g) and(h). The first column corresponds
to the spectra as it is observed and the second to the profiie decomposition in individual lines,
revealing the actual structure (quadruplet in the first eaktriplets in the second). The lines in
(d) are not well behaved because the dispersive part of the SG geplaying an important role.
The first dot (that is pumped) emits @t; = 0 and dominates over the second dot (that decays)
with emission atos, = —A.

andD® = 2,/yP/(y+P). If P>y, or the other way around, the symmetry in the
“vertical” sense is completely broken abd = 0.

The second possibility is the cage; = P and ye2 = Pez (M1 # M2 but
vrotr = ProT), which is symmetrical in the vertical sense. This is eqernato
both 2LS in a thermal bath of infinite temperature, so that pamd decay be-
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come equivalent. NoMD® = 2, /ye1Ve2/ (Y1 + Ye2) and the populations are also
effectively uncoupledn; = np = 1/2, ng = nyny, n12 = 0. The Rabi reads

I

R
My

?-rz, (4.42)
and gives the conditions for SC/WC regions in term§ of If y=1 > y&» or the
other way around, the symmetry in the “horizontal” sensaakén andD® = 0.

In the particular case where all the parameters are equgl tile symme-
try is perfect in all senseDf = 1). Again, all the levels are equally populated
(n1 =npx=1/2,ng = 1/4) and uncoupledng, = 0) but the Rabi vanishes. The
SC/WC regimes become conventional wiih = /g — y2. Some asymmetry in
the parameters is needed to reach the SSC and MC regimes.

4.5 Second order correlation function

In order to obtain the correlatofo; (t)o] (t + )0y (t + )03 (t)), and g@ (1),

but also the cross correlat()of(t)a;(t +T)o2(t+T1)01(t)) to computeg(lzz)(r),

we can proceed as in Seg&.6. Once more, the quantum regression formula in

Eg. 2.11)), for the general set of operato@mn ,,v1 = ofmafaguog, is the

same as that used to compute the mean values. We solve thegqaat®ns, the
only difference as compared with the expressions for the &fd the steady state
vectors,

2
0 ng
n NN —nN
WSS: B : fSS: WSS_ uS %S: _ 1112 B . (4'43)
0 Ni2N1
*k

The general solutions for the correlators in the SSrfor0 are:

[e—M oT fSS] 1

g?(1) =1+ = : (4.443)
@y e [eMof5Y,
015 (1) = ~ + — (4.44b)

where[x]; means that we take the first element of the vegtolAt zero delay

we haveg® (1 = 0) = 0 andg{3 (r = 0) = ng/(Mny) < 1, and at infinite delay,

gf)(r —00) —1 andg(lzz)(r — ) — nNg/np. As it corresponds to fermions, the
emission presentsntibunching that is, the second particle cannot be emitted at
the same time if it is of the same nature as the first one, buposterior emission,
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Figure 4.10: SS values og® (1) (solid blue)gi3(r) (dashed purplefa) and S? (w) (b) in
SC given by Eq.4.44). The parameters are those in F8gl7for comparison:A = 0, ye1 = g,
ye2 = 0.5¢g, Pe1 = 0.5g andPR:»2 = 0.1g.
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Figure 4.11: SS values ofy? (1) (solid blue)g(lzz)(r) (dashed purple) ifMC) at resonance.
Parameters are chosen so that the coupling is opti@umy/2g: ye1 = Peo = 0 andPey = Yo =
2g (see Fig4.8). The populations are maximally entangled V\g@(r =0)=1-1/3.

g®@(0) < g@(1). If they are different kinds, there is no antibunchirgy3 (t =
0) = 1 when the two dots behave as independent. For the optimuplicguin
Fig.4.11, g(lzz)(r = 0) can be as small as-11/3.

4.6 Possible extensions of this work

Quadruplets and triplets

The dressed state structure of this system has proved tetamd affected by
decoherence in a nontrivial way, despite the simplicityte@iHamiltonian. How-
ever, the new coupling regimes do not produce very exciimgshapes. In this
case, a rich underlying physics is kept hidden by the braadeand claims that
are sometimes being made that QDs are too much affected byelence to pro-
vide useful physics under incoherent excitation, proveetérbe in this particular
case, whose interest is therefore chiefly academic, in tiidHat it can be solved
exactly. A way to let emerge the quadruplets and tripletb@irtfull form, in an

actual experimental system or in theory, would be to probesttucture (once in
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the SS) with a second weak excitation laser. For instance; @esonant probe,
modelled with a Hamiltonian like that in EQR.67), would allow us to analyze the
dressed states through absorption and transmission wikinmging more deco-
herence.

Two-time and two-frequency correlators

As in the LM, here it would be interesting to go as far as pdesiibthe under-
standing of the correlators. In this case, cross corredatithe kind(oT1(t)o(t +

7)) and frequency resolved two-photon countiy (ty, wi;to, wp), or correla-
tions,S? (wy, wy), are easier to compute (through the recursion of the QRF) than
in the LM, due to the finite Hilbert space.

4.7 Conclusions

In this Chapter, | have presented the counterpart of the geftgmalism devel-
oped in ChapteB, for two 2LS, valid in both cases of SE and SS emission. |
have focused on the resonant SS case, where an analyticibraxists and new
regimes of coupling appear as compared with the LM.

The main results of this Chapter are to be found in E4sLT and @.17)—
(4.23 that provide the analytical expression for the emissiatsp. With decay
and pump, the criteria for SC/WC does not rely on the analogbtieed_M Rabi
frequency but on the two generalized parametges The new set of relevant
constants grows frofi_ /g alone in the LM, td"_ /g, "+ /g, D%.

The phase space in Fig.4is a good summary of all the possible regimes.
FSC is the standard SC with two symmetrically splitted dedsmodes and two
doublets sitting on top of each other forming the spectrairfglet or doublet
depending on the resolution). SSC is specific to this systaincarresponds to
asymmetric dressed modes: the spectra is composed of tiecedifly positioned
doublets and this can result in distorted doublets and sisdFig.4.8). In the
same way, MC is when one of the dressed modes goes into WC, amrdsadh
in a distorted singlet. WC has also the standard definitiordreesed states, and
manifestation, four peaks at the bare energy of the modes.

One or two peaks can be observed at resonance in all the regitheugh
only at SSC distorted doublets (almost quadruplets) caeappand only at SSC
and MC distorted singlets (almost triplets). The appeaaithese regimes and
lineshapes is induced by decoherence and some asymmetng jpatameters,
D® #£ 1. Itis linked to an enhancement of the coupling of up to a maxn of

V2g.
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Chapter 5

One quantum dot in a microcavity:
nonlinear models
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In this Chapter, we study, semi-analytically, light-maiteupling with non-
linearities. We fist solve the anharmonic oscillator (wgahteracting excitons),
first alone, then coupled to a second harmonic oscillatoay@ymode). Then we
address the Jaynes-Cummings model (small quantum dot intg)caVe analyze
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the properties of emission of all these descriptions in ttesgnce of decoher-
ence (dissipation and incoherent pump). Most of the repuéisented here have
been published in the referenc&sl0and14 from the list of my publications, on
page241!

5.1 Introduction

In absence of nonlinearity or saturation of some sort, thentjum case is equiv-
alent to the classical one (see, for instance, the worlRbgiin and Reinecke
(1999). In particular, the PL spectrum exhibits a Rabi doubletesionance,
which can be equally well accounted for by a purely classicadel, as was shown
by Zhu et al. (1990. There is therefore a strong incentive to evidence noatine
deviations and attribute them to quantum effects. Numepraposals and ex-
periments can be found in the literature on the topic: sudh@se bySrinivasan
and Paintef2007), Presset al. (2007, Kroneret al. (2008, Fink et al. (2008,
Schneebelet al. (2008, Steineret al. (2008, etc. ..

With QDs in microcavities, mainly two types of strong nosarities are ex-
pected, both associated to the active material, i.e., téogs. The first one
comes from Coulomb repulsion of the charged particles, aridesone inves-
tigated in Secs5.2 and5.3, in the case where it is comparable to the coupling
strength or decaying rate. In Séc2, we first study isolated excitons with inter-
actions, in an anharmonic oscillator model (AO), in ordeutalerstand the im-
plications of interactions alone. In Séc3, we add such interactions to the linear
model (LM) and investigate their effect on the strong caupl{SC) physics and
spectra. In this part, we have in mind large dots (or micriiggwolaritons), where
excitons still behave as weakly interacting bosons. In ¢bistext, Pauli exclu-
sion (the second nonlinearity we refer to) can be taken intmant phenomeno-
logically by a phase-space filling effect that screens th@tex-photon interac-
tion, as has been done beforelgnamurg1970, Schmitt-Rinket al. (1985 or
Imamaglu (1999. This results in loss of strong-coupling and we therefoub
on the intermediate regime in these two first sections, wkech renormalization
of the coupling strength can be neglected. We prefer to taceaccount Pauli
exclusion, and the saturation it induces, separately in5éclt arises from the
fermionic character of the particles that compose the erditlectrons and holes)
as has been pointed out Bombescot and Betbeder-MatiligD04 among oth-
ers. The most suitable and fundamental model to study feimgaturation is
the Jaynes-Cummings model (JCM) that we introduced in thedottion and in

1The corresponding entries in the Bibliography appeated/alleet al. (2008ab) andLaussy
and del Vallg(2009.
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Sec.2.3. It consists in the coupling of an harmonic oscillator (A@)aa two-
level system (2LS). With this separate analysis of the mes@liities in dissipative
and incoherently pumped light-matter systems, we can adedh Sec5.6which
feature in the spectra of emission can be attributed to wéfielct.

As usual, in this Chapter, we neglect the spin-degree of tn@edh particular
the sign-dependent interaction between same and opsmsite-excitons, respec-
tively. This allows us to focus on nonlinear deviations aedlacting more com-
plicated correlations effects of the multi-excitons coexgls such as formations
of bound pairs or molecules that would give rise to bipoter#, as was shown by
Ivanovet al. (1998, Ivanovet al. (2004 or Gotohet al. (2005. Experimentally,
this could be realized by using a circularly polarized pump.

5.2 The anharmonic oscillator

In Chapter2, we introduced the Hamiltoniar2 (65 of the AO, that includes
exciton-exciton interactions when the excitons can sélkcbnsidered as bosons.
Then, interactions manifest as additional energy costHernhultiply occupied
states. The total Hamiltonian for uncoupled interactingitexs is

H=wbb+ %bTbTbb, (5.1)

with U being positive antl < wy, for weakly repulsive excitons. The steady state
of the system under pump and decay (in a thermal bath) is the @ermal state
with n, = B,/ (y — Ry)) as the harmonic case, as has been shown for example by
Scully and Zubair2002. The complete dissipative time dynamics has also been
obtained analytically, for example bylilburn and Holmeg1986. However, in
our approach, we concentrate on the correlators and powetragomputed from
the complete master equation with pump and decay, for theoexs, thanks to the
quantum regression formula, as we described in Ch&pt€he results we obtain
are physically valid whety < w, and the approximations made to derive the
master equation hold, as was argueddligki (1989. We restrict the discussion
to such limits.

In this Section, we see how the simple Hamiltonian spectratgire given
by Eqg. .86 turns into a more complex expression that cannot easilyobed
analytically.

5.2.1 First order correlation function and power spectrum

The set of operators that are needed to compute the correfatderest, namely
(bT(t)b(t + 1)), are the most general S€C;yny = b b"}, differently than for
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the harmonic oscillator in Sectidh6. The regression matrik is defined by the
following rules:

: U w—h
Mmgz|wo(m—n)+|§[m(m—1)—n(n—l)]—(m+ n) 5 (5.2a)
Mm+r£p1+l =iU(m—n), (5.2b)
Mm—TP}—l =Rmn. (5.2¢)

This gives rise to an infinite set of coupled equations forgaryeral correlator.
(bT(t)b(t + 1)) is linked to all correlators of the kind:

Co(t,t+17) = (T (1) (b bt + 1)) (5.3)

withn=1, 2, ... (see Fig5.1), through the general equation:
%Cn(t,t +7)=—[iap+i(n—1)U + (2n— 1)%]Cn(t,t +1) (5.4a)
—iUCh1(t,t+ 1) +n(n—=1)RCh1(t,t+T1). (5.4b)

Ny = W — R is the effective boson broadening, that we have alreadyusmco
tered many time3. Also here, we can write the general equation in a matrix
form, dv(t,7)/dT = —M1Vv(t, T) wherev is the vector of the ordered correlators
Ch(t,t+1) (n=1, 2, ...) andM; the corresponding nondiagonal regression ma-
trix extracted from Eq.%.4). Finally, we integrateCy(t,t 4+ 1) = e M17Cy(t,1).
The initial average values for the correlat@s(t,t) = (b™"b" (t) can be found
through the density matrix,

j!
Calt,t) = Y ——Pii(t), (5.5)

jZn (J - n)l
or applying again the quantum regression formula. The sksenof equations,
SCa(t.t) = ~ToCa(t.0) +PRCH (11, (556)

are easily solved in the two cases we are interested in. Haggtstate (SS)
is, as we said, the thermal state [Ec.3¢)-(2.39)] for which C3°= n!nf) and
Ny = By/Tp. The spontaneous decay (SE) from an initial state define@Qoy
(b""b")(0) gives simplyCSE(t,t) = e "™!C2. In both cases, the mean single-time
values do not depend on the interactions. They are the samddhthe HO.

The correlator<,(t,t 4+ 1) cannot be found analytically in the general case
with pump because the Hilbert space is infinite=([1, «)). The formula 2.102
of the spectra must be kept in general terms for the SS emissio

2Cf. Eq. .99 for the HO alone and Eq3(4b) when in a cavity.
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{wp, Ty, U}
1 @)
P\ U

Figure 5.1: Chain of correlators—indexed Hdy) } = (m,n)—linked by the Hamiltonian dynamics
with pump and decay for one AO. On thedt (resp. right), the set 4 (resp.,. %) involved in the
equations of the two-time (resp., single-time) correlstoin green is shown the first manifold.
The equation of motior(ubT(t)C{n}(t + 1)) with n € .41 requires for its initial value the correla-
tor (Cy) with {1} € 1 defined from{n} = (m,n) by {fi} = (m+1,n), as seen on the diagram.
The arrows show the connections due to the incoherent pw®RBir{in green) and the interactions
(in red). The sense of the arrows indicates which elemerdahitig” which in its equations. The
self-coupling of each node to itself is shown in violet claesuarrow (affected by, 'y andU).
These links are obtained from the rules in E§2§. The dimension of the manifolds is always
one. A manifoldk is only linked directly tok+ 1 in this model.
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Figure 5.2: SE spectra of emission of the AO (thick black line) from thegest5) as compared to
the HO emission (a Lorentzian in dashed red). Large intemag(a) help resolving the five peaks
of each transition (thin lines) in the de-excitation prageshile small interactiongb) give rise
to a broad asymmetric peak. The position of the individualkgeare marked with vertical lines
at(p—1)U. y, is the unit here andy, = 0 is the reference energy.

SE analytical spectrum

The SE case truncates naturally the Hilbert space as therdgsaf decay only
involves states with less number of excitations than th&irone fimay). There-
fore, the solution can be obtained analytically for the elator of interest,

Nmax 1 U ) n—-1
SE _ o (p+w/2T —(U+w)T SE
5.7

and its spectrum. The parameters that define the Lorenthiardispersive line-
shapes and their weight for each pgak 1,2, ..., nmax in the expression for the
spectra?.102, are:

wp=w+(p—1U, (5.8a)

Vo= (2p— )b, (5.8b)
: 1 (—1)P-1hmac, Y \n-1 (U+ip)"1t
LOE(t) +iKSE(t) = -~~~ — — P 9  (5.8c)
p (KT nd (p—1)! n_p<U2+yg> nn—p—2)! "
The positions and broadenings are reproduced exactly bpaméold method
of Sec.2.5.2 meaning that we can associate each individual geakh the tran-
sitions from the manifold withp to p— 1 excitations. The peag is weighted in
the total spectra bl andKp, which are a sum of contributions from the dynam-
ics of all the states above the ones of the transition, thédase fromp to Nmax.
The only line that remains aby, is that corresponding to the decay from the first
manifold, the linear transition witlp = 1. The rest of lines arblue-shiftedfor
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Figure 5.3: SS spectra of emission of the AO (thick black line) as compaoethe HO emis-
sion (a Lorentzian in dashed red) for the parameteiaget (all in units of ). In the first row
(a)Hc) we fix the pumping td?, = 0.3y, and decrease the interactions, loosing in resolution of
the second and third manifold peaks (thin lines) and redogehe Lorentzian lineshape. The
shifted positions of the peaks are marked with verticaldiimeorder to compare with the SE posi-
tions (p— 1)U. In the second rowd)—(f), we fix the interactions to a large number= 5y,, and
increase the pump in order to achieye> 1 (lasing regimé. High manifold transitions melt into
a broad shoulder for the AO while the HO Lorentzian, narrotl Wy, = W, — B,. The shoulder is
placed approximately &iny evidencing a transition from a “quantum” (with resolvediuidual
transition) to a “classical” (a mean field broad peak) regirti Contour plot of this effect as a
function of pump (large emission in black). The peak posgidp — 1)U (vertical thin lines), the
ever narrowing Lorentzia# /2 (dashed red) and the valuergt) (black thick line), are plotted
for comparison. HO and AO populations diverge in the sameaggyump approachésg but their
spectra is qualitatively very different, the first one nanrgy and the latter effectively broadening
and blueshiftingy, is the unit here andy, = 0 is the reference energy.

each manifoldp, from w, (HO) to wy, + (p— 1)U and they are broadened fromm

to Wb+ 2(p— 1), (the higher the manifold, the broader the peak as compared to
the HO), as we can see in Fig.2 (thin black lines). We considan, = 0 as the
reference energy from now on.

For large interactions, Fich.2(a), the individual transitions can be resolved,
while, if they are not very largel < y,), they stick together forming a broad
asymmetric peak at the origin, as in Fig2(b). The asymmetry may result also
in an additional effective blueshift, noticeable if we ccamg with the Lorentzian
symmetric emission of the HO (in dashed red).
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Spectrum in the Steady State

When the pump is taken into account and the spectra computkd BS, the sit-
uation changes, as we can see in Bi§, and there are several regimes appearing.
Plot (a) corresponds the most to the “quantum” regime, vahpump & < W),
so that only the first manifolds are probed, and large intemas U > w,, R,), so
that the individual transitions are distinguishable. lis tlegime, where the indi-
vidual peaks can be well resolved, each peak narrows wittppbehaving like a
multimode laserThe larger the interactions, the more separated and nartoe
peaks are and the less interferences between them exist.

When the pump is of the order of the decay [Fg3(a)—(d)], the individual
peaks from the different manifold transitions (centerethatvertical guide lines)
are further shifted from the SE positiofp— 1)U due to the pump/decay inter-
play. If the interactions are large, still the peaks can belked, but when they are
small, the peaks start to overlap and interfere (they growssifghtive contribu-
tion) resulting in a broad shoulder on the right side of thetice linear pealp = 1.
They end up forming a distorted asymmetrical Lorentzianmitie< y,. There-
fore, decreasing interactions at low pump induces a tianditom the “quantum”
to “classical’ regime in the sense that, even wigh< 1, without interactions, the
system turns into an HO.

The second possibility to induce the quantum to classieaksitions, is to in-
crease pump, as itis done in the Fag3(d)—(f). For the HO (dashed red lines), the
effective linewidth can only decrease with pumggas= %, — B, (this is a bosonic
signature). Its population, the same as the AO in this maodathesy, = 1 when
R, = 0.5%,. Although for a thermal mixture the vacuum is always the npoeb-
able state, at this point one can say that there is an “irm@tsif the population:
the probability to have excitons in the SS (given by B,/y,) overcomes the
probability of vacuum (given by, /w), as in the 2LS. The HO starts “lasing”
with a noticeable narrowing of the linewidth if pump is fugthincreased. For the
AO, B, = 0.5y, is also the point at which the second to first manifold tramsit
energy,(p— 1)U with p= 2, is the same as the mean transition eneigy, [ver-
tical line in Fig.5.3(d)]. This means that manifolds of excitations>* 1) start to
behave as an ensemble of emitters with inhomogeneous lmiogde Two lines
can be resolved, the broad envelope of an increasing nunipea&s from tran-
sitionsp > 1, and the first manifold transitiop = 1, corresponding to the linear
transition. The broad emission peak is placed approximatehe mean manifold
energynyU, while the linear peak is at 0. Fi§.3(e) shows an example of high
pump, where this transition has taken place and the lineak pas been almost
“swallowed” by the mean field of manifold emissions. The teisua blueshifted
peak atnyU with a broadening of the order ofU as well. Increasing pump or
interactions in the AO has a “saturation” effect, as pumpsdoé¢he two-level sys-
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Figure 5.4: Comparison between the truncation of the QRF in the Hil@aite of correlator&)
and in the Hilbert space of stat@s, equal for both HO and AO. Ia), respectivelyb), we plot the
average valueQJTnb”> and the SS populations, as a function of, for the whole range of phys-
ical parameterB,/y,. Pump increases in the sense of the arro®,ds = 0.001,0.1,0.2,...,0.9.

tem (2LS). There, as we knoW; = 0.5y, is also the point of population inversion
and where the broadening increase§ as= Yy + Ps = ngPg.

The transition from quantum to classical regimes is befp@reciated in the
contour plot of Fig5.3(f). The well distinguished peag = 2 at w = 5y,, melts
into the mean field peak at arouRg~ 0.5%,. The mean field peak blueshifts then
following n,U (the black bending line) and becomes soon more important tha
the linear pealp = 1.

It is interesting to note that fdd, > 0.5y, (classical regime) the quantum re-
gression formula expressed in terms of correlators, besammerically unstable
and infinite precision is needed to obtain a solution for amgadte truncation.
The best way to compute the spectra here is applying the QRE density ma-
trix form, Eqg. 2.109. The fact that this method is blind to the peak structure
(that follows from a quantized structure), is already tgjlus that the best de-
scription of the system is not anymore in terms of manifoltisarrelators but
rather some mean field approximation. The truncation that’Ed02 involves
is of a different nature than that of EQ.(09, for the sameyax. The first one
takes place in the Hilbert space of correlators and thezefequires that all av-
erages(anb”> =n! ng with n > npax are dispensable. The second truncation,
takes place in the Hilbert space of states and thereforéreschat all the popula-
tionspnn = (14 nb)—(1+”) np with n > nyax are negligible. In order to understand
the implications of this difference, we plot in Fig.4the average value(:t)Tnb”),
in (a), and SS populationsy,, in (b), as a function oh, for the whole range of
physical parameteid,/y, € (0,1).

We can see that the truncation imposed on the density matekniays safe,
as long as theay is taken high enoughnfax =~ 10 for B, < 0.8y, for in-
stance), because thermal populations decrease alwayswilthe problem of
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using Eq. £.109 to compute the spectra, however, is the high computatioyst|
as we already pointed out. On the other hand, the truncaticorrelators looks
only good at vanishing pump (the thick curve) as it is the amg that does not
grow up again at some. In fact, the criteria to findhnax, SO that one can safely
neglect the correlators with > nyay, IS @ bit more complicated than looking at
this graph. The best criteria is simply that the solutionsdnet change when
increasing the truncation. However, Fig4 is representative of the increasing
precision that one must use to solve the system as the pumpresased. The
sooner the mean valueﬁb’rnb”> start to increase with (it does always increase
at somen for R, #£ 0), the more difficult for the final result is to converge intet
finite solution. We will find again this kind of increasing nancal complexity in
the JCM as we cross to its classical regime.

5.2.2 Second order correlation function

We already found easily in Se2.5.1the Hamiltonian spectrum [EqR (86)], con-
sisting of a sum of delta functions at the transition enegg, = w,+U (p—1)
from each levelp. In the Hamiltonian dynamics, the mean total populatibh
and the average level populatiopg are conserved, and therefay® (t,t + 1)
is independent of time and delay (it stays the same as thdteoinitial state).
The two-frequency/two-time correlator finds also an exgites independent of
the delayr between the two emissions:

1
s?(0,en; T, o) = NG %ppp(p— 1)5(wy — AEp)S(wp —AEp_1).  (5.9)

The information in this correlator is clear and expectedt would be possible to
let escape some excitons from such an isolated system,qfaisrelated emis-
sions can only take place, no matter with what delay, whey &éne consecutive
in the manifold structure.

In general, the expressions for the correlators in the puti@miltonian dy-
namics are simple and valid for both positive and negatilayde as the evolution
is reversible. It is a subject of future work to study thesections when decay
and pump are considered. With only dissipation, analyticahulae probably
still exist, but the pump requires again numerical compornat

5.3 Linear model with excitonic interactions

In the previous Section, | have shown how, even for bosonit@xs, a multi-
plet structure and some fermionic signatures arise in thiestom spectrum when
intra-dot exciton-exciton interactions are included. HistSection, we will study
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how these interactions change the spectral propertiesedirtéar model that we
studied in ChapteB in a quantum regime. The results, that we obtain in the steady
state only, are not analytical anymore as in the previousi@®ecWe describe
light-matter interaction in a large QD including excitoxegon interactions with

the Hamiltonian

H = waa'a+ apb'b+g(a'b+ab') + UEbTbTbb. (5.10)

The model couples an HO (photons) with an AO (excitons). is 8ectiong is
the unit andw, = 0 the reference energy. Let us start by diagonalizing Hamilt
nian 6.10 by manifolds, in the spirit of EqQ264). The structure of eigenenergies
at resonance is sketched in Fig5 up to a maximum of two excitations (i.e., up
to the second manifold) for three different cases. Firgtpre levels correspond-
ing to noninteracting and uncoupled (or weakly-coupledylesofy = 0, U = 0).
Second, the eigenenergies arising from the coupting 0,U = 0), as we studied
them in Chapte® and3, and finally, the blueshifted lines that result from includ-
ing the interactionsg# 0, U # 0). All the levels but those in the manifofd= 1,
involving only one patrticle, change with the interactioms@use of the excitonic
part of their corresponding eigenvectors. In order to keapktof the excitonic
character of each level, in Fi§.6, we plot the excitonic component of the eigen-
vectors of manifolch = 2 and their corresponding eigenenergies as a function of
the interactiorJ. We can see that, starting from a situation completely symme
ric between the photonic and excitonic fractions, that tighér level gets more
and more excitonic-like witJ and blueshifts strongly. The other two energy
levels are only slightly affected, as follows from their ragshotonic character.
This characterization of the levels, which also dependderdetuning, plays an
important role when identifying the spectral lines, as wevsin the following
sections.

5.3.1 Spectrum with the manifold method

In order to obtain an intuitive picture on the optical spectrof our system, as we
have done with the other models, we first study the allowedstti@ns between
the possible energy levels with the manifold method at vangspump. The bare
energies of Fig5.5acquire an imaginary parts, — Wap —iYap/2) and we di-
agonalize again, applying the formul&y — (Ex_1)*] = iwp + Vp/2 to obtain po-
sitions and broadenings associated to each transition.oWw&der the amplitude

of probability, I'gﬂ"*l, for the processes of annihilation of a photon, that is, the
transitions corresponding to the normal mode emissiom &si 2.94). We know
from previous results that, if the coupling and interacti@ane strong enough, the
contribution of each transition to the optical spectrsyfw) can be approximated
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Figure 5.5: Energy levels of the eigenstates of the light-matter cogpliamiltonian with inter-
actions, Eq.%.10 up to the second manifold (two excitations) at resonadce: Q), left panel

for weak (or no-) couplingd = 0), central andright panel in strong-coupling, withight panel
also including interactiond varying on thex axis. The transitions between levels account for the
spectral features. Red lines correspond to the vacuum Rabiet, that turns into a singletin WC
regime (transitions in green). Blue lines superimpose ¢oRhbi doublet when higher manifolds
are probed. Without interactiond, = 0, these transitions are not distinguishable in the spectra
Transitions 2— 1 in presence of interactions are plotted in Fgl as a function of the detuning
andU. New qualitative features appear thanks to the interastiddlack dashed lines are new
transitions previously forbidden, although they remairakve

by an independent Lorentzian weighted by the probabilitysahitial state times
the amplitude of probability of the transition. The resulte plotted for transi-
tions between manifolds 2 and 1 only, as a function of theineality strengttuJ

in Fig. 5.7(a) and as a function of the detuning in Fig7(b). In the latter case,
the exciton bare energy is kept constant, equal to zeroewihd cavity mode is
brought in or out of resonance with the exciton. As | expldime Chapterl,

detuning is varied experimentally through a variety of teghes, like changing
temperature or applying a magnetic field (shifting the epefghe dot with neg-
ligible perturbation on the cavity) or growing a thin film (&g the cavity mode
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Figure 5.6: Excitonic component at resonance of the eigenvectoid,oforresponding to the
three energy levels of the manifofd= 2 (see Fig5.5 as a function of the interaction strenght
U. Varying the detuning also changes the character of tha.liheinset are plotted the exact
corresponding eigenenergies as a functiod ghat are sketched in the right-upper part of Eigh.

energy without affecting the dot). In Fi§.7(b) we see the intensity, width and
location of spectral individual lines for smooth changethim detuning.

Peaks appearing in Fi§.7(a) correspond to the transitions plotted in Fch.
They are labelled in blue: lower lines are the transitions&Ad upper lines the
transitions “B”. Comparing with the linear Rabi doublet, whishsuperimposed
in red, we observe the aforementioned blueshift of both ggoof lines, as it
happened in the AO of previous Section. It is more importantle exciton-like
mode (especially line B-2 at resonance whkkr> g) while the photon-like mode
has a better resolved fine-structure splitting. At varioetidings [Fig.5.7(b)],
complicated structures are found with crossing or antgingsof the lines, as
shown on the figure. Lines with the same bare-excitation t(phor exciton)
character cross, whereas lines of a different charactebigéxnticrossing. At
large detunings, the bare photon and exciton modes (in pegerrecovered but
with an additional blueshifted bare exciton line.

Satellite peaks arise at very low and high energies fromsitians that are
forbidden in the LM. They enter the dynamics through nordmehannels opened
by the interactions. The dashed arrows in the right paneilgpB5represent these
two transitions, with two excitons as the initial state tled¢ase one excitation and
leave one photon as the final state. They appear dimly in5Frg.

Here, as in the previous models, the manifold method allowsaerstanding
of the composition of the spectra, as illustrated in Big.where the spectral lines
have been labelled according to their corresponding tiiansiin Fig.5.5. From
this overall picture, the excitonic fraction is clearly asimted to the blueshift.
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Figure 5.7: Cavity emission spectra of transitions between manifolds 2: (a) Resonant case
as a function of interactiond. (b) Case of fixed interactiondJ(= 2) as a function ofA. The
noninteracting casd = 0, where only linear Rabi doublet arises, is also shown (upésmposed
lines) as well as the bare cavity and excitonic lines (dagireén lines). Lines are labelled in
blue corresponding to the transitions of Figs. Parameters in both plots arey, = 0, y;, = 0.1g,

¥ = 0.01g, all in units ofg = 1.

5.3.2 Spectrum with the quantum regression formula

In order to actually know which transitions are relevant &mavhat extent, we
solve the usual complete master equatidry@) for dissipative coupled modes
under incoherent continuous pump. In this case, we williotitee spectra,(w)®
with the density matrix formalism, applying E®.(L035.

First, we obtain the steady state elemqqﬁ:s) of the system. The labels
and j index the whole Hilbert space, namely, in our case of twollasors, i =
{mn} and j = {uv}. As a resultM;j ki iS &N, X Nayx Matrix wherenmay is
the truncation of each oscillator’'s Hilbert space. In thenpatations, we have
checked that the results were independent of this truncatiae it is taken large
enough. In Eq.4.109, A andB are the creation and destruction operators of the
transitions so in the case of cavity (normal) emission, wher a' andB = a,
we haveAmnuy = \/ménvém,m—l andBmnuy = +/Hny Om p—1.

Again, the drawback of this method is the high computaticoat to obtairiv
and invert it for each point of the spectra. Therefore, wes@né here the spectra
at low pump, after probing the first steps of the quantizedgnkevels, which

3In this Section, the spectra is normalized to the mean nurmiginstead of one. The reason
is to better appreciate the spectral asymmetries with dejuthat manifest in the lineshapes but
also in the intensity.
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Mean number

Figure 5.8: Mean number of photons (dashed line) and excitons (sol&) &s a function o\,
for the case of cavity pumpind = P, R, = 0) in thin red (<5) and electronic pumpind = O,

R, = P) in thick black. Regardless of the detuning, an approxitgaienstant and equal population
is obtained for the cavity intensity, due to the balance bemthe effective coupling-strenght and
the exciton-population. An asymmetry is observed with dietg due to the interactions that bring
the exciton closer or further to resonance with the cavitydenoParametersw, = 0, U = 2g,
ya=0.1g, y, = 0.01g, P = 0.01.

presents only small deviations from the LM. We use pumpirtgsraf 001g,
yielding average number of excitations of the ordey,) ~ 0.1 with probabil-

ity to have two excitons of the order of@L. For these figures, a truncation at
the fourth manifold fnax = 3) is enough to ensure convergence of the results.
The other parameters are fixed to the following values, ratety by experiments:

g = 1 provides the unit (experimental figures are of the orderenstof ueV),
ya=0.1g, y, = 0.01g andU = 2g.

Mean numbers of excitons and photons are plotted in %ig. for the two
cases of cavity (only) and electronic (only) pumping. Claseesonance) ~ 0,
both pumping yield approximately equal exciton and photopytations (note
that the cavity pumping case has been magnified by a factgr fidetuning the
modes results in a collapse (cavity pumping) or increage(@nic pumping) of
the exciton population, as could be expected. Regardleseddiind of pumping,
however, the cavity population is approximately constémthe cavity pumping
case, this is because the exciton gets decoupled and thaauite is pumped at
a constant rate (one can actually see a small increase iopigation). In the
electronic pumping case, this is because although the icgugécreases, the ex-
citon population increases in proportion so as to feed théycwith a constant
flux of photons. In both cases, an asymmetry is notable withrileg, because
the interactions bring the cavity and the exciton modesecias further from
resonance, respectively, coupling them more efficienthpfisitive detuning and
therefore allowing a larger production of excitons in thase. As a result, the
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(a) Cavity pumping . 4 (b) Exciton pumping

Figure 5.9: Cavity emission spectrusa(w) as a function of detuning. The pumping is photonic
(a) or excitonic(b). TheU = 0 case, which corresponds to the linear Rabi doublet, is shiow
solid red and the bare excitomy = 0) cavity (wy = A) lines in dashed green. The probability
of having more than two excitons is very low, mostly conttibas from transitions - 0 (p =

1, vacuum-Rabi) and 2> 1 (p = 2) appear. For high positive detuning, Coulomb interaction
generate additional peaks closadg+ (p— 1)U. Peaks originated from transitions-32 (p = 3)
appear, although with a very small intensity, due to the ramprobability to have three excitons
in the system. All energies are in unitsg@fParametersw, = 0, U = 2g, y, = 0.1g, y, = 0.01g,

P =0.01g.

nonlinear branchesy > 1, of the actual spectra, for positive and negative de-
tunings, shown in Fig5.9, are not exactly as those shown in Fig7(b). The
blueshifted peak is more clearly seen in the positive datyoase thanks to this
exciton population asymmetry with detuning. However, acedlent qualitative
agreement is obtained with the manifold method, if one sog®ses the vacuum
Rabi doublet to the lines arising from higher manifolds. Dejprg on the pump-
ing scheme—cavity (a) or exciton (b)—only quantitativetfeas are changed that
consist mainly in different linewidths and intensities lnétoranches, that are oth-
erwise well accounted for by the manifold method (see algp %:iL0. While
comparing Figs5.9a) and (b), it should be borne in mind how the total popu-
lation changes with detuning, as shown in Fig8. For this reason, panel (b)
has a more complex structure, but this is due to the higherfalds that can be
reached with the electronic pumping. It is in fact possibledentify the 3— 2
contribution by extracting the lines in Fi§.9 that do not appear in Fich.7(b).
These lines are clearly weaker due to the very low (but noistamy) probability

to have three excitons in the system. The transitions froem évgher manifolds
are too improbable to be seen in the spectra for the pumpingjdered here. The
main differences between the two pumping schemes, if equllptions can be
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Figure 5.10: Spectrass(w) for different detunings corresponding to vertical “cute”kig 5.9.
Both cases, of cavity pumpind{ = P, B, = 0) and electronic pumping?{ = 0, R, = P), are
represented in thin red and thick black respectively. Ayvarge detunings(p) and(e)], multiple
excitons occupancy is observed through the peaks E1, EXCIB8e to resonance, these result in
satellites surrounding the linear vacuum Rabi doublet,dbminates because populations collapse
at resonance. Parametess; = 0,U = 2g, y5, = 0.1g, y, = 0.01g, P = 0.01g.

considered by adjusting the pumping, are therefore to bedaun the linewidth
and intensities of the lines. The positions of these lineexa the most precious
indications on the physical system.

In Fig. 5.10Q spectra are displayed for particular detunings, in sdeahfor
the case of electronic pumping, and thin red for cavity purgpiThe electronic
pumping, the most relevant case experimentally, yieldsrtbst interesting spec-
tral shape. On top of the vacuum Rabi doublet, the interastmonduce addi-
tional peaks that are clearly associated to the excitonrgé ldetunings [panels
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(@) and (e)]. Three peaks, E1, E2 and E3 are obtained thatspand to one,
two and three excitons coupling to the cavity mode, respelgti As these are
brought in resonance with the cavity mode, the vacuum Ratbldbdominates
(essentially because the efficient coherent coupling gsda the exciton popu-
lation) and satellite peaks are observed, that betray tlamtgm nature of the
system, as the emission originates from transitions betweantized manifolds.
In the absence of interactions (LM), the linear Rabi douldetlways observed
independently of the total number of particles. Thereforeractions are useful
to evidence a quantum behavior linked to quantized eneaygters, in the spirit
of such experiments as those used with atomBimneet al. (1999 in cavity to
demonstrate quantization of the light field. Here, nonlirfeatures are observed
directly in the optical spectrum, whereasBnune et al. (1996, time-resolved
measurements were used to probe anharmonic oscillatighs &abi flops. This
represents a notable experimental advantage, as measisemith cw incoherent
pumping are typically easier to perform than time-resolspéctroscopy.

5.4 The Jaynes-Cummings model

In this Section, we study saturation effects due to Pauklbteg. The material
excitation follows Fermi statistics and the coupling tahligs described by the
Jaynes-Cummings model (JCM), that we write here again

H=wa'a+wo'o+g@o+ao’). (5.11)

Such an innocent looking Hamiltonian, with only the additaf dissipation, has
been the object of countless investigations. Analyticaltsms are tricky to find
already in this case, and remain uncovered for most meahani$ excitation.
SE from a given initial state has been overly privileged asd#se of study, start-
ing by the work ofSanchez-Mondragoat al. (1983. Even when the emitter
was modelled as a two-level system, the JCM was commonly eetliacthe LM
by considering a single excitation as the initial state. sTikithe approximation
made in many papers, yarmichaelet al. (1989, Andreaniet al. (1999, Cui
and Rayme(2006, Auffeveset al. (2008, Inoueet al. (2008, etc. Other—even
more numerous—works considered the excitation schemes aatime (Hamilto-
nian) level as the coupling, that is, they probe the systetin @gaherent pumping.
This is the case, for instance, bfollow (1969, Savageg(1989, Freedhoff and
Quang(1994), Clemens and Ric€2000, Barchielli and Perq2002, Florescu
(20006, Bienertet al. (2007, etc. There has been less considerations for the lumi-
nescence spectra under incoherent pumping, althoughehistesome very inter-
esting works on one-atom lasing, like thosell)ffler et al. (1997, Clemenset al.
(2004, Karlovich and Kilin(2007) andKarlovich and Kilin(2008, and some on
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one QD in a microcavity, like that dPereaet al. (2004). In the atomic literature,
Ciracet al.(199)), first, thenL offler et al. (1997 have considered spectral shapes
for the one-atom laser at resonance by numerical integratithe master equa-
tion and in this context have obtained some of the lineshap#dse best system
that we study belowKarlovich and Kilin(2008 concentrated on strong coupling
at resonance and low pump. | will propose an alternativeagutr to these results,
in terms of the physical transitions between the dresseessta

One of the most important current task of the SC physics inc@mductors
is the quantitative description of the experiment with aotiyethat can provide
statistical estimates to the data, in particular interedlsonfidence for the fitting
parameters. In this respect, there would be little needttordian experiment that
would produce a clear observation of the Jaynes-Cumminggefevels, which
IS a strong qualitative effect. But no such structures hawn lmbserved so far
and the deviations from a linear Rabi doublet, like those tbloyyHennesset al.
(2007, have been understood as non fundamental features of ohéepr. The
most likely reason for this lack of crushing observationshaf quantum regime
in the PL lineshapes is that the best systems currentlyadolailn semiconductors
are still beyond the range of parameters that allows thetquafeatures to neatly
dominate. Instead, they are still at a stage where it is @agydrlook more feeble
indications, as shall be seen in what follows for less idgsiesns that are closer
to the experimental situation of today. Another possibésom is that the models
are not suitable and a QD cannot be described by a simpleavaddystem. Then
more involved theories should take over, with, e.g., fut@mt for electron and
hole band structures and correlations, as thodeetdtmannret al. (2006, Gies
et al. (2007 or Schneebelet al. (2009. However, if a simpler theory is success-
ful, notwithstanding the interest of its more elaborate aoochplete counterpart,
it clearly facilitates the understanding and putting thetemn to useful applica-
tions (especially in a quantum information processing exit At present, there
is more element of chance left in the research for quantumh@@ is actually
necessary. If a quantitative description of even a “negatixperiment” (not re-
porting a triplet or quadruplet) could be provided, this Wbhelp tracking and
probably even direct the progress towards the ultimate: godlilly understood
and controlled SC in the quantum regime.

In this Section, we shall not focus on the difference betwiénenSE of an
initial state in absence of any pumping, and the SS esta&dish presence of
this pumping, as we did with other models. SS is the most aglevase for the
experimental configuration that we have in mind, while SEmgly studied in the
literature. Rather than contrasting the SE/SS results, at tierefore contrast
the boson/fermion cases. For this reason and for concigiershall not use the
“SS” superscript and assume that which of the SE/SS casesisnasl is clear
from context or from the presence of the time variable
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In the LM, the quantum state of the system is not by itself &resting quan-
tity as most of its features are contained in its reduceditienstrices, that are
simply and in all cases thermal states with effective temfpees specified by the
mean populations of the modeg andn,. For this reasong®, that measures
the fluctuations in the photon numbers, does not contain anwyimformation. In
the Fermion case howevey?) becomes nontrivial, because the saturation of the
dot provides a nonlinearity in the system that can producews types of statis-
tics, from the coherent Poisson distributions, encoudténelasers (where the
nonlinearity is provided by the feedback and laser gainjdok-state statistics,
with antibunching, exhibited by systems with a quantumestiaat has no classi-
cal counterpart. The fluctuations in particle numbers imftigethe spectral shape.
The full statistics itself is most conveniently obtainedrfr the master equation
with elementgmnj for m, n photons and, j exciton fn,ne N, i, j € {0,1}). The
distribution function of the photon number is simplynp= pno:n.0 + Pn.1:n1-

Rather than to consider the equations of motion for the mataments, it is
clearer and more efficient to consider only elements that@anzero in the steady
state,

Po[N = Pnono, PN =pnin1 and dnl =pnon-11- (5.12)

They correspond to, respectively, the probability to havghotons, with (p),
or without (), exciton, and the coherence element between the states
and|n—1,1), linked by the SC Hamiltonian. Botpy andp; are real. It is con-
venient to separatginto its real and imaginary parts|rg = q;[n|] +iqg;i[n] as they
play different roles in the dynamics. The equations for ¢hggantities, derived
from Schibdinger equation for the Liouvilliar2(70), read:

dpgt[n] =— ((va+ Pa)n+Pa+ Py)po[n] + ya(n+ 1)po[n+ 1] -+ Panpg[n — 1]

+ YoP1[n] — 2gv/ngi[n], (5.13a)
dp;t[n] =— ((ya+Pa)n+Pa+yo ) p1[n] + ya(n+ 1)p1[n+ 1] + Panpy [n— 1]

+ Pspo[n] +2gvn+1g[n+1], (5.13b)
dqdi—,En] =- ((Va+ Pa)n— Va; P + VGZPU)CIi n]

+ yav/ (n+1)ngi[n+ 1] + Ps/(n—1)ngj[n— 1]

+9vn(po[n] — pa[n—1]) — Age[n], (5.13c)
dC(]jr'En] == ((Va+ Pa)n— Va; " + VO;PG>Qr[n]

+va/ (N+1)nge[n+ 1] + Pay/(n—1)ng [n— 1] + Aqi[n].  (5.13d)
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Note that, in the steady state, EgS.1(9 are detailed-balance type of equations.
The conditional photon statistics with and without the exeiare similar, and cou-
pled through the imaginary part of the q distribution (tisahot a probability). At
resonance, the real part of the coherence distributiomeds decoupled and van-
ishes in the steady state. As a result, only E§sL.39—(5.139 need to be solved.
Wheng vanishes, gdoes not couple the two modes anymore, and their statistics
become thermal like in the boson case. Through the off-giabelements g the
photon density matrix can vary between Poissonian, the(sugerpoissonian)
and subpoissonian distributions.

The rest of the Chapter is organized as follows. In Sediidnl, we provide
the expressions for all—and only those—correlation fuorithat enter the prob-
lem, making it as computationally efficient as possible foeaact treatment. We
provide a decomposition of the final spectra in terms of itemms of the dressed
states, which gives a clear physical picture of the problemection5.4.2 we
give the analytical expressions for the position and broawpof the resonances
of the system at vanishing pumping. Weighting these resmewby the self-
consistent dynamics of the system established by finite pugrgnd decay, gives
the final spectral shape. We discuss in particular the natfi@&C that varies from
manifold to manifold, rather than holding for the entireteys as a whole. In Sec-
tion 5.4.3 we consider three particular points representative oekperimental
situation, plus one point beyond what is currently avadable first discuss their
behavior in terms of population and statistical fluctuagias imposed from the
pumping conditions. In Sectioh.4.4 we give the backbone of the final spectra
at nonvanishing excitations. This is the numerical coyagrof Sectiorb.4.2 in
the presence of arbitrary pumping. In Sectmd.5 we present spectral shapes
for the three points in a variety of configuration and comhesn to each other.
In Section5.4.6 we investigate the situation at nonzero detuning, whichdase
of particular importance in semiconductor physics.

5.4.1 First order correlation function and power spectrum

In the LM, the symmetrya < b allowed to focus exclusively on the cavity-
emission without loss of generality, as the direct excitonission could be ob-
tained from the cavity emission by interchanging paransetétere, the exciton
(fermion) and photon (boson) are intrinsically differeabhd no simple relation-
ship links them. They must therefore be computed indepdhydeim order to
apply the QRF 2.96), four indices are required to label the closing operators,
namely{n} = (mmuv) in C(,, = a’ a"o™ ¥ with m n€ Nandp, v € {0,1}.

The links established between them by the Liouvillian dyiwanare given the
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rules:

. _ -P +P,
My = icos(m 1) +-i6g (= v) = 2 (o) — 22 (i v),
mnuv 2
(5.14a)
M mmpuv =PBPmn, M mmuv =Ps;uv, (5.14b)
m—-1,n—1,uv mnl—uy,1—-v
M muv  =M* pwp =igm(l—p), (5.14¢)
m-1,n1—pu,v nm-1v,1—u
mn+1,u,1-v n+1mil-v,u
M muv =M pmwp =2igv(l—p), (5.14e)
mn+1,1—pu,v n+1myv,1—u

and zero everywhere else. We are interesteQin= clwithc=a and{na} =
(0,1,0,0) on the one hand, to get the equation fa(t)a(t + 1)) that will provide
the cavity emission spectrum, awd= o with {ns} = (0,0,0,1) on the other
hand, to get the equation f¢o ' (t)o (t + 1)) for the QD direct emission spectrum.
Contrary to the LM, this procedure leads to an infinite set efpted equations.
The equations for botka' (t)C (g 1,00)(t + 7)) and (o (t)Cig0,01)(t + T)) involve
the same family of closing operatds,,,, namely withn € Uy, -4 Where. 41 =
{(0,1,0,0),(0,0,0,1)} the manifold of the boson case, and kor 1:

M={(k—=21,k,0,0),(k—1,k—1,0,1),(k—2,k,1,0),(k—2,k—1,1,1)}. (5.15)

The links between the various correlators tracked throbghrtdices(n }, are
shown in Fig.5.11 It is very interesting to compare this schema with those of
the LM (Fig. 3.1), the two coupled 2LSs (Figt.2) and the AO (Fig5.1). We
can easily distinguish the models that can be solved analijtiin the fact that a
manifoldn of the schema does not “call” higher orles n. In the LM, this is due
to a natural truncation. The first manifold$; and./1, in green, are enough to
compute the spectra and populations. In the two 2LSs, tle®neaf truncation is
the saturation of both dots, that reduces the number of moroerelators to a few
(all nonzero one-time correlators are in the graph). In¢ase, the first but also
the second manifold are involved in the spectr and. 4, are smaller than for
the JC, again reduced by saturation of the second mode. Thedsatanifold in
general differs for each model. As we know, the models oniweaye in the first
manifold that corresponds to the linear regime. The AO ard®M both require
an external truncation to close their equations. In the A@3,the interaction who
links the manifolds to higher ones while in the JCM, itis theglng. SE imposes
a truncation at the highest manifold that the initial stai®lves.

To solve the differential equations of motion in EQ.96), the initial value
of each correlator is also required, e.@!(t)a(t + 1)) demands/(a'a)(t)), etc.
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The initial values of(a(t)Cyp(t + 1)) (resp., (0 (t)Cyyy(t + 1)) can be con-
veniently computed within the same formalism, recurringXp= 1 andCyz,
with {f} = {m+ 1 nuv} (resp.,{mn u+1,v}). This allows to compute also
the single-time dynamicéCy7,(t)), and their steady state, from the same tools
used as for the two-time dynamics through the QRF. The indiggsrequired
for the single-time correlators form a set—that we call = Ukzl,/ﬁ(—that IS
disjoint from J,~1 -, required for the two-times dynamics. The sét has—
beside the constant terfmo} = (0,0,0,0)—two more elements for the lower
manifold (of the LM). This is becausfa} = (0,1,0,0) and{ns} = (0,0,0,1)
invoke (1,1,0,0) and (1,0,0,1) for the cavity spectrum on the one hand, and
(0,1,1,0) and (0,0,1,1) for the exciton emission on the other. At higher or-
dersk > 1, all two-times correlatorsfi otherwise depend on the same four single-
time correlators 4. Independently of which spectrum one wishes to compute,
these four elementgl, 1,0,0), (1,0,0,1), (0,1,1,0) and (0,0,1,1) of .41 are
needed in all cases as they are linked to each other, as shdvign 5.11

In the figure, only the type of coupling—coherent, througtor incoherent,
through the pumping®, ,.—has been represented. Weighting coefficients are
given by Egs. %.14). Of particular relevance is the self-coupling of each eerr
lator to itself, not shown on the figure for clarity. Its coeiént, Eq. §.143, lets
entery, ¢ that do not otherwise couple any one correlator to any ofthers. This
makes it possible to describe decay, at vanishing pump,thétimanifold method
by simply providing an imaginary part to the Energy in Eg1(l). The incoherent
pumping, on the other hand, establishes a new set of coonsdietween corre-
lators. Note, however, that at the exceptior{ g}, the pumping does not enlarge
the setdJ 4%, U4k the structure remains the same (also, technically, the com
putational complexity is identical), only with the corrides affecting each other
differently. The addition of no} by the pumping terms bring the same additional
physics in the boson and fermion cases: it imposes a seffistent steady state
over a freely chosen initial condition. In the LM, the pungpimad otherwise only
a direct influence in renormalizing the self-coupling of le@orrelator. In the
JCM, it brings direct modifications to the Hamiltonian coherdynamics. But its
contribution to the self-coupling is also important, andegirise to an interesting
fermionic opposition to the bosonic effects as seen in E4.4@ in the effective
linewidth:

MNa=Ya—Pa, le=Yo+Fs. (5.16)
For later convenience, we also define:
=
M= a4 b (5.17)

Eq. 6.16, reminds us that, whereas the incoherent cavity pumpimngwa the
linewidth, as a manifestation of its boson character, theherent exciton pump-
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ing broadens it. This opposite tendencies, participatiggther in the dynamics,
bear a capital importance for the lineshapes, as narrow fav®r the observation
of a structure, whereas broadening hinders it. On the otted fthe cavity inco-
herent pumping always results in a thermal distributionradtpns with large fluc-
tuations of the particle numbers, that brings inhomogesd&ooadening, whereas
the exciton pumping can grow a Poisson-like distributiothvlittle fluctuations.
Both types of pumping, however, ultimately bring decoheeetacthe dynamics
and induce the transition into WC, with the lines composingsiiectrum collaps-
ing into one. Putting all these effects together, there isgimum configuration
of pumpings where particle fluctuations compensate for tbadening of the in-
teresting lines, enhancing their resolution in the spectras we shall see when
we discuss the results below.

As there is no finite closure relation, some truncation isrntdea We will
adopt the same scheme as for the AO, where a maximumg,gf excitation(s)
(photon plus excitons) is considered at thgyth order, thereby truncating by
manifolds of correlators, which is the most relevant pietufrhis means that the
last manifold considered in Fi¢.11is .4/max the one with mean values indexes
that fit(m-+n+ U+ v)/2 = nmax. The exact result is recovered in the limji{ax —
. As seen in Fig5.11, the numbers; of two-time correlators from/4” up to
ordernNmax IS & = 4Nmax— 2 and the number of mean values frami is 4nmax.
The problem is therefore computationally linear in the nemdf excitations, and
as such is as simple as it could be for a quantum system. Tlegagj@ase consists
in a linear system o& coupled differential equations, whose matrix of coeffitsen
[specified by Egs.q.14)] is, in the basis o), as x & square matrix that we
denoteM. With these definitions, the quantum regression theorerarhes:

wherevg(t,t+1) = (CT(t)C{n}(t + 1)). Explicitly, for the lower manifolds, e.g.,
forc=a

C0,1,0,0) (a'(ta(t +1))
Clo.00. T<aT Bo(t+1))
C t t
Cim = | Cuzop | ad Valtit+7)= (aa0) sy | - 639
C0.2,1.0) (@'(t)(a?a™)(t+1))

The ordering of the correlators is arbitrary. We fix it to tle@t~ig. 5.11, as
seen in EQ.%.19. With this convention, the indices of the two correlatofs o
interests are:

ia=1 Iis=2. (5.20)
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Figure 5.11: Chain of correlators—indexed b{n} = (m,n,u,v)—linked by the dissipative
Jaynes-Cummings dynamics. On tle& (resp.,right), the setlJ, ./ (resp.,Ux %) involved

in the equations of the two-time (resp., single-time) dats. In green are shown the first mani-
folds. 41 and.#1 that correspond to the LM, and in increasingly lighter slsaaféblues, the higher
manifolds.# and.4. The equation of motioral (t)Cyp; (t + 7)) (resp.(a™(t)Cypy (t + 1)) with

n € i requires for its initial value the correlatdC7,) with {fj} € N defined from{n} =
(mn,u,v) by {i} = (m+21,n,u,v) (resp. (mn,u +1,v)), as seen on the diagram. The red
arrows indicate which elements are linked by the cohere@) @fynamics, through the coupling
strenghtg, while the green/blue arrows show the connections due tmtmherent cavity/exciton
pumpings, respectively. The self-coupling of each nodésklfiis not shown. This is whem, ¢
andy, ¢ enter.
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To solve Eq. .18, we introduce the matriE of normalized eigenvectors
of M, and—D the diagonal matrix of eigenvalues:

—-D=EME. (5.21)

The formal solution is given byq(t,t + 1) = Ee PTE~1y¢(t,t). Integra-
tion of [el~P+H®¥)dr and application of the Wiener-Khintchine formula yield
for theizth andigth rows ofv. the emission spectra of the cavity, namé&y—=
-0 J(@ (t)a(t+1))¢*"dr on the one hand, and of the direct exciton emission,

So = 70 [(oT(t)o(t+1))é*"dT, on the other hand. We find, to ordafax:

S L, +iKE
:—D Z 'Cp, c=a,o, (5.22)

whereLi"CID and Ki‘;p are given by the real and the imaginary part, respectivély, o
[Elicp[E~ Ve(t,1)] p/nc:

ch+|KICp 'cpz quvctt] g9, 1<p<s, (5.23)

andDp = [D]pp (When we refer to elements of a matrix or a vector by its inglice

we enclose it with square brackets to distinguish from laigeindices). Further

definingyp/2 andwy, as the real and imaginary parts, respective\p gf
yp+|wp Dp, (5.24)

we can write Eq.%.22) in a less concise but more transparent way. To all orders,

it reads:

1 S . Yo/2 c W — Wy )

MO Tt |0Z (L'°p(w Wp)?+ (Vp/2)? K'Cp(w— wp)?+(W/2)?)

(5.25)
The lineshape, as in all the models we have studied in thEshis composed
of a series of Lorentzian and Dispersive parts, whose positand broadenings
(FWHM) are specified by, andyy, cf. Eq. 6.24), and which are weighted by the
coefficientstcp andKi‘;p, cf. Eq. 6.23. The former pertain to the structure of the
spectral shape as inherited from the Jaynes-Cummings eleerly. They are, as
such, independent of the channel of detection (cavity @uctliexciton emission).
We devote SectioB.4.2to them. The latter reflect the quantum state that has been
realized in the system under the interplay of pumping anedyl€éthey determine
which lines actually appear in the spectra, and with whitérisity. Naturally, the
channel of emission is a crucial element in this case. Wetdevectiorb.4.3to
this aspect of the problem.
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5.4.2 Vanishing pump case in the manifold picture

In this Section, we discuss the series of parametgrandy, that in the lumines-
cence spectrum, Eg5.25, determine the position and the broadening (FWHM)
of the lines, respectively, in both the cavity and the diesatiton emission. The
case of vanishing pumping is fundamental, as it correspunitie textbook Jaynes-
Cummings results with the SE of an initial state. It servedasskeleton for the
general case with arbitrary pumping and supports the gbpieyaical picture. Fi-
nally, it admits analytical results. We therefore begirhite case wherd,, P, <

Ya, Yo The eigenvalues of the matrix of regressMnare grouped into manifolds.
There are two for the first manifold, given by:

D%=F++i<wa—%:|:\/gz—<l'_+i%>2), (5.26)

and four for each manifold of higher ord&r> 1, given by, for 4—5<p <
4k —2:4

Dp = Fk+i<wa+sgr(p— (8k—7)/2)Rk+(—1)pr;1> , (5.27)

in terms of thekth-manifold (half) Rabi splitting

AN 2
R = \/(\/Rg)Z - (r_ +|—) : (5.28)
2
and of thekth-manifold (half) broadening
Fk:(2k—3)r_+(2k—1)r+:(k—l)ya+y—§. (5.29)

For each manifold, we have defined thgin order by increasing value of the line
positionwy.

According to Eq. $.24), these provide the positiaiy, of the line and its half-
broadeningy,/2 through their imaginary and real partSy is always real, so it
contributes in all cases tg, only. Ry is (at resonance) either pure real, or pure
imaginary, and similarly to the LM or the two coupled 2LSsstis what defines
SC. This corresponds to an oscillatory or damped field dynawofithe two-time
correlators within manifolck, which lead us to the formal definition: WC and
SC of ordern are defined as the regime where the complex Rabi frequency at
resonance, Eq5(29), is pure imaginary (WC) or real (SC). The criterion fih
order SC is therefore:

9> |r_|/vn. (5.30)

4The function sg(x) is defined as 0 fox = 0 andx/|x| otherwise.
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Figure 5.12: Spectral structure of the JCM at resonance and without pugna) Positionscwy

of the lines in the luminescence spectrum. Only energiekenithanw, are shown (not their
symmetric beloww,). We takew, = 0 as the reference energy. In green (thick), the first man-
ifold, and in increasing shades of blue, the successiveehigtanifolds which form a pattern
of branch-coupling curves that define different orders of @¢ Half-Width at Half Maximum
(HWHM) y,/2 of the lines (withy; = 0). In both(a) and(b), the blue filled region results from the
accumulation of the countable-infinite vanishing lingy.Eigenenergies of the Jaynes-Cummings
Hamiltonian with decay as an imaginary part of the bare @aer@gheJaynes-Cummings ladder
This provides a clear physical picture of pateglwhere the peaks positions arise from the differ-
ence of energy between lines of two successive manifolaedd of (a) stem from the emission
from manifoldk in SC into manifoldk — 1 in WC (or vacuum). Line8x andCy stem from the
emission between the two manifolds in SC. Solid lines arsghmotted in(a), dotted lines pro-
duce the symmetric lines, not shown. The horizontal What 0 in(a) arises from decay between
two manifolds in WC. The schem@) also reproduces the broadening of the lifigswith the
sum of the imaginary parts of the eigenenergies involvetartitansition.

SC is achieved more easily, given the system paramegeasd ya o), with
an increasing photon-field intensity that enhances thetafeecoupling strength.
The lower the SC order, the stronger the coupling. This spoeds to theith
manifold (and all above) being in SC (aided by the cavity phe}, while then— 1
manifolds below are in WC. First order is therefore the one wladirmanifolds
are in SC. Eq.%.30 includes the standard SC of the LM and 2L§s; |l _|, as
the first order SC of the fermion case, that is shown in gre@ok} in Fig.5.12
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The same position of the peaks > and the same (half) broadenings, is also
recovered (in the absence of pumping). Note that similariyhé boson case, the
SC is defined by a comparison between the coupling strepgtih thedifference

of the effective broadeninig, andl'y. The sum of these play no role in this regard.

The wp andyy/2 are plotted in Fig5.1a) and5.12b), respectively, as func-
tion of _. Note thatw, only depends om andl _, whereasy, also depends
onl . (thatis why we plot it fory; = 0).

The Dp, Eq. 6.27), have a natural interpretation in terms of transitions be-
tween the manifolds of the so-call@dynes-Cummings laddeFhe eigenenergies
of the Jaynes-Cummings Hamiltonian with decay granted asithginary part of
the bare energiess ¢ —iyao/2), are given byEK with

(2k—=1)ya+ W

A
Eizh%—zi&—l . , (5.31)

for thekth manifold. The four possible transitions between conezmanifolds
k andk — 1 give rise, wherk > 1, to the four peaks we found:

Dax_s = i[EX — (EXH)"], Dy =i[EX — (EX1)"], (5.323)
Dak_3 = i[EX — (EX"1)"], Dak_2 =i[EX — (EX"1)]. (5.32b)

In the case&k = 1, only the two peaks in common with the LM arig®, » = iEL,
given respectively by Eqs5(329 and 6.32h with E? = 0.

The ladder is shown (at resonance) in Fd.Zc). Let us discuss it in connec-
tion with our definition of SC in this system, to arbitrany Whenl' _ = 0, each
step of the ladder is constituted by the two eigenstateseofdimion, dressed by
then cavity photons, resulting in a splitting of Zhg. This kind of renormalization
already appeared in Chaptewhen we discussed the coupled two 2LSs, that can
be considered as a particular case of the JCM, where thereecaa tmore than
a photon in the system. Amdependent splitting produces quadruplets of delta
peaks with splitting oft-(/n++/n— 1)g aroundws, as opposed to the LM where
independently of the manifold, the peaks are all placeggroundw,. In a more
general situation with _ # 0, there are three possibilities for a maniféld- 1:

1. Both manifold k and k-1 are in SC.The two Rabi coefficientB, andRy_1
are real. This is the case when

Ir_| <gvk—1. (5.33)

The luminescence spectra corresponds to four splitted bpe— wa +
(R = Rk_1), coming from the four possible transitions [Egs.32), shown
asBy andCy in Fig. 5.12c)] between manifoldg andk — 1. The emission
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from all the higher manifolds also produces four lines. They grouped
pairwise aroundwv, [Fig. 5.12a)] and all have the same broadening, con-
tributed byl only [the single straight line in Figh.12b)].

2. Manifold k is in SC while manifold & 1 is in WC.In this caseRy is pure
imaginary (contributing to line positions) afl_; is real (contributing to
broadenings). This is the case when

gvk—1<|r_| <gvk. (5.34)

This corresponds to two lines, — wa = Ry in the luminescence spectrum,
coming from the two possible transitions [shown/qsn Fig. 5.14c)] be-
tween the SC manifolé and the WC manifolck — 1. Each of them is
doubly degenerated. The two contributions at a gisggrnave two distinct
broadenings/2 — k£ |Rc_1| aroundly. [cf. Fig. 5.1b)]. The final
lineshapes of the two line&; is the same. In this region, all the emission
from the higher manifolds produce four lines and all fromltiveer produce
only one (atw,), being in WC.

3. Both manifold k and k 1 are in WC The two Rabi coefficient® andRy_1
are pure imaginary. This is the case when

gvk< ||, (5.35)

This corresponds to only one line@ — w, in the luminescence spectrum,
coming from the transition from one manifold in WC to the othsrown
asW in Fig. 5.1c)]. The line is four-time degenerated, with four contri-
butions with different broadenings /2 — ¢+ (|R«| £ |R_1/), as seen in
Fig.5.1b).

Figure5.12is the skeleton for the luminescence spectra—whether fithto
cavity or of the direct exciton emission. It specifies at wiiaergies can be the
possible lines that constitutes the final lineshape, and ateatheir broadening.
To compose the final result, we only require to know the wedajlgach of these
lines.

In the SE case, the weights, andK, include the integral of the single-time
mean values/a(t,t) over 0<t < . Therefore, only those manifolds with a
smaller number of excitations than the initial state caneappn the spectrum.
Each of them, will be weighted by the specific dynamics of thetem. The
“spectral structure”—i.e., they, andy,—depends only the system parameteys (
andys o). Therefore, in the SE case, the resulting emission speaswan exact
mapping of the spectral structure of the Hamiltonian, Big2
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In the SS case, the weighting of the lines also depends onhwjuantum
state is realized, this time under the balance of pumpingdacdy. But the exci-
tation scheme also changes the spectral structure 0bHig. When the pumping
parameters are small, the changes will mainly be pertuwhsibf the present pic-
ture and most concepts will still hold, such as the definiob&C, Eq. .30 for
nonzeroP, ¢ in (5.17). However, when the pump parameters are comparable to
the decay parameters, the manifold picture in terms of Hamd#n eigenenergies
breaks, as it happen for the two coupled 2LS in Chafit@he underlying spectral
structure must be computed numerically for each specifibipgoof the system
with P, andPg. It can still be possible to identify the origin of the linegthvthe
manifold transitions by plotting their positian, as a function of the pumps, start-
ing from the analytic limit. SC of each manifold can be asatst to the existence
of peaks positioned ab, # wa, wy. We address this problem in next Sections.

5.4.3 Population and Statistics

To know which features of the spectral structure dominatevamch are negligi-
ble, one needs to know what is the quantum state of the systetie LM, it was
enough to know the average photan)(and exciton if,) numbers, and the off-
diagonal elementy, = (a'b). In the two 2LS, only one more averaged quantity,
ng, was necessary. In the most general case of the fermiomsyateountably
infinite number of parameters are required for the exacshape, as in the LM
with interactions or the AO. The new order of complexity bybtiby the fermion
system is illustrated for even the simplest observableteats of a closed rela-
tionship that provides, e.g., the populations in terms efsysstem parameters and
pumping rates, only relations between observables cantaéeld in the general
case. For instance, for the populations:

rana—|— rang — Pa+ Pg. (536)

This expression is formally the same as for the coupling af besonic modes.
The differences are in the effective dissipation paranieiet y, + Py (instead of
the bosonic oney, — R,) and the constrain of the exciton populations @y < 1.
One solution of Eq.§.36) is ni' = Py/I andn® = P, /T, which corresponds to
the casey = 0, where each mode reaches its thermal steady state indaypnd
(Bose/Fermi distributions, depending on the mode stasistid/ith couplingg #
0, we can only derive some analytical limits and bounds. Kangple, when
ya = Pa, one sees from Eq5(36) thatng = (P + Pa) /T &, with the condition for
the cavity pumpP; < s (sinceng < 1). If only the dot is pumpedyy; = ntg‘, and if
bothPy, ya = 0 then, alsa = ! = Ps /(Yo — Py) with the same temperature. As,
in this caseP, must be strictly smaller thayy, the exciton populations < 1/2
prevents an inversion of population, as is well known for ae-tevel system.
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Wheny, > Py, we get the following bounds for the cavity populations inns
of the system and pumping parameters:

(5.37)

WhenPy = y; = 0, the cavity is in thermal equilibrium with its bath, = n,
and with the doty = Py/(ya+ Pa). In this case, the pump is limited B < v,
and agaimg < 1/2. Again, the inversion of population cannot take placeipgtt
the system in contact with only one thermal bath. In all theseations where
an analytic expression for the population is obtained, #taming between cavity
and dot does not affect the final steady state, althoughetates, together with
the coupling strength, the time that it takes to reach it. Aeresting limiting
case where inversion can happen, is that whgrand P, are negligible, then
Na = Ps(1—ng)/ya. When the pump is low and,; < 1, n; grows with pumping,
but when the dot starts to saturate amgd— 1 the cavity population starts to
guench towards; — 0, as described bigenson and Yamamo(d999. Here, all
values ofP; bring the system into a steady statengsannot diverge. However, if
we allow some cavity pumping, given thatloes not saturat®;, is bounded. A
rough guess of this boundary is, in the most general case:

Pa < max(ya, Vo) - (5.38)

If Eq. (5.38 is not fulfilled, the system diverges, as more particlesgested at
all times by the incoherent cavity pumping than are lost bgagte Numerical evi-
dence suggests that the actual maximum vall® dépends oR;. To some given
ordernmax, divergence typically arises much before conditiér8@) is reached,
although it is difficult to know if a lower physical limit hasekn reached or if the
order of truncation was not high enough.

The second order correlatgt?) at zero delay can be expressed as a function
of ng only:

g? = [gz((na—|— 1)(PZ+P2) —Na(Ya+ Yo )+ Pa(Ya+ g+ Py 4+ 6nal )

+Po(Ya+ Vo — 2Nala)) + (Pa—Nala) (412 +A2)} / 2Pr2rals. (5.39)

Obtaining the expression for tmeh order correlator and setting it to zero would
provide an approximate (of ordaj closed relation fon,. We shall not pursue
this line of research that becomes very heavy.

As an overall representation of the typical systems thaeanireal and desired
experiments, we consider three configurations, shown in(bi3, scattered in
order to give a rough representative picture of the overadisbilities, around
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- Parameters from Khitrova et al. (2006) Ph(c)iogti; 1{
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Figure 5.13: Blue points give the decay rates for the cavity and quanturestomated bhitrova

et al. (2006 for four references systems having achieved SC at this. tphetonic crystals and
pillar microcavities nearby point 3, microdisks and atosystems nearby poi2 In Green, the
three sets of parameters used in this text. Pdrasd3 average over their two nearest neighbors
and represent these systems. Pa&intpresents a very good system in very strong coupling, that
might be realizable in the near future. Parameters areidrecbecause numerical computations
have been done to arbitrary precisions (with the valuesive

parameters estimated i§hitrova et al. (2006. Point 1 corresponds to the best
system of our selection, in the sense that its decay rataeayesmall {4 = g/10,
Yo = g/100), and the quantum (Hamiltonian) dynamics dominateglgthe sys-
tem. Itis a system still outside of the experimental reachnt3 on the other hand
corresponds to a cavity with important dissipations, tfatpwing our analysis
below, precludes the observation of any neat structuriatéble to the underly-
ing Fermi statistics. According to numerical fitting of theperiment, real struc-
tures might even be suffering higher dissipation rates$&e3.5). Point 2 repre-
sents other lead systems of the SC physics, that we will slaowpoesents strong
departure from the linear regime, in particular condititmst we will emphasize.
The best semiconductor system from FdL3is realized with microdisks, thanks
to the exceedingly good cavity factors. We shall not entter gpecific discussion
of the advantages and inconvenient of the respective atialis and the accuracy
of these estimations. From now on, we shall refer to this spammeters as that
of “reference points”, keeping in mind that points 1 and 2 antggular represent
systems that we will refer to as a “good system” and a “morésteéasystem”,
respectively.

In Fig. 5.14 the three observable of main interest for a physical unaedsng
of the system that we have just discussetg—, and g(®—are obtained nu-
merically for the three reference points. Electronic pumgpis varied from, for
all practical purposes, vanishing (1) to infinite (1Gg) values. Various cav-
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Figure 5.14: Populations and statistics of the points marke@ and3 in Fig. 5.13 Each row
shows the triplen, (1st column)n, (2nd) andy'® (0) (3rd) for a given pointith row corresponds
to pointn). All plots share the sam¥-axis in log-scale oP,/g ranging from 103 to 1¢°. All
Y-axis are rescaled to its specific graph, at the exceptian efhich is always between 0 and 1.
The color code corresponds to different value$pf Each color code applies to its row and is
given in the last column. The qualitative behavior is roygthle same for all points: there is a
peak inn, that is subsequently quenched as the dot gets saturatgf® lthere is on the other
hand, a local minimum of fluctuations that can be brought éoRbissonian limit of 1 (allowing
for a lasing region) and maintained over a large plateau adgavities.

ity pumpings are investigated and represented by the colde écom no-cavity
pumping (dark blue) to high, near diverging, cavity pump(ned), through the
color spectrum. We checked numerically that these resalitsfg Eq. 6.36). The
overall behavior is mainly known, for instance the chanastie increase till a
maximum and subsequent decreaseoivith P; has been predicted in a system
of QD coupled to a microsphere Benson and Yamamot(1999. This phe-
nomenon of so-callegelf-quenchings due to the excitation impairing the coher-
ent coupling of the dot with the cavity: bringing in an excittmo early disrupts
the interaction between the exciton-photon pair formedhftbe previous exci-
ton. Therefore the pumping rate should not overcome sigmifig the coherent
dynamics. Too high electronic pumping forces the QD to renaiits excited
state and thereby prevents it from populating the cavitythla case the cavity
population returns to zero while the exciton populationgiabability for the QD
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to be excited) is forced to one. This effect appeared as wélie two 2LSs, with
the quenching of the direct emission when the dots saturaittdthe excitonic
pump. The cavity pumping brings an interesting extensiothi® mechanism.
First there is no quenching for the pumping of bosons thathercontrary, have
a natural tendency to accumulate and lead to a divergenegefline the limiting
values forng whenP; — 0 or P, — oo are not zero, as in the previously reported
self-quenching scenario. They also happen to be different:

_ Pa— Yoo

Ny = Na(Py = 0) P (5.40a)
P
> — | =2 5.40b
na PUITOO na ya — Pa 9 ( )

and therefore satisfyy < ng. Eqg. 6.400 follows from the decoupled thermal
values for the populations; — Ps/(Ps + V), and corresponds to a passive cav-
ity where the quenched dot does not contribute at all. In¢age, the emission
spectrum of the system is expected to converge to

Si(@) = L

= @ w2t (Ta/22 (5.41)

for the cavity, andS;(w) = O for the dot. The other limit wheR; = 0, shows
the deleterious effect of the dot on cavity population. Tloé fdlly enters the
dynamics contrary to the quenched case where it is subdr&cte it.

In the works oMu and Savag€l 992, Ginzelet al.(1993, Jonest al.(1999,
Karlovich and Kilin (2001) or Kozlovskii and Oraevski{1999, important appli-
cation of SC for single-atom lasing were found for good desitl and 2, where
the couplingg > ya, W, is strong enough. Lasing can occur when the pumping is
also large enough to overcome the total l0s88S> Va, Vo. SettingPy, Yo = 0,
Egs. 6.13 can be approximately reduced to one for the total photorabatoility
p[n], as it has been shown Bcully and Zubairy2002 or Benson and Yamamoto
(1999:

dpln]
dt

lg(n+1) ) il + lgn

:Va(n+1)p[n+1]_(Van+1_|_|s/|G(n-|-1) 1+1s/lgn

pln—1]
(5.42)
The parameters that characterize the laser are the gaindg? /P, and the self
saturationls = 8g?lg/P2. Far above thresholthfls/lg > 1), the statistics are
Poissoniang'® = 1, with a large intensity in the emissiam, = Py /(2ya), and half
filling of the dot,ny = 0.5. However, this analytic limit from the standard laser
theory is not able to reproduce the self-quenching effetticed by the incoherent
pump, nor the subpoissonian regia¥( < 1) where quantum effects are prone
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to appear. The validity of the laser theory is restrictechernarrow regiony,; <
Py < Y5, Whereyl = 4g?/ya is the boundary for the self-quenching. In the weak
coupling regimey} is the well known Purcell enhanced spontaneous decay rate
of an exciton through the cavity mode. In the strongly codmgstem, it can
be similarly understood as the rate at which an exciton foams into a photon.
If the excitons are injected at a higher rate, there is no fonesuch a coherent
exchange to take place and populate the cavity with photéigs5.14shows that
lasing can be achieved with system 1 in the correspondirigmeg pump. Here,
we will solve the system exactly, covering this regime andre other possible
ones with the full quantum equations of motion.

The effect of cavity pumping depends strongly on the expenital situation.
In the case of an exceedingly good systd®g,has little effect as soon as the
exciton pumping is importanE; > y5. Cavity pumping becomes important again
in a system like 2, where it enhances significantly the oypputer, with the price
of superpoissonian statistiog® > 1). With a poorer system like point 3, some
lasing effect can be found with the aid of the cavity pump:réhis a nonlinear
increase o, andg® approaches 1 fog < P; < 10g. However, the weaker
the coupling, the weaker this effect until it disappears pletely for decay rates
outside the range plotted in Fi§.13 In all cases, the self-quenching leads finally
to a thermal mixture of photong'@ = 2) and WC at large pumping.

5.4.4 Weights and Renormalization

To give a complete picture of the spectral structure, thahase obtained ana-
lytically in Section5.4.2 we need to consider how this limiting case of vanishing
pumpings evolves with finite pumping. Here again, we haveito to numerical
results.

Two cases of finite pumpings are shown in Figl5 for the finite pumping
counterpart of Fig5.12a), namelyP; = g/50, (a), and®; = g/10, (b) and (c).
We takew, = 0 as the reference energy. Panel (a) shows how the limitisg ca
(Ps < g) is weighted and deviates rather lightly from the analytresult. The
computation has been made to truncation orggg = 50 and we checked that
it had converged with other truncation orders giving exatitt same result. In
the figure, onlyw, whose weighting in the cavity emissids§ (Lorentzian part)
is nonzero are shown, although most of them are very smallveliplot only
those with| L?)| > 0.01, only the usuatacuum Rabi doubl€in green in Fig5.12)
would remain. In addition of the weight, also the degenefacynber of peaks)
at a given resonance should be taken into account to quahgfyntensity of
emission at a particular energy. This information is notaappt in the figures,
where we only show in Blue or Red the cases of positive or negyatgpectively,
weighting. In some cases, many peaks superimpose with ieigns, possibly
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Figure 5.15: Spectral structure in the cavity emission of the Jaynes+@imgs model as a function
of ya/g, with some electronic pumpin@\= 0, y» =0, P, = 0, wy = 0). Panela) is for P, = g/50
and(b)-(c) for P, = g/10. Panelc) is a zoom on the central peaks of the entire pic{iae In
blue (resp., red) are the peaks with > 0 (resp. L3 < 0).
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Figure 5.16: Spectral structure in the cavity emission at resonance ascaién ofP; /g for Point
2(A=0,P,=0,w =0). Ininsets we zoom over the central peaks and the regieh®, < g
(upper) and 0< P, < 10g (lower), showing the complex structures that arise. In blue (resp.
red) are the peaks withf§ > 0 (resp. L3 < 0). At sufficiently high pumping, all eigenvalues have
collapse to zero, defining an extreme casweék coupling

cancelling each other. We plot negative values last so thatealine corresponds
to a region of only positive values, while a red line may cometap of a blue
line. This figure gives nevertheless an insightful imagehefunderlying energy
structure and how they contribute to the final spectrum asdalitian of many
emitting (or interfering) events. In (b) we show a case ohkigpumping, with
the same principal information to be found in the mappindefeigenvalues. The
characteristic branch-coupling of the JCM, still easilyntigable in Fig.5.15a),
has vanished, and lines of external peaks directly collépsard the center. A
zoom of the central part, panel (c), shows the consideraingtexity of the inner
peaks, forming “bubbles” around the central line, due tensity-aided SC fight-
ing against increasing dissipation that ultimately ovata This is the counterpart
of the second order and mixed coupling regimes in the SC péaeee of 2LSs,
where bubbles could form as a result of new asymmetric efgtass(l) and|O))
appearing in the system.

The origin of the lines can be better understood if we plofrtfees a function
of pumping, as we commented in Sectidd.2 In Fig.5.16 the same weighted
peak positiongy, are shown (with the same color code) for Point 2 as electronic
pumping is varied from 10°g to 10°g (P, = 0). This last picture supports the idea
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that quantum effects (such as subpoissonian statistigssHi4) are observed at
small pumpings, with optimal range being rouglily < 0.5g, where only the
lowest manifolds are probed. This is the range of pumpingrevtiee Jaynes-
Cummings manifold structure is still close to that withoutrgu Further pumping
pushes the lines to collapse, starting by the vacuum Ralttisglivhich closes,
evidencing the loss of the first order SCR3t~ 4g. Here again we observe this
phenomenon of bubbling, with a sequence of lines openingcafidpsing, that
makes it impossible to specify the exact pump at which thestten takes place.
From this point, SC is lost manifold by manifold similarly tiee case wherg,
was increased. Whdp, ~ 40g, all lines have collapsed onto the center and will
remain so at higher pumpings. The dot saturates and theycawvipties with
thermal photons in a WC regime.

In these conditions, either from Fi§.15b)-(c) or Fig.5.16 a general defini-
tion of Strong-Coupling in presence of pumping is obvioustyywcomplex and
remains to be established.

5.4.5 Spectrum at Resonance

Now we have all the ingredients to present the final resudt:sibectral shapes of
the system in a broad range of configurations and paramatdgssannot give a
comprehensive picture as any set of parameters is by itsiejfia, but will instead
illustrate the main trends, using specifically for that msgs the three reference
points of Fig.5.13 They give a good account of the general case and one can
extrapolate from these particular cases how another caafign will behave. To
get exact results for a given point, numerical computatimoanst be undertaken.

From now on, we shall represent in Blue the spectra that quoresto cavity
emission and in Violet those that correspond to direct eraimission. The main
conclusions, based on semi-analytical results, are diitgior different points or
family of points.

Point 1: very good systems and the incoherent Mollow triplet

Point 1, is best suited to explore quantum effects. Its speshape is unam-
biguously evidencing transitions in the Jaynes-Cummingsldg as shown in
Fig. 5.17with a clear “Jaynes-Cummings fork” (a quadruplet). The optaks

at +1 are the conventional vacuum Rabi doublet, whereas the tner ipeaks
correspond to higher transitions in the ladder. Obsermatioa transition from
outer to inner peaks with pumping such as shown in Bi@7 would be a com-
pelling evidence of a quantum exciton in SC with the cavityg. 5.18 shows

another multiplet structure of this kind for Point 1. Theeinsity of emission is
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Figure 5.17: Jaynes-Cummings forks as they appear in the luminesceectrsm of a QD in a
microcavity with system parameters given by Pdiof Fig. 5.13and for pumping rate&,, Ps) /g
given by (a), (0,0.057); (b), (0.0020.087) and(c), (0.001,0.27). The two outer peaks atl
correspond to the vacuum Rabi doublet. Inner peaks comelsfeatransitions with states of more
than one excitation. Although the underlying structurenis $ame, many variations of the actual
lineshapes can be obtained.

presented in log-scale and for a broader range of frequenstethat small fea-
tures can be revealed. Transitions from up to the third ro&hidan be explicitly
identified. The decay from the second manifold, that matsfesstinctly with
peaks labelled 2 (although it also contributes to peakdl&b8), is already weak
but still might be identifiable in an experimental PL measugat. Higher transi-
tions have decreasing strenght. This can be checked witbrdtiiability to haven
photons in the cavity, (m), computed from Eqs5(13. Whenever the mean num-
bern, is low (as is the case here), this probability is maximum Fa& Yacuum
(p(n) > p(n+1) for all n), independently of the nature of the photon distribution
(sub, super or Poissonian). Only wheg= 1, in the best of cases (for a Pois-
sonian distribution), does this trend start to invert at) p= p(0). This makes

it impossible, even in the very good system of Point 1, to prolearly and in-
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Figure 5.18: Expanded view in logarithmic scale of a spectrum similahtase of Fig5.17, this
time with (P,,P5)/g = (0.002 0.076). Transitions up to the third manifold (shownimsetg are
resolvable. Others are lost in the broadening. The tramsgnergies of the Jaynes-Cummings
ladder are shown by vertical lines (up to the third manifoltfe Rabi peaks that corresponds to

transitions from the first manifold to vacuum (litgis in this case dominated by higher transitions
that accumulate close to the center (I0)e

dependently transitions between manifolds higher thas #heir weak two outer
peaks (approximately at(,/n++/n— 1)) are completely hidden by the broaden-
ing. A stronger manifestation of nonlinear emission is tddaend in the pool of
pairs of inner peaks from all high-manifold transitionsb@tled 0 in Fig.5.19),

at approximately+(,/n—+/n—1). Not only the inner peaks coming from dif-
ferent manifolds are close enough to sum up, but also thegnare intense than
their outer counterparts. This can be easily understooddkimg at the probabil-
ity, I, of transition between eigenstates n) through the emission of a photon,
C = a, or an excitonc = 0. This probability, {=0 g | (f|cli)|?, estimates the
relative intensity of the peaks depending on the initigl, and final,|f), states
of the transition and on the channel of emissior; a, g. A discussion in terms
of the eigenstates of the Hamiltonian is still valid in thgime of Point 1 (very
good system) at very low pump. At resonance, neglecting guemp decays, the
eigenstates for manifold, are|n,+) = (|n,0) =|n—1,1))/v/2. The outer peaks
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arise from transitions between eigenstates of differemd Kin,+) — [n—1,F),
while the inner peaks arise from transitions between eigéss of the same kind,
In,£) — [n—1,+£). Their probability amplitudes in the cavity emission,

577 0l(n-1#|aln ) [° = |vh- vi=1?/4, (5.432)
£ 01— L£aln£) P = [Va+ V- 17/4, (5.43b)

evidence the predominance of the inner peaks versus theamds, given that one
expect the same weighting of both transitions from the dyosmof the system.
The doublet formed by the inner peaks is therefore strongcleadly identifiable

in an experiment. On the other hand, in the direct excitorssiom, the coun-
terparts of Eqs.H.43 are manifold-independent and equal for both the inner and
outer peaks:

15 0 in—1,F|o|n,+) 2 = 1/4, (5.443)
15575 0 (n—1,+|o|n,+)|2 = 1/4. (5.44b)

In this case, therefore, one can expect similar strengthaasitions for both the
inner and outer peaks with a richer multiplet structure ffigr direct exciton emis-
sion.

In Fig. 5.19 we give an overview of the PL spectraRsis varied from very
small to very large values. For point 1, as we already noteslcavity pumping
plays a relatively minor quantitative role. Therefore wéyashow two cases, of
no-cavity pumping (first row) and high-cavity pumping (sedaow). As can be
seen, there is no strong difference from one spectra withandycpumping to
its counterpart with large cavity pumping. Third row showg direct exciton
emission that, with no cavity pumping, corresponds to tst fow. Indeed, one
can observe the richer multiplet structure upPp~ 0.5g in the direct exciton
emission, whereas only inner peaks are neatly manifestercévity emission.
This region corresponds to a quantum regime with a few quah&xcitations
(and subpoissonian particle number distributigif) < 1) giving rise to clearly
resolvable peaks, attributable to the Hamiltonian madgol Therefore, a good
system (highQ andg) and a good QD (two-level) emitter suffice to easily and
clearly observe quantum effects. There is no need of punipander than it has
been done in present systems so far.

In the regiong < Py < 30g, the photon fluctuations are those of a coherent,
classical stategy'® = 1. Increasing pumping with the intention to penetrate ferth
into the nonlinearity, merely collapses the multiplet stue into a single line, as
far as cavity emission is concerned. However, this does matmthat the system
is in weak coupling. In the direct exciton emission, the 18 fine structure has
turned into aviollow triplet, like the one found byMollow (1969, that we discuss
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Figure 5.19: Point1 of Fig. 5.13 Spectral emission over a wide range of electronic pumpiyg from 103 to 10° showing the three main regimes:
multiplet emission, lasing and quenching. Cavity pumpinty @ffects quantitatively the main features of the emissiothis case of very strong
coupling, so a small set is shown as representative enoughugper rows (blue) correspond to cavity emission for no and large cgwitynping,
respectively, antbwer row (violet) to the direct exciton emission for no cavity pumgimhe Jaynes-Cummings fork is clearly resolved at s@all
(< 0.2g) and is enhanced by the cavity pumping. At higher electrpaimping P, ~ 0.5g), the multiplet structure collapses into a dominant double
of inner peaks while the vacuum Rabi peaks melt into its shergl Then the system is brought into lasigg<(P; < 30g) and is finally quenched

(Ps > 30g).
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Figure 5.20: Point1 of Fig. 5.13 Details of the loss of the multiplet structure with incrieas
exciton pumping and zero cavity pumping. The tumper rows (blue) correspond to the cavity
emissionS;(w) and the twolower (violet) to the exciton direct emissioB; (w). The spectral
structure is richer in the exciton spectra that develops Bavidriplet-like emission.

in depth below. In this region, the first manifolds have cealsto WC but higher
manifolds retain SC, bringing the system into lasing. At thisnt, a change of
realm should be performed favoring a classical descripaisiwe already pointed
out with the AO. A last transition into thermal light and WC, doesaturation and
self-quenching, takes place R4 ~ 30g that leads to a single central peak in the
spectra.

In Fig. 5.20 we take a closer look into Fidg.19in the region of the loss of
the doublet of inner peaks with increasing electronic pungpwhere the system
starts to cross from the quantum to the classical regimehdrcavity emission,
the doublet of inner peaks collapses into a single line thabing to narrow as
the system lases. At the same time, a strikingly richer sirecand regime tran-
sition is observed in the direct exciton emission. As thekpesre more clearly
resolved as explained before [cf. Eq5.43 and 6.44)], the “melting” of the
Jaynes-Cummings ladder into a classical structure is kedgieked down. Indeed,
as pumping is increased, broadening of these lines statsite them together
into an emerging structure of a much less reduced comp]exdyely a triplet.
This is completely equivalent to the transition from quantio classical AO that
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Figure 5.21: Point1 of Fig. 5.13 Incoherent Mollow triplets are observed in the excitoredir
emission with broad satellite peaks at approximateB;/n, and a strong narrow central peak
taking over a narrow resonance. Thrggper rows show the spectra over the interval| < 159
allowing to see the satellites. Thriver rows are the same in the windojw| < 3g, allowing to
see the narrow resonance and peak that sit at the origine¥alithe electronic pumping are given
in the frame of the first three rows. Cavity pumping is zeroihfliences very little the Mollow
triplets. Rightmost figure superposes various spectra at increasing elecfpomiping, showing
the drift and broadening of the satellites, and putting @lesthe very strong coherent feature at
the origin. The incoherent Mollow triplet appears thus weifferently from its counterpart under
coherent excitation.
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we studied in Sec.2. In Fig. 5.21, we provide another zoom of the overall pic-
ture given by Fig5.19, this time for the direct exciton emission exclusively.sEir
three rows show the evolution with electronic pumpkg(values in inset) over
a wide range of frequencies, upc5g, while the three last rows show the very
same spectra, with a one-to-one mapping with previous rowly, in the range
of frequenciest3g. The transition manifests to different scales, with a ricie fi
multiplet structure in the quantum regime, as seen in thensabin region, to a
monolithic triplet at higher pumpings, as seen in the ednmggion. On the right,
spectra are superimposed to follow their evolution with purg. The two broad
satellites peaks, at approximately?, /n, (in the AO the broad peak was placed at
npU), drift apart from the main central one with increasing &ton, and in this
sense behave as expected from a Mollow triplet. Variousatievis are however
observed, of a more or less striking character. The moshis$ting feature is the
emergence of a very sharp and narrow peak in the center,abaigen plotted with
its total intensity on the right panel to give a sense of itgni@de. It is clearly
seen in the zoomed-region how this peak arises on top of theedlinountain of
inner peaks, surviving the collapse of the fine structurehadlassical regime.
This thin central resonance appears when a large trundatieeded. It is a sum
of many contributing peaks centered at zero, most of theim vaty small inten-
sities. This region therefore shows all the signs of a ttaomsfrom a quantum
to a classical system. At low pumping, the inner peaks of@ldjuplets coming
from low order manifolds are placed approximately-dt/n—+/n— 1) # 0. Even
when they are summed up to produce the total spectrum, tHsmeandoublet is
still resolved. At around; ~ 1.5g, manifolds high enough are excited so that
for them+(,/n—+/n—1) ~ 0. This is a feature of a classical field resulting in
a Mollow triplet. Note that nothing of this sort is observedthe cavity emis-
sion. The Mollow triplet, whether in atomic physics with @hnt excitation or
in semiconductor physics with incoherent pumping, is auesabf the quantum
emitter itself, when it is directly probed. There is theref@a strong motivation
here to detect leak emission of semiconductor structurke.overall features of
this “incoherent Mollow triplet” differ from its counterpenamesake in the strong
asymmetry of the satellites and their increased broadsmnuity pumping.

In order to appreciate more precisely the structure of thddJvotriplet and
how it emerges from the quantum regime, we consider a evéerlsyistem than
Point 1: y, of the order of 103, 102 and y, = 0. With very small pumping
rates, in Figh.22we can see the very sharp (owing to the small decay rates) indi
vidual lines from each transition. In the plot of the cavitpission, Figs.22a),
we have marked each peak with its corresponding transitivwden two quan-
tized, dressed states of the JC Hamiltonian. These peaksspond one-to-one
with those of the exciton emission, that are, as we just éx@th weighted dif-
ferently. In both cases, the Rabi doublet dominates stroowgy the other peaks.
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In Fig.5.22(a), for instance, the peaks atl extend for about 9 times higher than
is shown, and already the outer transitions are barely ealble. This is because
the pumping is small and so also the probability of havingeribian one pho-
ton in the cavity (it is in this configuration of about 10% tove& photons, see
Fig. 5.25. One could spectrally resolve the winddwg/2,g/2] over a long in-
tegration time and obtain the multiplet structure of noaéininner peaks, with
spacings{v/n+1—/n,n> 1} (in units ofg), observing direct manifestation of
single photons renormalizing the quantum field. Or one coudease pumping
(as we do later) or use a cavity with smaller lifetime. In tbése, less peaks of
the JC transitions are observable because of broadening@sgnthem together,
dephasing and, again, reduced probabilities for the eksti#es, but the balance
between them is better. In Fi§.23 wherey, is nowg,/100, the vacuum Rabi dou-
blet (markedR) is dominated by the nonlinear inner peaks in the cavity siois
and a large sequence of peaks is resolved in the excitoniemiss

Going back to the case of Fi¢.22 but increasing pumping, we observe
the effect of climbing higher the Jaynes-Cummings ladder. uResire shown
in Fig. 5.24in logarithmic scale, so that small features are magnifiadt Fow is
Fig.5.22again but in log-scale, so that the effect of this matherabtiagnifying
glass can be appreciated. Also, we plot over the wider rén@&g, 10g]. Note
how the fourth outer peak, that was not visible on the lineaies is now com-
fortably revealed with another three peaks at still highesrgies. As pumping
is increased, we observe that the strong Rabi doublet is iregbeéhind nonlin-
ear features, with more manifolds indeed being probed, thigh corresponding
transitions clearly observed (one can track up to the 19thifiold in the last
row). This demonstrates obvious quantization in a systeth ailarge number
of photons. The distribution of photons in these three casgwen in Fig.5.25
going from a thermal-like, mostly dominated by vacuum,riisition, to coherent-
like, peaked distribution stabilizing a large number oftjgées in the system. At
the same time, note the cumulative effect of all the side pdakn the higher
manifolds excitations, absorbing all quantum transitioms a background that is
building up shoulders, with the overall structure of a &ipl This is the mecha-
nism through which the system bridges from a quantum to aiclalssystem with
the Mollow triplet. These are obtained this time, both in¢haeity and the exciton
emission, but much more so in the latter.

Point 2: Good systems, the nonlinear doublet and role of caty pumping

In Fig. 5.26 we show for Point 2 a similar overall picture as Figl9does for
Point 1. Point 2 has larger dissipation and to current eséisy@orresponds more
closely to the best systems available at the time of writihg.opposed to Point
1, a small cavity pumping has a strong influence on the resuiye display more
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Figure 5.22: Fine structure of the “light-matter molecule”: emissiorsfra in the cavitya) and
direct exciton emissiofb) of the strongly-coupled system witly,, v ) /g = (10°2,0) atP; /g =
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Figure 5.23: Same as Fig5.22 but now withy,/g = 10-2. Less peaks are resolved because of
broadening but nonlinear peaks are neatly observablectprfaw inner nonlinear peaks dominate
in the cavity emission (the vacuum Rabi peaks are derRfeth the exciton direct emission, the
Rabi doublet remains the strongest.
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Figure 5.24: Spectra of emission in log-scales as a function of pumpin, for 103 (upper
row), 5x 102 (middle row) and 102 (lower row).

05
P, /g
04 | -10 3
5 < 103
T 102
S
&

Z ﬂllumh.. )

0]2345678910]1]2]31415

Figure 5.25: Probability p(n) of having n photon(s) in the cavity, for the three cases shown
in Fig. 5.24  Quite independently of the distribution of photon numbigrghe cavity, field-
quantization is obvious.
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cases, namely those that range from no cavity pumping (&Gvs} to large cavity
pumping €, = g/5, 4th row) with two intermediate cases showing the transfer
of the emission from the vacuum Rabi doublet to the inner peaissng from
transitions between higher manifolds.

The fifth row shows the corresponding direct exciton emisdior the extreme
cases of no (1st row) and highest (4th) cavity pumping. Thé&ycaumping has
the important role of revealing the quantum nonlinearityhef system, that was
obvious for reference point 1 in any case but is now invisibkbe first row, where
at increasing electronic pumping, the vacuum Rabi doublé¢rgoes a rather dull
collapse. The same spectra could be expected from a linesoifit) model, in
the appropriate range of parameters. This is particulateat in Fig.5.27where
three cases of cavity pumping (none, intermediate, ané)ang shown for vari-
ous electronic pumping, both for the cavity and direct efaissOuter lines corre-
spond to zero and inner lines to larger cavity pumping. Note the intermediate
cavity pumping cases display obvious deviation from a bmsorodel, that has
essentially the shape of a doublet of Lorentzian peaks @ulispersive correction
that has little bearing on the qualitative aspect of the fiealilt). Cavity pumping
literally unravels the nonlinearity. The case of internageipumping is the most
determining in this aspect as far as cavity emission is aoeck while higher cav-
ity pumpings are more favorable for uncovering quantumuiiesst from the direct
exciton emission. This is mainly for two reasons. One ha®twith the influence
of what effective quantum state is realized in the systeat, e will discuss in
more details in connection with the third reference poirite Bther being the ex-
citation of higher manifolds from the Jaynes-Cummings ladittat are now less
accessible because of the larger dissipation rates. Nete¢hHedisappearance of
the vacuum Rabi doublet with increasiRg (with no cavity pumping), is of a dif-
ferent character than for Point 1, where higRemresulted in an excitation of the
upper manifolds and a transfer of the dynamics higher in #yads-Cummings
ladder, whereas in this case it essentially results in a etitign between only the
first and second manifold transitions. Cavity pumping caip leéimbing the lad-
der with no prejudice to broadening. Finally, even if bluregolution or statistical
noise of an actual experiment would cast doubt on the preseha quadruplet
in such a structure, the transfer with increasing cavity pimg of the emission
from outer (vacuum Rabi) to inner peaks (from the second ralhifansitions in
this case) makes it clear that the underlying statistic§ @asFermi rather than of a
Bose character. In Fig.28 we show the case,; = 10~3g for such an increasing
cavity pumping for a detailed appreciation of the previdasesnent. A very close
look might still suggest that the caBg = 0 (outer peaks) still has a small devia
tion from the linear model that would betray, in a very finedgolved experiment,
its nonbosonic or nonlinear character. Counter to intujttbis is better seen for
vanishing electronic pumping, as otherwise the lines anadened according to
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Figure 5.26: Same as Figh.19over the same range &%, but for Point2 of Fig. 5.13 In this case, cavity pumping has a strong influence on the
cavity luminescence spectra, so we show more cases, n&ygy= 0 (upper row), ~ 0.08 (second, ~ 0.11 (third ) and~ 0.15 (fourth) as well

as the exciton direct emission spec&ain thefifth columns with two cases of cavity pumpings/g = 0 (outer peaks) ang 0.15, corresponding

to first andfourth rows of the cavity emission. Exciton spectra are less qualgatiaffected by the cavity pumping. With electronic pumping

only, no particular feature is observed in the cavity emissiln this case, cavity pumping makes a huge difference byatieng the underlying
Jaynes-Cummings ladder.
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Figure 5.27: Point 2 of Fig. 5.13 Details of the loss of the multiplet structure with incrieas
exciton pumping. Twaipper rows (blue) correspond to the cavity emissi8{w) and twolower
rows (violet) to the corresponding exciton direct emiss®y{w) for Py/g =0 (i), ~ 0.076 (i)
and~ 0.15 (jii) (higher pumping corresponds to innermost peaks). Cavitygng is essential in
such a system to reveal the Fermionic nature of the QD emitter

Eq. (.16 and this dampens the inner nonlinear peaks. Note, on tlex bdnd,
how cavity pumping unambiguously settles the issue.

Point 3: decoherence and saturation

Finally, we turn to point 3 of Fig5.13 i.e., to the case with high dissipation rates.
In this case, as shown in Fi§.29 the Jaynes-Cummings structure is not probed
and the spectra are mere doublets closing in the WC. A smaltycaumping
again helps to resolve them. The main physics at work herfgeione that has
been amply detailed in Chapt@rin the LM, namely, the effective quantum state
realized in the system by the interplay of pumpings and detayig. 5.30we
plot the LM spectra for the pumping cases that lead to a S dimparison with
the first two columns in Figs.29 The LM is always in SC for thesg /g, and
leads to a Rabi doublet in both channels of emission at all mugsghat is much
better resolved in the presence of cavity pumgigIn both models, therefore,
photon-like quantum state has dispersive correctionsphsit apart the dressed
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Figure 5.28: Detail of S;(w) for Point 2 of Fig. 5.13 at vanishingP, for the values ofP,/g
indicated (higher pumpings correspond to innermost peaks)y reasonably good QD—cavity
system, strong deviations from the linear regime are oleskirvthe emission spectrum, revealing
the Jaynes-Cummings fork. The quantum features are madeaghweious by increasing the cavity
pumping, with a neat renormalization of the dominant doublen if the quadruplet cannot be
resolved experimentally.

T3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3 -3 2 -1 0 1 2 3

w/g

Figure 5.29: Point3 of Fig. 5.13 Spectral emission for the indicated electronic pumpagdg:

103 (1st column), ~ 0.23 (2nd), ~ 7.56 (3rd) and 1000 4th, quenching), foPy/g = 0 (thick

line with no coloring),~ 0.20,~ 0.81 and~: 1.42 as indicated in thop left panel, and similarly

for others (apart from the casg = 0, inner peaks corresponds to higher pumpings). In this sys-
tem, broadening is always too high to allow any manifesteditthe underlying Jaynes-Cummings
structure. The structure could be mistaken for a bosonitesygor the other way around). Spe-
cially, cavity pumping helps observation of the vacuum Radniblet in the same way as of the
linear Rabi doublet for the LM (see Fig.30
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Figure 5.30: Linear model spectra for the system in Pddf Fig. 5.13 (a)-(b) correspond to
cavity spectra angc)-(d) to exciton spectra. The pumpings vary as in the two first cokiof
Fig. 5.29for comparison with the JCM. The color code goes: blue, myiplown and green, from
low to highPs.

states (Lorentzians) and therefore enhances the vigibilidl splitting of the lines.

Although the spectral features found in this system areetlodshe LM (dou-
blet/singlet), the actual spectra differ greatly out of inear regime. Increasing
P further brings the JCM into WC with a singlet in the emissionjlevit cannot
induce such transition in the LM, that remains a doublet arfsiC.

A fundamental difference between the models is that the togumpsP,,
R, always reduce the total broadening of the linfes)(while P; increases it. The
contribution of pump to the line positions differs greatigrh the bosons, as not
only P; carries a different sign but also this contribution depesdthe manifold.
The statistics make also an important difference. Oppositee wide variety of
photon distributions found with a fermion model, cavity aaaiton are always
in a thermal state for bosons, without quenching or reakynigp The issue of
the underlying statistics could therefore be settled in@haounting experiment.
Fig. 5.14 shows that such systems (especially whgn> 1 andy, — 0) have
the advantage over better cavities that at low electronmopog andvanishing
cavity pumping, the system generates antibunched lighéfda for single-photon
emitters (though not on demand).
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Figure 5.31: Positionswy/g of the lines aroundu, = 0 in the luminescence spectrum with de-
tuning and in the absence of pump. Columns correspond tousdetuningsijrst column being
the case of resonance (in Flg12). First three rows show in isolation the first, second and third
manifold, respectively. First manifold corresponds to Bmsonic or linear caseFourth row
shows all manifolds togethekreft-bottom panel is detailed for positivey, in Fig. 5.12

5.4.6 Spectrum with detuning

In semiconductors, the detuning between bare modes is mpteathat can eas-
ily be varied and which provides useful information of the pi@y/sics. Strong
coupling is better studied at resonance, and detuning islynased to help locate
it, by finding the point where anticrossing is maximum anceleepulsion sta-
tionary. In a fitting analysis of an experiment, it brings adbadditional data at
the cost of only one additional fitting parameter. In the Hemtase, it also has
the benefit of uncovering new qualitative behavior of the iRkedhapes, that are
strongly restricted by symmetry at resonance.

Fig.5.31shows the vanishing pumping caseugfin Eq. (5.24) with detuning,
I.e., the imaginary part of Eq5(26) for the first row that corresponds to the first
manifold (also, the boson case) and of Eg2({) for the second and third rows,
that corresponds to the second and third manifold, resfadetiFourth row is a
superposition of all manifolds up to the 15th one. Detunggaried in columns,
from no detuning (first column) to twice the coupling strdngtifth column).
Negative detunings are symmetric with respect toxthgis.

The line opening is common to all manifolds, but note theedéht behavior
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Figure 5.32: Anticrossing of the luminescence lines as detuning w, — wy is varied. Here,
w, = 0 is fixed and the QD bare energy is tuned from below the capitgifive detuning) to
above (negative detuning). Panéd—(d) correspond to Point and panele) to Point2. (a)-
(d) are at zero cavity pumping, = 0. (a) and(d) are forP; = 0.03g [(d) is a zoom of(a)]
and(b)-(c) for P, = 0.3g. (a), (b), (d) are the cavity emissio8,(w) and(c) the direct exciton
emissionSy (w). (e)is for Py = 10~3g andP, = g/5 (cf., 7th row, 1st column of Fig5.26). The
nonlinear central peaks give rise to very characteristiicanssing profiles.
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of the first manifold (linear or boson case) and higher maasfoin the first case,
one line collapses towards the center (on the cavity modég wie other recedes
away, towards the exciton mode. In the nonlinear case, ikarp to four lines,
and outer lines are both repelled away while inner lines g#t httracted towards
the cavity mode, at the center. As we discussed, the totdlldbaf inner peaks
is intense and will dominate. For cases with high dissipatibere is little or no
particular insights to be gained from detuning, as, agaiostrfeatures are lost
in broadening. We restrict out attention to Points 1 and 2 atwfollows. In
Fig.5.32 PL with detuning are shown for Point 1 in panels (a)—(d) amdPint 2
in panel (e). Panel (d) is a magnified view of panel (a). It isnselearly how
the doublet of inner peaks essentially remains fixed at gerrance position in-
dependently of the exciton position. Only at very high detga does the doublet
collapse onto the center. The vacuum Rabi doublet howeveraap@as an anti-
crossing of the exciton bare mode with the doublet of innakpdthat eventually
becomes the cavity bare mode). Panel (a) is at small electpomping and (b),
(c) at ten time larger electronic pumping (both no cavity purg), for the cav-
ity and direct exciton emission, respectively. Again, loweéctronic pumping
IS more prone to reveal rich quantum features. In panel (b) the inner non-
linear doublet is visible, with a transfer of the emissiotemsity from one peak
(essentially fixed) to the other. The resonance case ieplaitthe third panel on
first row (third row for the exciton emission) of Fi§.2Q The linear Rabi dou-
blet, which trace is seen faintly undergoing anticrossitidp Whe pinned central
peaks, provides small shoulders. In general, PL with datum the Fermi case
shows a very characteristic behavior, that cannot be nastakth a conventional
(bosonic) anticrossing experiment.

In panel (e), the case of a more realistic system is shownadtaning. The
pinning of the inner peaks is less obvious in this case, atthaf one draws a
vertical line at the resonance, through the minimum of thebdtet, one observes
that this minimum is fixed. As a result, triplets are obtaiirethe cavity emission
spectra, that are of a very distinct nature than the Mollopldt observed in the
side (exciton) emission of Point 1. The triplets involviig ihonlinear doublet are
a manifestation of the quantum regime overcoming broadenimle the Mollow
triplet is a manifestation of the lasing regime.

5.5 Future work

Bubbles and line splittings

Thanks to our investigations of the two coupled 2LSs, we c¢alitain a quali-
tative understanding of the exotic bubbling and splittifighe@ lines when pump
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is included in the JCM (Figs$.15and5.16). However, there are still some dis-
turbing features, like a quadruplet in the emission of trmed manifold when
the first manifold is in WC, that lack a precise interpretatidinwould be very
interesting to draw a possible scenario in terms of polasit@trongly affected by
decoherence) that would have as a result such structures dsl in Fig.4.1(c)
for the two 2LSs. This requires a careful analysis of theodigin of the JC ladder

(Fig. 5.12).

5.6 Conclusions

In this Chapter, | have presented the study of nonlinearitiasthe excitons can
bring, with different models. The main results of this Chajsiie in the descrip-
tion of the spectra of emission for each case, that folloasfthe general expres-
sion 2.102, in WC or SC regimes.

In Sec.5.2we studied isolated interacting excitons, still consideas bosons,
with the AO model. This fundamental model can be solved ditalyy for the
SE case [Eq.H.8)] but requires numerical computations in the SS case. The
most interesting consequence of the nonlinearity themasthe transition from
a quantum rultimode lasinyto a classical iean field lasingregime can be
easily tracked by the melting of the individual peaks(fat- 1)U) that compose
the spectra into a broad single peakfgit)) (see Fig.5.3). The transition can
be induced by increasing the pump (“inverting” the popuolafior decreasing the
interactions (towards the “classical” HO).

In Sec.5.3, we coupled the AO—representing the interacting excitowsh-
an HO—representing the cavity photons—to study the effenobalinearities in
the LM. In this case, | have focused on the quantum regimey (v pump)
of the SS case, where nonlinearities are weakly probed. i$nithit, we could
successfully analyze all the spectral features from thg wetl resolved lines, in
terms of manifold transitions only. We paid special attemtio the specific lines
that the different kinds of pumping, excitonic or photoraohances in the optical
emission, and how this is affected by detuning (Hd). The spectral shapes
observed are accounted mainly by the Coulomb energy bueshifip of the vac-
uum Rabi doublet, with crossings and anticrossings of thesliwith detuning,
depending on their opposed (photamd exciton) or identical (photoor exciton)
character. We can conclude in this model that the optimurer@x@ntal configu-
ration to observe nonlinear effects in the PL spectra is att@nmediate, nonzero
detuning, for instance a ~ 4+g. There is an asymmetry with the sign of the
detuning due to the interactions that further helps in dattara&zing the nature of
the nonlinearity (e.g., to which extent it comes from theitexcexciton Coulomb
interaction). The presence of satellites with detuning alestrates emission from
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guantized manifolds, and as such is a signature of the qoumarggime. The spec-
tral drift of these lines with detuning is a useful tool to &z the exact form of
the Hamiltonian that accounts for the exciton nonlineesiti

In Sec.5.4, we turned to the most important Hamiltonian of quantumazpti
the Jaynes-Cummings model. It takes into account the seturaft the QD due
to Pauli blocking. This describes the case of a small QD whkzetron and hole
wavefunctions are quantized separately. As in the prev8aetions, manifesta-
tions of nonlinearities in the SC physics of a genuine quamntature are no better
sought at high pumpings, looking forward to large numbendaiftations. The
guantum regime involves a few quanta only. It is achieved lzgtter manifests
with low pumpings in high quality samples (see JC forks in. Bid.8 with well
identified transitions in the Jaynes-Cummings ladder). Tieeherent nature of
the pumping results in largely fluctuating distributionstioé particle numbers,
and small averages populations still succeed in probingeapgbly high mani-
folds. As we did with the AO, we have tracked theoretically,ibcreasing the
pump, the crossover from the quantum to the classical regwhere the cavity
field can be considered a continuous field. The counterpaatidbllow triplet
is observed in this regime for the best samples, more cleartiie direct ex-
citon emission (Fig5.21). It features a narrow resonance in the center of the
spectrum that turns into a sharp emission line. When the Madiiplet is fully
formed, the cavity mode is in the lasing regime. The Molloiplét is lost as the
system is quenched with no return to quantum behaviors. groides the gen-
eral sequence of regimes with increasing electronic pugifana good (strongly
coupled) system: quantum regime, lasing (classical) regimd quenched (also
classical but thermal) WC regime.

Again, the cavity pumping appears as an important factake into account.
First, because of its relevance in an actual experimentrevite€an arise due to
secondary effects such as other dots (notin SC) emittingeindkity, temperature,
or a variety of other factors. It could conceivably also beuindirectly by the
experimentalist. Cavity pumping has many virtues for thegpts/of SC in a
semiconductor. Because the typical type of excitation istedaic and the typical
channel of detection is photonic, SC is hampered as comparth@ microwave
cavity case where detection and excitation are on the saatmdo(both directly
on the atom). A cavity pumping can help balance this sitmagéind provide an
effective photon character to the states realized in thécsgmuctor, enhancing or
even revealing spectral structures. This phenomena nsésdgso in the LM and
has been investigated and explained in its full detailed iapg@dr3. Also in the
fermion case, cavity pumping is beneficial for the same mesisand it can help go
beyond the linear regime (with a vacuum Rabi doublet) to th@inear quantum
regime, typically by making emerge additional quadruptdtshe JCM, with a
doublet of inner peaks to be sought as the strongest sign@siin Fig5.28).
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Chapter 6

Two quantum dots in a microcavity
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In this Chapter, we study numerically two two-level systemgo(quantum
dots or two excitons in a quantum dot) coupled indirectiotlygh an harmonic
oscillator (a cavity mode). This corresponds to the sintplealization of the
Dicke (1954 model. We analyze the properties of one-photon and twaegoho
emission and entanglement in the presence of decoheressgétion and inco-
herent pump). The results presented here have been pubiistiee paperq, 2,

6 and?7 of the list in Page41' or are in preparatiort,1.

1The corresponding entries in the Bibliography appeated&/alleet al. (2007ab,c,d).
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6.1 Introduction

Unlike atoms, self assembled QDs are not identical to edoérdiut present a
small size inhomogeneity and are randomly distributedenstimple. This results
in a finite dispersion in the coupling to the cavity modes amdhie emission
frequency. The aim of this Chapter is to analyze the effecuohglifferences in
the SS under incoherent continuous pump. In particular, vegvhow one can
take advantage of them to understand and engineer the emisihe structure,
its lasing properties, or the generation of entangled stafer this purpose, we
study the case of two QDs (extensible to two excitons in alsi@P), each one
represented as a two-level system (2LS), and coupled toigy cavede, as was
done byGywatet al.(2006 or Perea and Tejed@¢2005. In this Chapter, we again
neglect internal degrees of freedom, such as carrier spphaton polarization,
what can be achieved, for instance, by working with chargbd.Q

The Chapter is organized as follows. In Sectio we turn to the case where
the dots are in a cavity and close to resonance with one ofatlees1 A new mas-
ter equation is derived for two different pumping configiomas. In Sectior6.2.],
the potentiality of the system for entangling two equal Q®discussed and ana-
lyzed through its tangle and entropy. In Sect®A.2 we propose an application
of this entanglement mechanism in a transport experimettit thiee QDs. In
Section6.2.3 the one-photon lasing properties are analyzed througphb&on
population and the second-order coherence.

In Section6.3, we consider again a cavity mode strongly coupled to a single
QD, but that is large enough to host two excitons (a biexctaite). This case can
be described with a similar Hamiltonian than that of two QbB@&, including the
biexciton energy, that we present. We study the two-phasimg properties of
the system and the spectrum of emission.

Finally, in Section6.4, we present some future lines of research and in Sec-
tion 6.5, the main conclusions of the Chapter.

6.2 Two quantum dots in a microcavity

We consider that the two QDs of Chapteare not directly coupled but each of
them interacts separately with the same cavity mode, witiploag strengthg);
andgp. In general, the modes are not at resonance but detuned bailagsiantity
A= wy—w, 1 =1, 2, from the cavity modey,. These four parametegs # g
andA; # A, represent the experimental inhomogeneity present in thelsa The
total Hamiltonian in this case is the sum of two Jaynes-Curgmtiamiltonians,
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Figure 6.1: QD levels as compared to the cavity madgfor Hamiltonian6. 1

a particular case of the so-called Dicke Hamiltonian forydnio emitters:

H=waa+ Z (o +gi(ag +a’ai)]. (6.1)
i4T2

The QD levels as compared with the cavity mode are plottedgng=L. Together
with this “localized” QD basis of states, that we alreadyoduced in Chaptet,
one can refer to thBicke statescorresponding to the triplet states:

(T-0=16). [To) = (EV+E2). Ty =[B)}, (62
and to the singlet state
1
V2

In the Dicke basis, the interaction partldfbecomes:

Hint = 9(|To)(T-1/ +[T1)(To| )2+ 89(|SH(T-1| — [T1)(S )2+ hc.,  (6.4)

{IS = —(EL - [E2))}. (6.3)

whereg = (g1 +g2)/v/2 anddg = (g1 — g2) /+/2. Fig.6.2shows the correspond-
ing level scheme, up to two excitations in the Dicke basishwll the coherent
and incoherent couplings, represented by curved and Btraigpws respectively.
Note that wherg; = go, the singlet state decouples from the other ones and be-
comes aark state This will play an important role in what follows.

The master equation of the system includes decay for botldtiy mode
and the QDs. The QD leaky parameters are sgi te y» = 5 x 103g, a value
much smaller than the typical cavity decay rajgsonsidered and experimen-
tally achievable in general. We neglect pure dephasingeofibs for simplicity.
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Figure 6.2: Levels of the system up to two excitations in the Dicke ba€sly the case with
common pumping bathPug = 0) is presented here in order to illustrate the discussiaotoe

in Sec6.2.1 Solid lines represent the common pump which only affecésttiplet subspace
[T_1,n),|To,N),|T1,n) with 2P;em, increasing the dot excitations without changing the numbe
of photonsn. Dotted lines stand for the cavity photon decay. Dashed ltake account of the
leaky modes affecting all QD levels. Finally, curved arrasi®w coherent couplingg @nd dg)
between levels.

The pumping scheme is the most important ingredient in tlokwAVe consider
two physically different situations that we explain in whallows, deriving the
appropriate Lindblad terms from the microscopic approach.

First, the case where the two QDs are distinguishable inssiclal (as opposed
to “guantum”) way for the pump excitation. Such a situatioises when both
QDs are far enough from each other to be resolved and pumgegendently or
have very different excitation energies. This is the casenwthecollection areas
around each dot—the areas of the wetting layer where fre@ecaare captured
by the dot—are completely separated. In the following weotkeiby A the col-
lection areas of the dots (considered equal for simpli@tyA. their overlapping
area. Each of the QDs couple independently to each eleméistaf/n reservoir
(electronser,, holeshg and phonondg ), with coupling strengthég . This is the
situation encountered with atoms and that has been morensgitally explored.
The Hamiltonian of such a coupling reads:

Hpump = Z [3r,07 er,h, ft, +h.c] + Z [3r,07 er,hr, fR, +h.c].  (6.5)
1

2
Applying the method and approximations described in Chapt&ec.2.4, one
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Figure 6.3: Schema of the two QDs with their associated collection afeagich can be de-
formed by applying electric field as was explainedHnitz (2007). The overlapping area is called
A:. When it is nonzero and comparable to the coherence lengtiea#xcitation, cross-terms of
the pump operators appear in the master equation.

arrives to two independent Lindblad terms of the form:

Pnd

5 > (20/poi—~aiglp—paiof) (6.6)

i<T2

with parameters that we expect to be proportional to thecbtn areas through
the average injection efficiency per unit area and unit mé his magnitude is
proportional to the number of carriers in the wetting layeattactually create an
exciton in the dot. Here it is considered approximately thee for both dots.
The rate can then be expressedRgi = nA.

On the other hand, when, e.g., two identical dots are clogath other, if
the coherence length of the excitation is larger than thiagce between the two
dots, the final state is a quantum superposition of the eksitgtes of the QDs.
This second situation of a common excitation bath has beesidered byBraun
(2002, keeping the coherent nature of the couplings to the batharalogous
scheme of a common reservoir has been developelidsk and Tana$2002
and byAkram et al. (2000, but for a common squeezed vacuum. It requires the
QDs to be indistinguishable for the pumping mechanismsh(etual excitation
energiesv; = ), the reservoir excitations—electron-hole pairs withhhémergy
and phonons—to have a large enough coherence length to ezl dhaboth dots,
and the two collection areas to be fully overlapp@d< A:). With these charac-
teristics, there is only one common reservoir and, giveh weconsider equal
efficiencies for the dots (the excitation always affecthlulits in the same way),
only symmetrical states can be pumped. The Hamiltonian eads:

Hpump = Z (o] + o) )erhrfh +H.c]. (6.7)

Taking into account the fact that the reservoir is commongpitin two dif-
ferent contributions to the master equation:
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1. The first is an incoherent contribution to the dynamicegiby a Lindblad
term:

P
2 2 (20'p0j—0iglp—pojal). (6.8)
i,j=12

with ratePeom = nNAc.

2. The second is a direct coupling between the QDs which ap@eaa co-
herent coupling in the Hamiltoniat> = glz[afog + H.c.] with g1 of
the order of magnitude of the common pumpmg ~ 2P.om. In the Dicke
basis this coupling detunes the stgig) from |S).

In a more general and realistic case, the collection areadagpvpartially in
the regionA., which contributes to the common pumping with a @ign = nAc,
while the rest of the areas— A contribute to the excitation of each of the QDs
separately with rateBhqg = n(A— A¢) (see Fig.6.3). We define the degree of
common pumping as the fractidh= A./A. Varying it between 0 and 1 inter-
polates between the two extreme cases of independent anch@ompumping.
The Lindblad term of the total pumping is separated in twapayne specific
to each dot which depends mﬁ and another one which is invariant under QDs
exchange (creates symmetrical states) and that can bessgdren terms of the
operatord’ = GI—i— ag. The total master equation of the system is now complete:

dp

ot — 1P H]+ilp, a2 (6.9a)
+%$""p+ g(,,%al +Z£%)p (6.9b)
+%($°1T L L%k PC%“D%JTP. (6.9c)

As a summary, the first liné5(99 describes the coherent dynamics of the two dots
and the cavity including the direct QD coupling created leya¢bmmon excitation
bath H12). The second lineq.9b) describes in the usual way the losses of cavity
photons and QD excitations. The third lire ¢ describes the incoherent pump-
ing written here to set apart clearly the two schemes whiat @ah important role

in our analysis: first the pumping of each dot regardless @bther, at rat@q,
and then the joint pumping which distributes the excitatiamong the two dots as

a symmetrical quantum superposition, at iRatg,. As proved in the next Section,
one would expect this common pumping mechanism to createcoesglations
and coherent superposition between the dots. Taking aatyamif this situation,
we will show how to build up entanglement between the QD extgtates. On
the other hand, we find the incoherent independent pumpihgteannot increase
coherence between dots—more suitable for lasing progertie
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Here, we are interested in the properties of the steady efai®). (6.9 in
the limit of strong coupling between cavity and QDs. Thidestaas obtained
in two independent and equivalent ways. First we solved ¢h@flinear equa-
tions for the density matrix elements resulting from settine time derivative to
zerodp/dt = 0. Second, we time-integrated the master equation anddvaite
time long enough to reach the steady state. The solutioniguarfor a given
set of parameters, regardless of the initial state, andmethods agreed exactly
except when a singularity arises (as detailed in the nexid@&gavhich can only
be reached asymptotically with the time-integrated apgroa

6.2.1 Entanglement

Two degrees of freedom are entangled when the system demsitix cannot be
expressed as a mixture of separable states. Besides thdarmamtal interest,
entangled states are highly sought for applications in gumannformation pro-
cessing. Many such implementations might involve QDs aklimgj blocks, as
that of Awschalomet al. (2002 or Tmamajlu et al. (1999. In the following we
consider the possibilities open to the system under coragida.

From the couplings that Eq6(9) establishes between the different levels in
the local basis, it follows that the reduced density matixiie QDs in the steady
state takes the form:

pcc 0 0 O

ss 0 p1i1 p2 O
— . 6.10
Pp 0 pi, P2 O (610

0O O O pss

Therefore, the only way to entangle the two dots is to poputhé Dicke
stategTo/S) (which are two of the so-called Bell states). In a bipartiterftevel
system, the degree of entanglement can be quantified biatigte (1), which
ranges from O (separable states) to 1 (maximally entangégedss [see the work
by Wootters(1998)]. In order to compute, we need to introduce the intermediate
guantitiesT andR, defined as:

0O 00 -1
0O 01 O .

T= 0 10 0 and R=pqpTpopT - (6.11)
-1 00 O

The tangle is then

7= [max{0,v/A1 — /A2 — Az — v/Ag}]? (6.12)
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Figure 6.4: Mean number of photon&) stored in the cavity as a function of the coupling of the
second dotyp, for y5 = g1, A1 = A = 0 andP = 0.33g; (all in units ofg;). Both the cases of
independent pumping only (red line, correspondingte = P, P.om = 0) and common pumping
only (black and blue lines, witR,q = 0, P.om = P), are plotted. In the latter case, the black line
corresponds tgy = 0 and the blue one tp= 5 x 103g;. Inset: Population of the singlet state.
In both plots, the black line has a discontinuitygat= gy. The singular value assumed by and
the singlet population in this case is marked by the blacktpoi

where{A1,A2,A3,A4} are the eigenvalues &in decreasing order. One finds that
whenever it is not zero, the tangle is given by:

T = 4(|p12| — /PccPee). (6.13)

We are interested in conditions that maximizehese correspond to large val-
ues of the off-diagonal elemerniis; 2| and small populations of the stat€ , |B).
Here, dissipation and pumping caysgp(t) to evolve into a mixture, with re-
duced coherences and nonzero occupancy of all levels. ifits the maximum
tangle that can be achieved as was describellllnyro et al. (2001). In order to
isolate the contribution of such effect, we quantify theréegof purity of the QD
states, by computing tHmear entropy

S = g[l—Tr(péo)] = g[l— (P& +Pi1+ P2+ Phs+2p12’)],  (6.14)
which is O for a pure state, and 1 for a maximally disorderatesiwhere the four
dot states have the same probabilifd1

The entangling of the dots in the singlet state (rather thenttiplet) is a
natural way to achieve a good degree of tangle and purityeaséime time, as
in the limiting case where parameters for each dot are idainfi); = g2, A1 =
A), the singlet becomes a “dark state”. In the case wie= 0, it is also
decoherence fred.[dar et al. (1998], i.e., is not affected by the decoherence

200



introduced by the pump. When the limiting case is only apgiedd; ~ g»), |S)
becomes coupled to the triplet-subspace by a small efeectefficientdg (see

Fig. 6.2), and the population can be trapped in the singlet statebsiesv). As

we already mentioned, equivalent trapping mechanisms lhese reported when
interacting with a common squeezed bathFagek and Tanag2002 andAkram

et al. (2000. Our proposal for achieving a high value of the tangle iseldasn

a slight imbalance between the coupling strengths of the, @3silting in a very
high occupation of the singlet state.

In Fig. 6.4 we plot the mean number of photons and the population of the
singlet state (inset), fofAj = 0. The first dot is in the strong coupling regime
with the cavity §4/91 < 4), whereas the second one goes from weak to strong
coupling regime as a function gp. If the QDs are pumped independently (red
line), the photon number increases wgh until the maximum is reached for
02 = 01. The presence of the second dot in strong interaction wighctwity
increases nonlinearly the emission (see below).
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Figure 6.5: Tanglet for various detunings, as a function Bfym (in units of g;). Parameters:
Ya=01, ¥ =5x103g;, Png =0, g» = 0.6g;. The maximum tangle achieved grows with the
detuning but requires a larger pumping.

On the other hand, when the pump is common, a very differeindber is
observed (blue line in Fid.4). First, forg, = 0, the single-QD limit is not recov-
ered, since the cross pumping telPigm, creates an effective coupling between the
QDs, which induces correlation between their states evesnwib cavity-induced
coupling is present. The other striking difference occans|d, — 91| ~ 0: the
photon number decreases, while the singlet populatiorasas. Heredg < g,
and the singlet is almost decoupled from the dynamics (gpéFEiand the above
discussion). There is a slow flow of population into the stgtate with zero pho-
tons, which also has a very long relaxation time. In the dmetdseg, = g;, there
is an abrupt change of the photon number, and the systemitionan effective
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three-level system, as the singlet is optically dark.

The strong differences between the emission of a systenr umdiependent
or common pumping evidenced in Fig4 (especially when one of the dots is not
coupled to the cavity or when they are coupled in a similar)pagvide a simple
experimental hint to discriminate them.

In the case where the only decay channel for the dot is thesenigto the
cavity mode ¢ = 0), this behavior is singular (black in Fi§.4). For finitey, the
singularity is replaced by an abrupt maximum. The occupatibstate|Ty) is
enhanced. However, this state being strongly coupled \Wighother two triplet
states, the purity is not high and the tangle remains zerceréefbore, in order
to increasa, we seek the set of parameters that maximize the singlepatiomn,
knowing that a moderate population of triplet states doésuitice (Fig.6.4). The
best regime corresponds to smadj/g, and large ratiog/y,. Besides, in order
to keep at a minimum the excitations of radiant states in suntnfiguration, the
QDs must be detuned from the cavity mode. In turn, becauski®fdetuning
which weakens the dynamics, the pumping must be increasecordingly, we
show the tangle for g, = 0.6g1, a = g1, ¥ = 5x 10~3g, as a function of the
pumping Peom/01 (Fig. 6.5). Larger detunings increase the tangle, though this
requires larger values of the pump as well. For very higheslaf the pump,
the emission from the two dots gets quenched and the numlmawvidy photons
vanishes. The population saturates between the §&t®@sand|Ty,0) (with zero
photon) and the tangle gets spoiled. There is therefore anmo@x for a given
detuning, as shown on Fig.5from the numerical results.

In the following we consider a detuniny = 2g; between the dots and the
cavity mode, so as to keep realistic values of the pump requio maximize
the tangle, namely.om = 1.229; as read from the magenta line in F@§5. In
Fig. 6.6, we make a systematic analysis of the steady state in ter(a$ it$ cavity
population, (b) population of the singlet state with zerotain|S, 0) (almost equal
to the total population of the singlet), (c) tangle and (dyrepy, by scanning
the space of relevant parametgpgsand P.om, (in units ofg;) and keeping other
parameters fixed to the values given above. The maximum ¢étigge ¢ = 0.64,
marked with a cross), is achievedgt= 0.69; andP.om = 1.229; (see Fig6.5).

It corresponds to the minimum entropy and an increase of dipalption of the
state|S, 0), and therefore to a decrease(nf.

Entanglement between the QD excited states is not an easyitondgto ac-
cess experimentally (other than by reconstructing the Qbsithe matrix with
guantum tomography). The low number of cavity photons aatedt with the
maximum of the tangle, and consequently the low cavity eionsgan be used as
an experimental indication of a high degree of entanglement

Another important feature of these plots (Figp) is that they are not symmet-
ric with respect tayy = g; and in this case, it is easier to reach the maximum tangle
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Figure 6.6: Density plots of(a) mean number of photonéh) population of the statés, 0), (c)
tangle andd) entropy, all as a function af; andP;om (in units ofg;). Parameters arg, = g1,
y=5x1073g;, Ay = Ar = 291, Png = 0. The maximum value for the tangle+ 0.64) is achieved
atgp; = 0.6g; andP;om = 1.22g; (this point is marked with a cross).

when the second dot coupling is smaller than the first. The &ig; — g> which
maximizes the tangle for a giveg; — 92| depends on the position of the maxima
in the curves ofn) and singlet population with respectde around the singular-
ity g1 = go. The best case is the one which maximizes the singlet popaland
minimizes the total population.

In Fig. 6.7—the counterpart of Figs.4 in the configuration under considera-
tion, which is suitable for entanglement—these maxima ateained forg, < g;.
Note that in Fig.6.4 the situation is opposite. Note also that a very strong cou-
pling of the QDs with the cavity is not needed neither. FEig.shows as well the
transition from the common batf & 1) to independent one€ & 0), in the case
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Figure 6.7: Tangle (p) and mean number of photorngofvn) as a function ofy, (in units ofg;)

for ya = g1, Ay = A = 291, y = 5 x 10-3gy, and total pump 22g;. The cases from independent
pumpC = 0 (red) to common pum@ = 1 (dark blue) are considered. The intermediate curves
correspond t&€ = 0.33 (yellow), 066 (light blue), 082 (green), ®1 (magenta) and.99 (black).

where the total pump is fixélhq + Pcom = 1.220;. It gives an idea of the overlap
needed to obtain a sizeable tangle. No tangle is obtaineahforerlap less than
66%. The important overlap which is required can be obtaexgdrimentally by
application of an electric field which can squeeze the aréaswmnearby QDs
into each other.

6.2.2 Application in a three QD transport experiment

Before moving on to other properties of this system, we wdtdss an application
for the effect that we have just analyzed. It is also possihbtreate entanglement
between the two dots when instead of being coupled to a cavitye, they are
both coupled to a third QD. In this case, instead of self absunQD in a mi-
crocavity, we rather have in mind electrostatically defilgds in the vacuum.
Experiments on transport through these kind of QDs haventlcexperienced
such a development that it is now possible to reproduce mathyegohenomena
that the field of quantum optics, involving atoms, has beguoging for many
years, as argued for instance Byandeg(2005. In particular, state preparation
and manipulation of one or more QDs is nowadays feasible hyralable exter-
nal means such as gate and bias potentials plus either sonsror AC electric
and/or magnetic fields. Again, each QD can be consideredcabiawith the
lower state|0) corresponding to a neutral QD and the upper sthte¢o having
one extra electron in the QD. Due to Coulomb blockade, chgrtiie QD with
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more than one electron requires an energy that can be coediodinite for any
practical purpose, reducing the Hilbert space to that spaoy the two men-
tioned states. Entanglement effects in transport througltbleé QDs have been
extensively studied, for instance blayashiet al. (2003, Marquardt and Bruder
(2003, Vorrath and Brande®003, Brandeg2005, Michaeliset al. (2006, Dias
da Silvaet al. (2006 or Lambertet al. (2007). In a similar way, ours is a proposal
for experimentally preparing and measuring a charge-gfadrstate of two QDs.
Our starting point is the pioneering ideasMichaeliset al. (2006, where the
constraint of having no more than one electron in the whosgesy allows the
population trapping in a dark-entangled state. The saméguwation does not
give the desired results within a regime more experimgntaticessible (more
than one electron in total) as we will show below. We obtater@sting results
(in experimentally accessible conditions) when we addsztesns in the inco-
herent pumping of the two QDs as we have seen in the previottgo8e In the
framework of transport, the role of the cavity is played byhimd QD and both
incoherent pumping of the QDs and cavity photon emissiontfie@t counterpart
for the transport realization in the tunneling processesipced by the applica-
tion of a bias. We will show here that, apart from all the agads, there is an
important advantage in doing transport: entanglemenidcbeleasily detected in
the same setup that prepares the equivalent to the quas{esdangled) state.
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Figure 6.8: (a) Schema of the proposed setup, with a two-dimensional elegas depleted by
eight gate potentialg. V3, V4 andV7 control the levels of the QD34 andVg controll', andT .
Vs andVg control gac andggc. SwitchingV; from “on” to “off” tunes the pumping ofA andB
from distinguishable to indistinguishable quantum medtedly. The current is induced by a bias
from left to right. (b) Schema of the dynamics in the Hilbert space spanneayg, nc). We
simplify the plot by setting detunings to zero.

The three QD system is presented in Fig¥(a). A two-dimensional electron
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gas is depleted in some regions by means of a series of gatetiadd. A bias ap-
plied from the left to the right lead produces two tunnelimggesses: incoherent
population of QDA andB as well as electron current from QDto the right lead.
QDsA andB are coherently coupled to QD (acting as the cavity in the previ-
ous Section). The gate-potentisgds V4 andV- are designed to control the levels
of the threequbits V, andVg control the in- (p) and out- () tunneling rates
while the gate¥s andVg control the coherent couplinggac andggc respectively.
The crucial novelty with respect to the configurationMithaeliset al. (2009 is
the gatev,. Switching on and off th&; gate, one can experimentally tune from
a quantum mechanically distinguishab\g on) to an indistinguishablev{ off)
pumping of the two QD# andB. Let us first see how this appears in the quantum
mechanical description of the transport through the whpdtesn and later what
are the physical effects that can be tuned in this setup.

As opposed to the case with photons, where the truncatiomeambitrarily
high, Coulomb blockade on each QD limits the Hilbert spacén&b spanned by
a basis of 8 statesia, ng, nc) [depicted in Fig.6.8(b)] with nagc = 0,1. Cross
term effects only occur for electrons with the same spin. k¢gdfore consider
the system under the action of an in-plane magnetic field @gtent the spin.
Both intra-dot Coulomb blockade and spin polarization staittlisvan experi-
mentally accessible regime. To reduce the Hilbert spackeedotvest four states
in Fig. 6.8(b), as is done blichaeliset al. (2006, would require an extremely
high inter-dot Coulomb repulsion, something unreasonable system such as
the one shown in Figs.8(@). The coherent part of the dynamics is controlled by
the Hamiltonian:

H=3 00 0+ gic (0} oc + 0L i), (6.15)
i=A.B

wherea;, oiT are, this time, annihilation and creation operators of aatebn in

QD i. We have taken the level of the QDas the origin of energies so that only
the detuningé&a, Ag and the couplinggac, gsc are relevant. The master equation
is, in analogy with Eq.§.9):

d
dFt) ijo,H] +igaglp (0} 0s + ohon)] + .,2”"‘3 + g 7 (6.16a)
‘g (2P0 P — Pip—pA,) (6.16b)
r
+ % (20'poj — gj0'p — pajay), (6.16¢)

i#]
where & = |na,ng,Nc)(na,ng,nc| (i =1,...,8) is the general projector for the
eight possible states in the system. In this configuratiostead of pump and
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decay, the incoherent part of the master equation featheest (") and out-
(I ) tunneling processes [E.(L6g9] and pure dephasing at rajg[Eq. (6.168].
There are also the two pump cross terms [EqL§9] and their coherent direct
coupling that accompanies them [E§.X69]. They appear when the QDsand
B are pumped from the same reservoir (left lead) in a comptetistinguishable
(quantum) way. In such a case, the corresponding rate of ipgmp given by
A = Ip. This corresponds to switching off the gate By smoothly switching
it on, the upper and lower parts of the left lead separate aoh otherl' o is
reduced down to the situation in which the two left reseisbiecome completely
independent anfiag = 0. Cross terms in the pumping are therefore experimen-
tally controllable. The new étster-like direct coupling in Eq6(169 contributes
to enhancing the entanglement between @2sdB. The coupling parameter is
das = 2l ag as derived byFicek and Tanag002 in analogy with the Lamb shift
of a single 2LS. Once again, one can experimentally corftisimhechanism from
switching onVy, which givesgag = 0, to switching it off, which givegag = 2I'p.

The current flowing through the system is an easily measai@perimental
quantity that plays the role of the cavity emission intgngéibom the previous
configuration. The current is simply given by= FK<0€;0C). In the stationary
limit, the master equatior5(16 simplifies to a set of 64 linear equations, plus
the normalization condition Tp) = 1. In this finite Hilbert space, the tangle
is T = [max{0,2(|P1001| — \/500700511711)}]2, in terms of the matrix elements of
p =Trc(p)-

Let us discuss the results to be expected from the setup vpegeo We con-
sider that the QD# andB are equalAa = Ag = A, what can be achieved by
adjusting independently the gatésandV,. The entanglement can be manipu-
lated by having different couplinggc andgsc as controlled by the gatég and
Vs. Hereatfter, all the couplings and rates will be given in sioftgac = 1.

First of all, we analyze the adequacy of truncating the Hilspace basis to
only four states as it was done ichaeliset al. (2006. For this purpose we
consider the simple case of neglecting cross-terms ancha&stithe total mean
number of excitations in the system. For a system that is ganwith a total
rateRot, decays withyor and that has a saturation lin8t one finds [generalizing
the single 2LS result in Eq2(51)] that the mean total number of excitations in
the very strong coupling regime is given ky) = SRt/ (Pot+ Yot). In our case
whereRot = 2IMp, Yot = Mk andS= 3 (maximum of three electrons in the sys-
tem), and in the symmetric cadg; = =T, that we consider in what follows,
the total average excitation is further simplified ifto =3 x 2r /(2 +T') = 2.
This result, that agrees with numerical calculations, ésftrst indication of the
inadequacy of truncating the Hilbert space to only one sdect Moreover, we
find that the relevant magnitudes under stutarid 1) depend strongly on the
truncation. Fig6.9 showsl andt as a function of the detuning for two different
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Figure 6.9: Current intensityl (empty symbols) and tangle (full symbols) as a function of
detuningA whenV; is so large that pumpings #andB are distinguishable from each other, i.e.
yas = 0. Two different values for the dephasing are considengd= 0.001 (in solid-red) and
¥a = 1 (in dashed-blue)’p, = '« = 2 andgsc = 1. Energies and rates in unitsgfc = 1. Strong
Coulomb blockade is considered either inter-QD (maximurargé of 1 electron in the whole
system, plotted with squares) or just intra-QD (maximumrgeaf 1+1+1=3 electrons, plotted
with circles). Red and blue full circles coincide to zerottastangle in the three-electron case for
all dephasing rates is zero) and therefore they appearisypesed in the plot. Also the current in
the case of 1 electron and negligible dephasipg=0.001) is zero.

dephasing rategy = 1 andyy = 0.001, both with truncation (up to one electron
in the system) and without truncation (up to three electionike system). When
truncation is not imposed, is always zero and entanglement is not achieved.

The approximation of keeping just one electron in the whgktean that was
made byMichaeliset al. (2006, forces the steady state of QBsandB to be
a singlet|S 0 = (|100 — |010))/v/2 (with QD C in the vacuum). This im-
plies a tangle of one and no current passing through themytthe dephas-
ing is negligible. This is a new example of a trapping mecs@ni The pump-
ing is populating both the singlet and its symmetric coypder; the triplet state
IT 0) = (]100 + |010))/+/2. However, when the couplings are eqgat = gac,
the singlet is dark, does not couple to other states andyfistdres all the ex-
citation of the system in the steady state. Therefore, whererthan one elec-
tron is allowed, this trapping mechanism breaks as alsot#tess11nc) become
pumped. In the absence of cross terms, the tangle dropsd@adrthere is a cur-
rent through the system. A negative result to be drawn framd@9is that without
cross terms, in the actual case of more than one electrar, igro entanglement
to be expected experimentally.
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Figure 6.10: Current intensity (in red) and tangle (in blue) as a function df ag (in logarithmic
scale). This is experimentally controlled by varyivgfrom a large value (giving ag = 0) to
zero (givinglag =Tp). A=4,T, =T, =2, yy = 0.001 andgec = 0.7 with energies and rates
in units of gac = 1. Fast rising oft, detectable by fast quenching kfis due to the switching
on of a quantum mechanically indistinguishable pumpingly@rtra-QD Coulomb blockade is
considered (maximum charge of 3 electrons).
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Figure 6.11: Current intensityl (a) and tangler (b) in density plots as a function @fzc and

A in the quantum mechanically indistinguishable chag = I'p. 'p =Tk = 2 andyy = 0.001.
Energies and rates are in unitsgat = 1. Bright areas correspond to maximum values of current
and tangle and the dark ones to zero.

Our main finding here is the entanglement induced by crossstér the dy-
namics, enhanced by the coherent coupling betweandB. Hereafter we con-
sider the general case, i.e., without truncation to only eleetron. Fig.6.10
showsl andt as a function of ag for the larger detunings = 4 and the lowest
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dephasingy = 0.001 considered in Figs.9. An important fact is that now the
couplingsgac, gsc must be slightly different (for instanagc = 0.7) so that the
singlet is not completely dark, but a quasi-dark state weeklpled to the rest

of the system (with a coupling given dgac — gec|/v2). When the gat¥; is
completely switched ori,ag = 0 and, as it happened in Fig.9, there is a current
larger than = 0.2, implying no entanglement. Increasihgg by quenching the
gateV; does not affect the behavior of the system until the regimereicross
terms apply fully is reached. Here, whéng tends tol , adding cross terms

in Eq. 6.16 translates in pumping only the symmetric states (under @DB
exchange). Therefore the incoherent pump with cross teeithar excites the
singlet nor induces decoherence of it. This fact, togethdr the weak link be-
tween the singlet state and the other levels, results inva stderent transfer of
population to the singles 0, which can be described as a quasi-dark state free of
decoherence, as we already showed in the previous Sectigtrapping mech-
anism is enhanced strongly by the direct couplijag, also induced by the cross
pump. In this case, the tangle becomes close to its highsesiipe value of 1. The
detectable manifestation is a sharp reduction of the ctitheough the system, as
QD C is practically empty. This means a clear way of entangleig gteeparation
between QD#\ andB as well as a straightforward measurement associated to its
occurrence (drop of the current).

Finally, we want to show how entanglement induced by crosadelepends
on the coherent part of the dynamics controlled-hyfFor this purpose, Figh.11
presents current(a) and tangle (b) as a function of the detunigand the coher-
ent couplinggsc (always in units ofgac). The tangle plot shows that detuning is
needed to generate a high degree of entanglement. As wereglalso slightly
different couplingggac andggc are necessary to create the quasi-dark state. In
Fig. 6.10we were giving results for the situation with highest tangle= 0.85),
that isggc = 0.7 andA = 4, corresponding also to lowest curreht0.01). On
the other hand, for the symmetric cage = ggc, the singlet is completely dark
and therefore there is no entanglement, as we also showaegl.id.& In this case
the current is nonzero. The correlation between high tasgtenegligible current
and vice versa is clear from Fig.11

6.2.3 One-photon lasing

In this Section we analyze the lasing properties of the gsysté practical mo-
tivation is the significant improvements—as far as low thodd is concerned—
obtained byStraufet al. (2006 in a system having just a few (from 2 to 4) QDs
embedded in a single-mode microcavity, with respect toiptesvattempts using
qguantum wells or high density QDs, namely thoseSafsheret al. (1993, Ro-
heneret al. (1997, Painteret al. (1999, Ryuet al. (2000, Zhang and H{2003),
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Parket al. (2004, etc... An important finding in this Section is that the emese
of a second dot in strong coupling with the cavity, even fanfrresonance with
the cavity, changes substantially the emission of a singée o

As opposed to the previous Section, now we focus on the goastate of
the cavity photons, rather than on that of the QDs. Nevesfislthe light state
depends on the coherences established between the letledssystem and there-
fore depends on the QD parameters. Unlike atoms, QDs canffieeedily de-
tuned with respect to the cavity mode. In what follows, werdfare study the
dependence on the detuning configuration of the mean phatorber and of
the second-order coherence function in the case of zergy géla Only in the
case where the two dots are equally detuned, one can contpgated limiting
pumping schemes described previously; as mentioned abowl,symmetry is a
necessary condition for the common pumping bath.

Given the structure of Eq6(9), all off-diagonal elements of the density matrix
between levels with equal QD states but different numberhoftgns have been
washed away in the steady state. As in the case of one QD inathy einder
incoherent pump (Chapté), the photon reduced density matpx, = Trgpp is
diagonal in the number of photons: itis thus impossiblelierdystem to achieve a
coherent state, with density matgy of the form @.23), at the steady state. How-
ever, the system can reach a mixture of number statgsfrom Eq. €.29), with
the same Poissonian distribution, as it happens for a lasehmbove threshold.
In both cases(n) = |a|? andg® = 1.

Fixing the leaky modes tp=5 x 10~3g; and the coupling constangs = gs,
we first compare the number of photofrs in the cases where one or two QDs
are in resonance with the cavity. This is shown on Bid2 where the growth of
the occupation number with pumping is seen to be limited leyseif-quenching
effect. This results in a maximum cavity population, copasding to an opti-
mum value of the pumping intensity. Further increase of tnaping results in
a decrease of the mean number of photons and saturation dbthieWe already
discussed in the previous Chapter how this effect is due tintt@herent nature
of the pump, which destroys the coherences establishedebat@Ds and cavity
driving the system into a thermal stag'q = 2). However, we are interested in
the behavior at much lower pumps, where the number of phatoes not yet
saturate as is the caseStraufet al. (2006).

In the pumping range plotted in Fi§.12 the self-quenching region is reached
only for the case of a common pumping bath (green line). Thezethis case is
the least suitable for lasing properties. There are seweagbns for the enhance-
ment of the self-quenching effect in this case. The firstopas that, neglecting
the leaky modes, the QD system is reduced from four to threddediminish-
ing the range of pump available before reaching the saturati the ensemble.
Taking into account leaky modes, the second reason is thlabugh g = 0o,
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Figure 6.12: Mean number of photons stored in the cavity as a function afging P (in units

of g1), for ya = 0.2g:, y = 5x 103g;, g1 = g». Both cases, with independei® = P and
Peom= 0, red) and common pumping{y = 0 andP;om = P, green), are presented for the resonant
case {\; = A, = 0). These are compared with the emission of a single QD innaasm® with
couplingg = g1 (blue line), and the sum of emissions of two independent iatssonance with
renormalized coupling constargs= v/2g; (black line).

and thus the singlet is not coherently coupled to the tripglet decay of state
|T1,0) into |S,0) via those leaky modes populates the singlet, thus hindénieg
storage of photons. A third drawback is the presence of theremt coupling be-
tween statefE1) and|E2), which prevents the distribution of photons from being
Poissonian. The resulting distribution is a sum of the ¢bation of the singlet
subspace (with high probabilities around zero photons}laadriplet (Poissonian
like distributions as found in the other cases plotted here)

On the other hand, in the case of independent pumpings, tfssiem of two
QDs approximately corresponds to the sum of the individoassions with cou-
pling constants renormalized by a factg@. This approximation improves when
both dots are close to resonance, as shown by the red cunig.i6.E2 The
second-order coherence function is also similar at low pogip

As the common-bath of excitations is detrimental to lasuag,now consider
the case of independently and equally pumped dots dalm(= 0, Png = P),
where QDs are coupled uniquely through the cavity mode. Reau given in
Fig. 6.13 which shows the behavior dh) andg® as a function of the pump,
for different detuning configurations: equd(= A>), opposite ; = —4A»), and
mixed (A1 = 0 # Ay) detunings.

In the ideal case, if the QDs are in resonance (Fi§)?), the production of pho-
tons is very efficient, and? is always one until the self-quenching begins. With
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Figure 6.13: (a)Mean number of photon#) stored in the cavity antb) second-order coherence
functiong® of the cavity field, as a function &g = P (in units ofgy), for Pcom= 0, ya = 0.201,
y=5x103g;, go = g1. Several detuning cases are presented, with eduak=(A, = 5g1),
opposite ;1 = —A, = 5g;) and mixed {1 = 0,A, = 5g;) configurations. There is a qualitative
change with two dots as, even when none is in resonance vétbavity mode, the threshold for
lasing (with linear increase dh) with P) is low also in the case where the single dot alone would
not lase.

detuning, a threshold for linear production of photons (&sation of pumping)
appears, as can be seen in the figure. It occurs approximakedy the pump-
ing compensates the losses: the number of photons becorgestlaan one and
the stimulated exceeds the spontaneous emission. Thitioaninto lasing is
accompanied by the decrease of the second-order coheramieohn to a value
of one [Fig.6.13b)], and a Poissonian distribution of the photon numberwas
have seen in the previous Chapter and we can see now in this,flgaing is also
present in the case with one dot, but the threshold of theitran is considerably
lowered by the presence of a second strongly coupled dot.

The optimal configurations, i.e., the ones with lowest thoés, are those
where at least one of the dots is in resonance. In these das@résence of
the second dot makes a great difference even if its detusitagge. So, neglect-
ing the role of strongly coupled QDs when they are out of reseg is not a good
approximation. We can see this by comparing of one QD in resonance [thin
blue line in Fig.6.13a)] with two dots, one in resonance and the second highly
detunedf; = 0 andA, = 5 [magenta line in Figh.13a)]. Whether the detunings
are identical A; = Ay) or opposite i1 = —Ay), makes no qualitative difference,
although the two cases are not strictly equal.

In these results we find a possible explanation for the ewparial findings
of Straufet al. (2006 on lasing with unexpected low laser thresholds and high
photon production efficiency from a cavity containing a festdout of resonance.
The experimental parameters in that case are comparablesawith a pump
threshold ofP = 0.08meV), as well as the detunings of the ddig,~ —A; ~
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5meV. In our scheme, several dots result in qualitative gharof the emission,
enhancing it significantly even when dots are off-resonarinethis sense, our
model predicts still better cavity emission with extremiely threshold if one dot
could be matched in resonance with the cavity.

6.2.4 Two-photon lasing

The last effect we consider with this configuration is the-ptmton lasing. Two-
photon (2P) related effects have been extensively studiadi observed in many
configurations, during the past few decades. We first list tiee most relevant
works for our discussion.

Two-photon masers have been theoretically describe®dyidovich et al.
(1987, andAshrafet al. (1990 and engineered bBruneet al. (1987. Atoms
(effective three level systems) were injected in a cavitghi@ upper level of a
transition which was 2P-resonant with the cavity mode. Tlgesof the atoms
was time-resolved and it was found that above thresholdother state of the 2P
transition was populated, evidencing the 2P de-excitatidnis effect is present
only for a small range of cavity detunings around the 2P rasoe (2PR). The
same principle applies for the case of a single few-leveinatthen the quality
factor of the cavityQ, is sufficiently increased.

Lewensteinet al. (1990 studied theoretically 2P gain and lasing. This was
achieved experimentally b@authieret al. (1992 in an ensemble of many atoms
(2LSs) strongly driven by a continuous laser. The systenucalergo a 2P transi-
tion between dressed states (arising from the laser-atonqding) if this transi-
tion is enhanced by also coupling the atoms to a cavity mote.ITand 2 photon
lasing regimes are switched on and off by tuning the cavigrgy) taking into
account the Stark shift and triggering the 2P lasing with apcabe. The two
regimes are distinguished mainly thanks to the cavity gnatgvhich the output
intensity is enhanced. The main experimental point to claigP based laser is
the appearance of an extra peak in the emission at the 2PRp&élsgrows on
top of the one photon (1P) emission, that otherwise doesaset &t this energy.
In this configuration there is an intrinsic superpositiototh 1 and 2P processes
that, in the best of cases, can be optimized so that the 2FHggdominant. Re-
cently, Kubaneket al. (2008 realized experimentally a two-photon gateway with
a single atom, in a similar scheme. In their experiment,sr@ states appear due
to the strong coupling between the atom and the cavity. A wsakaser field
is shined on the system providing photons that are abson@mitted in pairs
when there is a 2PR with manifold 2 [see Figl2(c)]. The quantity used here
to evidence that such process dominates the off-resonanbfterpart, is the
so-calleddifferential correlation functiorat zero delayC(?, which is a variation
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of g@:
C? = (a"a?) — (n2)? = (na)?(g? - 1). (6.17)

As explained byKubaneket al. (2008, C? reflects better the 2P versus 1P prob-
ability competition tharg® and we will prefer it in this context. Another in-
teresting quantity found in the literature (see, for insigiKoganov and Shuker
(2000), is theFano factor

c?
(Na)

The two-photon dynamics has also been explored theorgticaltwo atoms
(two 2LSs) interacting with a driving laser bwarada and Agarwgf1992 or with
a cavity mode (as here) BBathak and Agarwdl70). In both cases, the light mode
was considered to be far from resonance, with any of the esiagim energies
but close to resonance with their sum. In order to avoid tretrdetive interfer-
ence between the two possible 2P de-excitation paths thatazar from stat¢B)
(through|E1) or |E2)), different ideas can be implementedarada and Agarwal
(1992 added dipole-dipole direct interactions between the dats a 2PR was
found even for two identical atoms. The 2P absorption andtsp@ous emission
were characterized by their intensity at the 2PR, and alst&@yptobability that
both atoms are excited (related to the transition proldgftir 2P absorption).
The problem of the competition with the 1P processes wasdudreased in this
work where it was taken for granted that the system is coralylelominated by
2P processesPathak and Agarwa70) removed the two-path interference by
considering either two different atomic levels (differeletuninggA;| # |A2| and
couplingsg; # g2) or two different cavity modes. The authors concentratethen
Hamiltonian dynamics looking into 2P versus 1P Rabi osailet of the wave-
function. Lambropoulog1999 also considered two cavity modes, each one as-
sociated with the 1P or 2P lasing, coupled and resonant witdtfferent atomic
transitions separately. Here, an incoherent continuonsppior the atoms was
considered that inverted the population of the 2P tramsithocomparison of the
intensity emitted in each mode allowed to quantify the 2Rigificy.

In most of the cases just described, the Stark shift indugetéoff-resonant
1P exchange with the atomic levels is taken into account deroto achieve a
real 2PR in the system. The 2P lasing is simply charactetiethe enhance-
ment in the intensity of the emission at the 2PR against ttfaesed at the 1PR.
This could be observed in continuous operation or thanksre-tesolved mea-
surements of the dynamics after a probe. In the case of aathexeitation of
the atoms or spontaneous emission from the excited stagadpulation of the
atomic levels can also be a meaningful magnitude.

c_ AnZ
Na)

= (n)(g®—1)+1= +1. (6.18)

—~

215



Population

Figure 6.14: Populations of the QD levels as a function of time with inisigate|B,0) in the 2PR:
|B,0) (solid-blue line),|E, 1) (dashed-purple) aniés, 2) (dotted-brown). The parameters are those
of Pathak and Agarwdlr0): g» = 291, A1 = 501, A» = —2.87;. The oscillations take place in the
second manifold, mainly betweéB, 0) and|G, 2), with the exchange of two photons.

The configuration we are investigating is thatRdthak and Agarwa70),
in the SS under incoherent continuous pump. In this systeB R can be in-
duced wherw; + wy ~ 2w,. At the same time, in order to suppress one photon
processes, the single exciton energies should be gredtipek: from the cavity
mode. The unperturbed statgs n) and |B,n—2) are resonant i\; = —Ay.
However in this case the two photon transition probabilgyzero due to de-
structive interference between the procesBes— 1) — |E1,n—1) — |G,n) and
|B,n—1) — |E2,n—1) — |G,n). That s, the transition probability to first order
in the small parametay; /|Az — Ay,

T O (G,n[H

1 i B 11
L B2 -y T+ ).

Bn2—HY,
(6.19)

is zero in this case, even when the couplings are differenke®ping|A; | # |Az|,
second order resonant 2P Rabi oscillations can become Euaethe first order
off-resonance 1P oscillations as detunings are increagadpposite signs. An
example of such a situation is plotted in F&§14 The 2P oscillations (between
the blue and the brown lines) are slightly dominant over thedes (in purple).

We evaluate the corrections at second order in perturb#teory to the two
bare energies as done in the book@ghen-Tannoudgt al. (2001), which are the
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so-called Stark shifts:

2 2 2 2
YGRS S -A S Y (o PN 4= S A 6.20
G,n n(A1+A2)’ B,n—2 (n )<A1+A2) ( )
The corresponding eigenenergies for the systemmtkcitations aré&, = nay +
A8+ 2. The condition for resonant two-photon emisskyy,_» = Eg , becomes

% %
A1+A2:—(2n—1)(A—i+A—z). (6.21)

When this condition is satisfied the transfer of populatiolmeen statéB,n — 2)
and|G,n) is almost perfect with negligible excitation of the intewiisge states
[E1,n—1) and|E2,n—1).

Already at this Hamiltonian level, it is complicated to fietabove 2PR con-
dition while keeping large detunings to suppress the 1PR.ZH#e condition de-
mands detunings with opposite signs whose absolute valtless to each other
but still different. Therefore, either 2PR is fulfilled buittvthe 1PR also strongly
present (for not so large a detuning as in the cageattiak and Agarwdl70), in
Fig.6.14) either the 1PR is completely suppressed but the 2P osuiikaare weak
and occur very slowly as it corresponds to a 4th order effebeq detunings are
large and almost equal).

Moreover, the 2P effect is so weak that in a realistic envirent is overcome
by decoherence and not observable. Note as well that theaese condition
depends on the number of photamsTherefore the 2P emission can be efficient
only for a fixedn. When pump and decay mechanisms drive the system, several
manifolds of different number of excitations enter the dyies and the condition
can only be fulfilled partially. This is why we will explorelwgr possibilities for
2P generation in the rest of the Chapter.

6.3 One quantum dot in a cavity with a biexcitonic
state

In this Section, we consider the situation where up to twaters can be created

in a single QD, forming a biexciton. This is an interestingtsyn for two-photon
generation and several works exist on its coherent corftrough pulsed light,
like that of Stufleret al. (2004 andMachnikowski(2008 or that ofFlissikowski

et al. (20049 and2005 However, here we center our attention on the competition
between two and one photon processes under incoherentgons pump. With
this excitation mechanism is more adequate to speak abouerdRs 1P lasing
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Figure 6.15: QD levels as compared to the cavity magdgwhen the biexcitonic binding energy

X = w1+ wp — ws > 0 is taken into account and the 2PR achieved. The two excitenels are
considered equal in energy (taz) and detuned from the cavity mode by the negative quantity
D12 = wa— we = —A/2. The 2PR conditiod = x + &pris fulfilled here.

or gain, in a similar way than in the studies ging (2004 andLambropoulos
(1999.

This system can be modelled with the same Hamiltonian andemeguation
than the two QDs in a cavity but now we must take into accouat the two
excitons in the biexciton configuration form a molecule vathinding energy. As
a consequence, the QD level structure is altered. This cateseribed with an
energy correction to the Hamiltonia.() of the form

Hs = —X[B) (B| . (6.22)

The biexciton binding energy defined gs= w; + wy — we, IS a positive number
and can be as big as one order of magnitude larger than théregaig;,g>. The
resulting level structure is plotted in Fi§.15for the case with similar energies
for the excitonic statesy = wp = we, that we will analyze in what follows. In
Section6.3.1, we derive an effective Hamiltonian for large detuning, @s\done
by Fernandez-Vidaét al. (2007, in order to find analytically the conditions for
1P and 2P resonances and the effective couplings assodiatgection6.3.2 we
add a continuous incoherent pump of the QD and decay. Fimal8ection6.3.2
we compute exactly the luminescence spectrum in a truncatesme.

6.3.1 Effective Hamiltonian close to the two-photon resonance

In order to derive an effective Hamiltonian, first, we makehargye of the refer-
ence frame to the cavity frequenay. The unitary operator of the transformation
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readd) = exp(—iws(aTa+ Y ajTaj )t), and it is constructed such that

i @) = H|w) = ia|d) = H|d) (6.23)
with [() = U |y) and
H=UHUT—iU&U" = Hy+ Hint (6.24)
where
H0:¥afal+A—;g To,—x|B) (B, (6.25a)
Hint = Z gj(a;ra+aToj). (6.25b)
=12

Here, we have introduced the detunings

€= _(Al_AZ)a A= _(A1+A2)7 (626a)
O0=A—X=ws—2w;. (6.26Db)

In order to study the new 2PR condition and the strength oéffeetive cou-
pling that it induces, we take the limiA| > gj,|d|,|¢[, where the 2PR can be
achieved and 1PR suppressed. An effective Hamiltonian eavbbainediless =
Heft 2p + Heff op, Within perturbation theory up to second order, which decou
ples the subspacegsp = {|G,n),|B,n—2)} (with two photon exchange between
states) and#pp = {|E1,n),|E2,n)} (with no photon exchange). The effective
Hamiltonian for the two photon exchange at fixed excitatiombern is given by

Her op = AenShS| + Aen—2SISh + Gerry/n(n— 1) (Sh+ Sh) (6.27)

with S, = |G, n) (B,n— 2| and the renormalized eigenenergies/coupling constant

2 2
Aon = —2n¥, (6.28a)
2 2
Agn_2 — 5—2(n—1)%, (6.28b)
ot = —472E. (6.28¢)

The two photon resonant conditidig, = Agn_2, Or in terms of detunings,

9t

OopRr= A

(6.29)
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Figure 6.16: Populations of the QD levels as a function of time with idig&ate|G,2): |B,0)
(solid-blue line),|E, 1) (dashed-purple) an@, 2) (dotted-brown). The parameters for each case
are:(@Q)A=0,x=0,(b) A=5g, x =A— &pr (C)A=20g, X =A— &pr (d) A=20g, x =A.

is independent of the manifold, that is, of the number of phstin the cavity.
When this condition is satisfied (for the cavity mode placedofit® = (ws —
dpr)/2), the Hamiltonian is that of an effective 2P exchange thhothe opera-
tor S=|G) (B:

Hefi2p = 8a'a+ 25S'S+ ge(alS+ STa?). (6.30)

Similarly, one can determine the effective Hamiltonianhe subspace#p. In
this subspace there is no exchange of energy between QD witylarad no pho-
ton is involved in their Rabi oscillations. The only osciitats taking place in this
system when EQq.6(29 is satisfied and detuningy is infinite, are those of two
photons. Moreover, as the two subspag¢és and.7#p are effectively decoupled
in this limit, if the system is initiated in a biexcitonic oraund state, only#p
will be populated dominating the dynamics.

However, for intermediate values |, in general all the QD levels get pop-
ulated and 1P oscillations between the subspa¢gsand . 7p also take place.
Keeping in mind the effective physics that we have just oladj let us analyze
the possible situations depending on the exciton detuAirmgnd the biexciton
binding energyy, by plotting the Rabi oscillations of the total Hamiltoniae
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consider the dynamics inside the manifold with two exaitasi given by the states
{|G,2),|E1,1),|E2,1),|B,0)}. The population of each of these statg$, from
the initial state|G,2), is given bypj(t) = | (jle M |G,2)|2. We suppose that
the coupling constants and detunings of the two excitongaquel ¢1 = g> = g,

A1 =AMy, = —A/2 ande = 0). In Fig.6.16 the population ofB,0) is plotted in
solid-blue lines, that ofG, 2) in dotted-brown, and the sum of the populations of
|E1,1) and|E1,2) in dashed-purple. The last magnituge ¢) is the total popu-
lation in the subspace?pp and it can only interact through 1P exchange with the
other subspace. Therefore, its oscillations are all thestilations occurring in
the system. On the other hand, oscillations in populatmsor pg o are a mix-
ture of 1P and 2P exchanges, only those clebelyveerpg » andpg o are purely
2P like.

The first case in Fig6.16(a) is that of complete resonance between all QD
states and the cavith(= 0 andy = 0). All states 1P-oscillate and there are no 2P
oscillations due to the destructive interference. When thdibg energy of the
biexciton is introduced and the 2P resonance conditioneaeldi 2P oscillations
appear already at small detunidg= 5g, in Fig. 6.16(b). The coupling strength
in the second manifold for identical excitons is renormedizwice by a factok/2
(i.e., by 2), having as a result a period for the 1P osciltetiof T1p ~ 11/(20).
2P oscillations are slower as the Rabi frequency is givemdgyand therefore
Top~ |A]/2Tip. In this case, itis clear also in the plot that for each 2Pliadicns
betweenpg o andpg 2, three 1P oscillations take placegg ;. The amplitude of
the oscillations is inversely related to the detuning betwthe cavity mode and
the transition involved. 2P oscillations occur almost witaximum amplitude
while 1P ones (off-resonance iiy/2) never do. These features are enhanced if
the excitonic detuning is increased (keeping the 2P res@n@ondition) as we can
see in Fig6.16-(c) whereA = 20g. Note that the amplitude of the oscillations is
practically 1 because we obtain the 2P resonance condimpuoting and taking
into account the Stark shift of the cavity mode due to thegmes of the nonres-
onant excitons. If this shift is not included in the derieatj a naive 2P condition
would be simplyA = x. This would still lead to enhanced 2P oscillations but with
a reduced amplitude, as can be seen in g6 (d).

We can conclude from the previous discussion that the lakg#re stronger
the 2P oscillations and the more suppressed the 1P osmil$atAt a large enough
value ofA, the result would be the same as using the effective Hanmlitofwhere
Pe — O for this initial condition). The problem associated wititieasing), as
discussed in more details in the following sections, is thateffective coupling
also becomes weaker and the cavity must be extremely goodstere such a
slow dynamics.

Getting closer to the experimental situation, we fix the QBrgp levelsw, =
wy = we and choose a reasonable value for the biexciton engergy20g. We
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Figure 6.17: QD levels as compared to the cavity mode with a biexcitoniergy of x = 20g.
When the cavity mode changes its energy, the situation clsang® (a) to (c). In case(a) with
A =0 (W = we = ws — we + X), there a 1P resonance betwe&) and |E) only and no 2PR
(2005 = wa + X). In casg(b) with A = 20g, there is no 1PRdy = we — 10g = — (s — e ) — 10g)
but the system is close to 2PRuf2= wsg). In case(c) with A = 2x (wy = ws — We = W — X),
there a 1P resonance betweEh and|B) only and again no 2PR ¢ = ws — X). In this simple
schema the Stark shift is not considered explicitly nortplht

will not speak explicitly the Stark shift in what follows irraer to simplify the
discussion (writing approximate expressions for the rasoa conditions) but it
is included for a completely efficient 2PR resonance.

The transition between 1PR and 2PR can be evidenced by ttimengavity
from wy ~ we t0 2w, ~ wg. The QD levels corresponding to both cases are
plotted in Fig.6.17-(a) and (b) respectively. The evolution of populationsha t
manifold with two excitations is again shown in F&§18in order to appreciate the
gualitative change in the dynamics when tuning the cavitgendn Fig.6.18a),
we can see the oscillations in the configuration of Big.Aa) that correspond to
1P exchange only between stai€s2) and |E,1). The oscillations in the other
extreme configuration of Fig.17b) are plotted in Fig6.16-(d). The intermediate
cases where the QD transitions are not in resonance withrnigye of 1 nor 2
photons, are those in Fi§.18(b) and (c). We can see that 2P oscillations appear
clearly only when the cavity is brought very close to the 2BRdition A ~ ).
This can be also seen in a more precise way in €i@y3(a), where we plot the
amplitude of the oscillations in the populations as a fuorctf detuningA. The
broad peak sitting ak = 0 affects only populationsg andpg, while atA = x the
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Figure 6.18: Populations of the QD levels as a function of time with iligtate|G,2): |B,0)
(solid-blue line),|E, 1) (dashed-purple) ands, 2) (dotted-brown). In all cases the QD levels and
biexciton energy are fixed witly = 20g while the cavity mode changes from 1PR(a) A =0
towards 2PR(b) A = 10g (c) A = 18g, (d) A = 199. The perfect 2PR, corresponding to case (b)
in Fig. 6.17, can be seen in Fig.16-(c).

peak is very narrow and affects populatignsandpg. The first one corresponds
to a 1PR and the second to the 2PR.

Note that if the cavity energy is further tuned down¥e: 2x (see Fig6.17
(c)), the 1P resonance is again satisfied for the transititwéen statefE) and
|B). In order to see these oscillations at the Hamiltonian |ehel system must be
initiated in a state other tha®, 2). That is, a higher excitation intensity is needed
to see this second 1PR. In F§19(b), the amplitude of oscillations for the initial
state|B, 0), shows a third broad peak At~ 2 affecting only populationpe and
pe. This is the second 1PR. The 2PR also manifests in this coatigarin the
same way as starting witf,2). Finally, if the initial state is a superposition
of both cases((G, 2) +|B,0))/+/2), the dynamics resulting is a superposition of
the previous two cases, where we can see the three resonaticdsss sharp
transitions among them.

6.3.2 Two-photon lasing

The analysis of the system in terms of the coherent Hamdtodiynamics is es-
sential in order to characterize the configurations wheeeetlis resonance with
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Figure 6.19: Amplitude of oscillation of populations of the states of thanifold with two ex-
citations when tuning the cavity energy (changing deturijig |B,0) (solid-blue line),|E, 1)
(dashed-purple) anff5,2) (dotted-brown). Biexciton energy is fixed jp= 20g. Plot (a) cor-
responds to oscillations from an initial sta@, 2), (b) from |B,0), (c) from (|G, 2) +|B,0))/v/2
and(d) from a mixture with 40% ofB,0) and 20% of each of the other states. Depending on the
case, the peaks corresponding to 1PR can be se®r:dl (oscillations betweelG) and|E)) or

atA ~ 2x (betweenE) and|G)). The peak of 2PR manifests in all casedat x.

the cavity mode and the strength of the couplings givingtosEP and 2P oscilla-
tions. However, the efficiency and actual possibility of aBimg versus 1P lasing
or simply against the decoherence, must be investigat@wptako account pump
and decay with the master equation:

‘i—f =il H+ Brp Yo pmp s D2 2ohp. (630)
As we know, one of the effects of pump and decay on the Hanmwtotlynam-
ics, is to average out the Rabi oscillations from the matexdnts of the density
matrix, and in particular from the populations of all theteta The steady state
can only be represented by a mixture of all the possible finedames. Differ-
ent manifolds of excitation are involved in the dynamics #r&mixture of states
with some probability. It is no longer possible to obsene 1R/2P oscillations in
the average populations. However, the 1PR and 2PR arersiititiansic feature
of the system and can be studied in the spirit of Bid9 When tuning the cavity
mode over the 1PR-2PR transitions, the intensity of the eomiss) and the 2P
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Figure 6.20: Steady state properties of the system as a function of thigyadetuningA for a
biexciton energy ofy = 20g (see Fig.6.17). (a) Mean value of photonén) in the cavity (solid-
blue line),g'? (0) (dashed-purple) an@d? (0) (dashed-brown)(b) Populations of the state$B)
(solid-blue),|E) (dashed-purple) ani) (dotted-brown). The peak corresponding to 1PR can be
seen a\ = 2x (betweerE) and|B)) and that of 2PR a = x. In a logarithmic scaléc), also the
1PR atA = 0 (betweenG) and|E))

sensitive quantitieg® andC(?, change dramatically as we can see in Big0

(@) (in solid-blue, dashed-purple and dashed-brown liespectively). Here, we
kept the previous configuration for the QD leveys£ 20g) and some reasonable
parameters for pump and decay € 0.2g, y = 0.05g andP = 3g). The reso-
nant energies (where the intensity increases) are appateiynthe same as those
given by the Hamiltonian analysis in the case where theaingtiate is closer to
the biexciton (see Fig.19(b) and6.19(d)). Let us discuss these results in more
detail.

When the cavity mode is close to a resonance with some excit@nisition,
the system can enter a lasing regime, whgre> 1 andg® ~ 1 as we have
already seen. This depends on the strength of the coupéitgerg for 1P lasing
or the effective couplingjes for 2P lasing relatively to the decoherence in the
system. If the cavity is good enougi, < g (like in the case under study), the
excitations created inside can be sustained for a long tiraeks to the light-
matter exchange allowing for an efficient storage of phat@xiso the QD must
be far from saturation (in the biexciton in this case) or-sglénching.
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Figure 6.21: Same as Fig6.20for a better cavity withy, = 0.1g (upper) and for a worse cavity
with y5 = 0.3g (lower).
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Figure 6.22: Same as Fig6.20for less pumpind® = g.

In Fig. 6.20-(a) it is clear from the increase {m) and decrease ig2 towards
one, that both resonances bring the system into a lasingeedihe 2PR is less ef-
ficient as the coupling associated is weakgf & 0.29) than in the case of the 1PR
(gwith two excitonic states involved). This manifests in gwveays: the maximum
intensity achieved at 2PR resonance is lower, the statesleissonian-likeand
the width of the lasing regime in terms of the detuninig much narrower. When

2Numerically,g'? = 1.42 for 2PR and 1 for 1PR.
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Figure 6.23: Same as Figs.20for a system with more biexciton binding energy= 40g but also
better cavityy, = 0.1g (upper) and simply with less biexciton energy= 10g (lower).

the detuning brings the cavity mode too far from any QD ley@l decays, no las-

ing is produced and® becomes 2. We can see a clear transition between the two
lasing regimes although the two peaks overlap and none &yplP or 2P lasing.
Moreover,C(? decreases towards zero closeMer 2y evidencing 1P exchange
while it is enhanced arounti~ x evidencing 2P exchange.

In order to understand up to which extent the 2P lasing regsng@minated
by 2P dynamics, in Fig5.20-(b) we plot the total populations of statéy (solid-
blue line),|G) (dotted-brown) andE) (dashed-purple) as a function of detuning.
Out of any excitonic resonance, the biexciton state is atgdrby the pump. The
transition into 2PR and 1P lasing is evidenced by the dendtiom this satura-
tion (og = 1). This is why resonances excited in Fig20are basically those of
Fig. 6.19(b) and6.19(d) where the coherent dynamics started from biexcitonic
states. The other QD states populated through the intenpthythe biexciton, are
the levels involved in each lasing regime, as it was the catfetine Rabi oscil-
lations. AtA = 2x = 40g, only |E) and|B) are involved. This implies that the
dynamics are driven by 1P processes only.

On the other hand, a@ = x = 20g, not only |G) and |B) participate, which
would imply a 2P dynamics, but alg&). The dynamics insideZpp alone does
not populate the cavity (as we could see in the derivatioh@gffective Hamilto-
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nian), but this subspace can exchange 1P with si&eand|B) separately even
being so far from the 1PR (the same far for both transiti@)s|E) and|E)-|B)).
At the 2PR, this 1P exchange is inefficient, as we know, by iultesn some
contribution, not negligible in this case. Therefore, tfRR2does not lead to 2P
dynamics exclusively in general, as there will always be s@eaak nonresonant
1P process still present. In this case, the transj@mnd|E) is the one providing
single photons as the ground state is less probably occupledan conclude that
the population of the ground stapg is another good magnitude to identify the
2P versus 1P lasing at the 2PR.

Finally, atA = 0, some signature of the 1PR with the transitjén and |E)
is expected. It appears in the logarithmic plot of the popagog, Fig. 6.20-(c),
as a small perturbation. For a case with stronger couplin@li{sr y;) and less
pumping (less saturation) this resonance would be moreertid

This discussion leads us the problem of maximizing the 2gs®es so that
there is a truly 2P laser operating in some clearly definetneg There are the
following points to take into account:

1. The system should be in strong 2P-coupling which meanga toupling
g together with a good cavity so thgg < 4ges for detuningsA as large
as needed. However the cavity should not be so good that évarga
detuning for the 1PR, the system is still sensitive to it areddfore the 2P
lasing gets polluted with single photons. We can see theceih Fig.6.21
where the cavity quality is improved (upper figures) or wdtee/er ones).
In the first case, the lasing is more efficient but both for 1P 2 processes
making it so that the separation is not clear enough. In tberskcase, the
separation between the two regimes is larger but the 2P aaserdoes not
lead to lasingg® > 2).

2. The pumpP should be not so strong that the system saturates for all de-
tunings, quenching the production of photons at resonaBeg.it should
be strong enough so that in the vicinity of the 2PR, and in paldr in the
transition from 2P to 1P lasing, the biexciton is populated tne probabil-
ity to be in excitonic states (that involve OP or 1P processew. This
makes the transition clearer experimentally and makesasiad regimes
purely 1P or 2P.

3. The binding energy should be large enough so that the 1P and 2P las-
ing regions (resonances) are far from each other and cansbé/ed and
considered independently. The 2P lasing efficiency is reduie this case,
but the character of the emission seems to be more definedt¢se€?
in upper Fig.6.23(a) is large and distinct arountil= x). x cannot be so
large, however, that the effective coupling becomes niagicat the 2PR.
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We can see in lower Figh.21the effect of reducing the biexciton binding
energy tox = 10g. The effective 2P coupling is stronger and therefore at
the 2PR = 10g) the lasing is more intense wit?) = 1, but the two las-
ing regions are superimposed making it impossible to atsarthe system

is dominated by 2P processes.

All these effects together could be summarized in the canditfor the best
system: A large biexcitonic extra energybalanced with a reasonable good cav-
ity. The optimum pumping depends on the goal. More efficiasinlg requires
high pumping while a more quantum 2P emission happens atloapp

6.3.3 Spectrum with detuning

The last relevant magnitude we consider that can be measuptimentally,

is the power spectrums.(w)? of both the cavity ¢ = a) and the excitonic direct
emission ¢ = o) in the steady state. The computation of the spectra in s c
involves correlators of the kindc'(t59)[a™ a"a T} 0y 0 520,2)(t55+ 1)) at all
orders in the photonic indexes, n. The fermionic oneg, v; can only take
values 0, 1. They in turn require as initial conditionsrat 0, mean values in
the steady state%) of the form (c'al"a"a '} g} a7520,2)S that can be found
applying again the quantum regression theorem, in a mogegftivay than using
the density matrix obtained in the previous Section. A tation in the photonic
indexesm, n is needed again to close the equations. The number of clomela
needed to obtaich(t)c(t + 1)) goes like 18max Wherenmax is the maximum
value thatm, n are allowed to take. Truncation must be good enough so tkat th
result is independent of it. As in the previous cases, thetspés of the form of
Eq. 2.102, with a sum of 16yax peaks, each composed of a Lorentzian and a
dispersive part.

In Fig. 6.24 we put together a set of cavity (a) and excitonic (b) speaira f
various detunings between the cavity and the exciton maglgjng in the same
range as in Fig.§.22. The cavity spectra is clearly dominated by the emission at
the cavity energy, that moves in diagonal from left bottomigbit-top corners of
the plots. At each of the three resonances the cavity emissienhanced (thick
red lines), and notably more at the 2PR (middle onA at x = 20g). The las-
ing behavior of the cavity emission is very different to theedt excitonic one
[Fig. 6.24(b)], where one can learn more on the level structure. The @b f
guencies pin some of the emissionaat= we (lowest transition) but mostly at
w = we — X (highest one), due to the little contribution of the groutettesto the
1P dynamics [see Fi§.22Db)]. There are some line anticrossings and interference

3We analyze again the not normalized spectra in order tormgtfgreciate the combined effect
in lineshape and intensity that the 2PR and 1PR produce.
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Figure 6.24: Set of (a) cavity and(b) excitonic spectra for the same parameters as inG=E2
varying the cavity energy also in the same rage of energidwe cbntour plot for the exciton
emission is plotted irfc) in order to appreciate the anticrossings between cavity@banodes.
The cases corresponding to the three resonances are highlig thick red (from top to bottom):
A =0 (1PR),A=20g (2PR) andA = 40g (1PR). (We recall thaty, — w= = —A/2)
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patterns around the resonant points giving away the SC ghtfsat we discussed
in previous Chapters, only now displaying more complicatedcsures. This is
better appreciated in the contour plot of Fig24(c).

6.4 Future work

We are currently investigating with our coworkers S. Zip@aihd G. Morigi, the
2PR and 2P gain by means of the biexcitonic state in the pcesanncoherent
pump. There are several aspects of the theory that we dradidilessing at the
moment of writing this thesis.

Laser equations for the photon distribution

In order to characterize the 2P vs 1P lasing regions, the mtenmaster equation
of the system can be approximately reduced to one for thieglotdon probability
distribution, pn|, as we did in Sectiob.4.3 Egs. 6.42), for the JCM:

ap[n] = — [yan+ (n+1)(l1pg— (N4 L)ls+ (n+2)l2pg) | p[N]
+l2pen(N—1)p[n+2] + ya(n+1)p[n+ 1] +n(lipc— nls)p[n— 1] (6.32)

Following the method oS&cully and Zubairy(2002, one can obtain the laser one
and two photon gains;pc andlopg, and the self saturatidg in the lasing regime
(where statistics are basically Poissonian). These empsatian provide the con-
ditions in which the 2P lasing dominates over the one-phtasimg.

Two-time and two-frequency correlators

The main problem of 2P physics under incoherent continuemsppis to deter-
mine the most suitable quantity to characterize the 2P pemseagainst the 1P.
Therefore, the interest of two-time and two-frequency eation functions in
this system is greater than in any other. Here, these fursfiod the practical
application of quantifying the quality of the 2P generatusrilP. This information

is not inS?) (w) but rather in the frequency resolved two-photon countiggry

by S?(t1, wi;tz, wp) in Eq. 2.107). Computing and understanding this general
function is one of my main present objectives.

6.5 Conclusions

In this Chapter, | have shown some SS properties of two QDs iceonavity
under incoherent continuous pump, considering them addwel-systems. Most
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of the results are obtained numerically, due to the compl@fithe system.

In Sec.6.2, | discussed a model where the QDs are pumped either in an inde
pendent or in acommon fashion. | have shown that the geraesalis a mixture of
the two kinds of pumping which is determined mainly by geaioat factors but
can be increased one way or the other, for instance by apdyirexternal electric
field. In the case where the dots are essentially exciteddjtrthe common pump-
ing, quantum interferences in the dots alter significaritty dynamics and yield
singularities or abrupt features in the steady state ptipnk For suitable sets of
parameters, which include different couplings betweentgand dots, the sys-
tem can be brought to a regime where the singlet states (|[E1) — |[E2))/v/2,
is predominantly occupied. This provides good values oftémgle, despite the
incoherent and continuous nature of the pumping (€i.-

Encouraged by these positive results, we propose a quardmspbrt experi-
ment for preparing and measuring in the SS a charge-entastgee of two non-
interacting QDs. Each QD is coherently coupled to a third pitaying the role of
the cavity in the previous scheme. The coherent trappindharesm that creates
the entanglement can be switched on and off by means of a gagati@l. This
allows both state preparation and entanglement detecyismiply measuring the
total current (Fig6.10.

In the case where the dots in the cavity are essentially pdrimgiependently,
the presence of a largely detuned or weakly coupled dot @saqggalitatively the
dynamics of a near resonant, strongly coupled dot. In viewsdhsing proper-
ties, the system therefore acquires a low stimulated eomdbreshold resulting
in efficient cavity population with Poissonian distributiceven when both dots
are detuned from the cavity mode (F&13. This is qualitatively different from
a model with isolated dots which emission would scale witirthumber, espe-
cially at nonzero detuning.

In Sec.6.3 we finally studied two-photon lasing considering a sing2 i@ a
microcavity but that can contain a biexcitonic state andafoze can be described
by a similar Hamiltonian and master equation than the twdlgiogs in the cavity.
The biexcitonic binding energy allows for a two photon remace while largely
suppressing the one photon processes. We studied theiligasita two-photon
correlated emission under an incoherent pump and decay lz#aded positive
results, directly measurable through the properties oethdted light (Fig.6.20
and6.24). For this system, some analytical expressions have begredeat a
Hamiltonian perturbative level, such as the effective d¢imigpand Stark shifts,

Eqg. 6.29.
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Chapter 7

Conclusions

Castellano

En esta tesis, he descritdte&camente la interacoh entre luz y materia en pre-
sencia de decoherencia para puntaanticos en una microcavidad.

Una cavidad es un espacio donde fotones de determinadastii@as quedan
confinados. Se pueden construir apilando capas de difererateriales semicon-
ductores, que funcionan como espejos enfrentados reftejamdino en el otro
y no depndola escapar. Entre los espejos se puede colocar otrguasovea
de las excitaciones de materia, sitonesn el caso de semiconductores. Los
puntos canticos (QDs) son defectos en el material activo (“islagihde los ex-
citones quedan confinados en todas las direcciones caamplote comodtomos
artificiales”. Cuando los excitones en un QD intetact con los fotones de la
cavidad, se produce una nueva e interesdsteaf que se conoce con el nombre
de Electrodidmica c@ntica en Cavidad (cQED). Del acoplo fuerte (SC) de fo-
tones y exciones nacen nuevas faits llamadapolaritones Los resultados
mas importantes de mi trabajo en este contexto se puedeniresumo sigue.

La emisbn de luz desde una cavidad donde se produce intéraetitre luz
y materia ha sido descrita durante mucho tiempo @milas para la emign
espondnea (SE) desde un estado inicial excitado, como sucedaualabénte
con atomos en cavidad. En el caso de tratar con excitones y chdielanate-
rial semiconductor, la excitamn fipica del sistema difiere en que esntinuae
incoherente Hemos extendido el formalismo de cQED para tener en custda e
especificidadés(tambien hemos extendido el formalismo de la cQEBraica en
si misma para cubrir el casoas general de un estado iniciatlgtuningsarbitra-
rios). Esta extenén consiste esencialmente en introducir dos tasas de bombeo
R, 0 Py para la excitad@in del QD yP, para los fotones de cavidad.

LVer en la Fig.1.14el esquema de los Hamiltonianos usados en cad#ulap
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Empezando por el modelo llamado lineal (LM), he presentato foarmula
general y anélica para el espectro de endisf [Egs. ¢.36—(3.39], que contiene
ambas expresiones, la del SE y la del estado estacionatoihideo (SS), permi-
tiendo una comparaan directa. Una caractstica atractiva de la exprési del
SS es que, tomada con la mayor generalidad, contiene amp&o menos que la
del SE, hecho a tener en cuenta cuando se trata de ajustam@&rgmentos. Las
dos realizaciones de cQED—éatica y semiconductora—convergen en algunos
casosilmite pero, en general, ninguna incluye a la otra.

Del lado experimental, la descrigei tedrica del SC y las curvas de endisi
en terminos de funciones Lorentzianas a las éaergropias del sistema (las en-
ergas de los polaritones), desprecia el efecto de la digipade paiculas—
considerada como uno de los ingredientes principales deitafde cQED. El
trabajo de referencia de QDs, Aadreaniet al. (1999, no se cenfr en las curvas
de emisbn exactas sino en el modelo micropeco Hamiltoniano, demostrando
la viabilidad de cQED con semiconductores, posiblementaamdo su fisqueda
y guiando hacia su exitosa realizagi Sin embargo, la exprési para el es-
pectro fue tomada directamente del trabajaCdemichaelket al. (1989, que es-
pedficamente se dirig al caso particular del decaimiendo de un estado excitado
del emisor &tomo en su caso). Esto tiene varios inconvenientes pass@kemi-
conductor, donde la emdi extudiada no es normalmente la directa del emisor,
sino la “indirecta” a trags de los fotones que escapan de la cavidad. Eambi
sufre la limitacon de despreciar ldecoherencihque produce el esquema de ex-
citacion y de no tener en cuenta el estado estacionario que se predetsistema
gracias al bombeo y la disip&ei de pairiculas.

La repulsén entre los dos picos de endisidel QD y la cavidad cuando de-
belian estar a la misma enéagse entiende generalmente como una prueba de su
acoplo fuerte, debido a la identificaci que se hace entre los dos picos separados
y la emisbn de los polaritones que se forman (conocido calmolete de Rabi
Esta asociabin ya es equivocada en ausencia de bombeo si la disgipaoies
despreciable, como suele ser el caso. Un sistema en SC pwsti@inun cruce
aparente de picos y,as sorprendentementérg el caso contrario de acoplélal
(WC) puede mostrar una repusi de los picos aparente. Analizando nuestra
teofa extendida, adecuada para semiconductores, hemos iertmgtie el efecto
del bombeo desconectaramas SC de la repulsh de lasineas en resonancia, in-

2E| espectro de un sistema es la probabilidad de emitir fstdaéa la frecuencia.

3La reflexbn en las paredes de la cavidad no es perfecta, permitiepéodala de fotones de
vez en cuando. Esto provoca una “interd@pcidel acoplo con los excitones aunque ta@mbinos
da la posibilidad de estudiar lo que sucede dentro de laadvid

4Como decoherencia se conocen los efectos de la “intetpdiel acoplo luz-materia por
el contacto incontrolado con el exterior, como el escapetimés o la inyecoin de un flujo de
parfculas.
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cluso en sistemas muy bueR@®n baja disipaéin, donde una espefatuna man-
ifestacbn clara del SC y la validagn de la aproximaéin Lorentziana. He pro-
porcionado una clara descripai de estaiica en érminos de diagramas de fase
gue separan el concepto de doblete en la @migiel de SC (Fig3.8). Esto me
llevd a enfatizar la importancia de una aproxin@accuantitativa a los datos ex-
perimentales ras alh de la descripdin cualitativa, que identificea erbneamente
la escisbn en dos picos de emisi con lafrecuencia de Rabi Una consecuencia
de este error es descartar SC en estructuras donde simpéeesérescondido y
podiia revelarse jugando con el esquema de exéitagor ejemplo, dando un
calacter nas fobnico al estado estacionario. Considerando los experirmai@o
Reithmaieret al. (2004, pioneros en la obtermn de SC con QDs, hemos en-
contrado que nuestro modelo proporciona una excelenteipeén cuantitativa
(Fig. 3.13, permitiendonos confirmar SC en esta muestra y cuantican la
teoia de manera exacta. Nuestro ajuste a sus curvas experiesentase vald
de tan pocos pametros de ajustédmo es posible (cualquier otro modelo teiadr
igual o mas paametros)ji) es un ajuste global, lo que significa que los3paetros
de acoplo y decaimiento fueron optimizados globalmente pwntenidos cons-
tantes al variar el detuning.

Considerando el efecto que tiene aumentar el bombeo, eminestel pro-
blema de qa modelo microsapico describe mejor el caso semiconductor y como
las diferentes posibilidades comparan unas con otras. ptieb principal, de-
bido a su importancia fundamental, es el modelo de Jaynes¥ihga (JCM) que
consiste en el acoplo de un sistema de dos niveles (2LS) aciladms arndnico
(HO). Aproximandonos progresivamente a este sistema, he investigaderpri
el caso de dos 2LSs acoplados, que admite smhuanaitica y es iluminador
respecto al efecto de la decoherencia en los polaritoneslouaay saturadin
(Fig. 4.1). Dos 2LSs son triviales en ausencia de bombeo pero tienguram
interes acaémico cuando se incluye. Pudimos, con este modelo, entahder
gunos fel@menos que aparecen en el JCM y que de otra manera $oifedifie
analizar. Por ejemplo, pudimos rastrear el origen de lagbthas” y la escigin
de las lineas espectrales debido al bombeo $Fi§).

El segundo paso hacia Iesica de JC, esta vez concemtdonos en su emési
de picos niltiples y @mo se funden en la transici del Egimen cantico al
clasico (Fig.5.21), fue el estudio del oscilador anabmico (AO). El AO aislado
es todata esencialmente soluble. Nuestro formalismo nos pédtntificar
el grado de “cuanticidad” del sistema dependiendo de lazéude las interac-
ciones y el bombeo que las sondea. Un sistema eémntmo” cuando lasiheas

5Se consideran sistemas buenos para cQDE aquellos que degwae pocos fotones, pro-
ducen interac@n fuerte y son limpios en elementos ajenos.
SFrecuencia a la que oscilan los polaritones.

235



gue componen el espectro se pueden identificar con tranegiadividuales en-
tre los estados propios del sistemRor ejemplo, el AO (excitones interacuando)
en SC con el modo de cavidad y a bajo bombeo (aunque suficiardespperar
el regimen lineal), presenta caraégticas claramente anticas: lasiheas espec-
trales se pueden identificar una a una con las transiciohssstiEama (Fig5.5).

De manera equivalente, un bombeo pégues suficiente para sondear la es-
tructura de escalera de niveles del JCM y obsendtiptes picos en el espectro,
signo del emisor cantico por excelencia (Fi¢.18. Con el JCM, hemos obtenido
resultados semi-ariitos y he mostrado como el éater del bombeo puede afec-
tar la visibilidad de las no linealidades. La distridutittrmica de fotones que se
forma a bajo bombeo, se interna apreciablemente en losessaho lineales de
la escalera de JC, incluso cuando éhrero medio de fotones en la cavidad es
mucho menor que uno. Por el contrario, el aumento del bombamentento
equivocado de adentrarséxmlejos en elégimen no lineal, hace desaparecer las
estructuras canticas dando lugar a otras de menos complejidad. En log@sejo
sistemas, el espectro evoluciona con el aumento del bondb&pgiguiente ma-
nera: pasa de ser un doblete de Rabi en elov@égimen cantico lineal), a un
“tenedor” de JC @gimen cantico no lineal), a un triplete de Mollow&gimen
clasico del &ser), y, finalmente, a la destruacide la coherencia, el acoplo y la
emisbn. Hemos entendido y monitorizado estas transicionesagracnuestra
descomposicin del espectro.

El método que hemos usado, en terminos de correladores, patesicem-
poner las curvas espectrales en transiciones individea#entificables entre los
estados del sistema [EQR.(02]. Gracias a esta informami, pude definir sin
ambigledad los polaritones en todos los modelos estudiados,agtearzar di-
ferentes regimenes dependiendo de la fuerza del acoplo. |D&daespectral se
compone de una parte Lorentziana, correspondiente a labenmsra de los po-
laritones, y otra dispersiva, correspondiente a la interfga entre las emisiones
de los diferentes polaritones, que se superponen eniamigido a la decoheren-
cia. Esto nos lled a introducir nuevas definiciones para el SC en presencia de
bombeo incoherente.

Finalmente, hemos aplicados e&erticas en sistemasasicomplejos y [@&cti-
cos. Me he concentrado en un esquema particular para gesrgsanglemenit
entre dos QDs en una cavidad (o tres QDs), por un lado, y emlergebn de
pares de fotones en un QD con estado biéxiio, por otro. En ambos casos, he
mostrado la viabilidad de estos dispositivos con una deson realista que tiene
en cuenta e incluso se basa en la presencia del bombeo iantiner

’Un sistema es de naturalezaaatica o se encuentra en uegimen céantico cuando se ve
afectado por la presencia o0 ausencia de una solecplart

8Entanglement es un tipo de correfawique se establece entre elementos de un sistema
cuantico, provocando una dependencia mutua saogo en el mundo akico.
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English

In this thesis | described theoretically light-matter maietion in the presence of
decoherence for quantum dots (QDs) in a microcavity. Thenmesults of my
work can be summarized as follows.

The luminescence from a cavity QED system has been long tupposted
theoretically by analytical formulas that describe thecsgecase of the sponta-
neous emission (SE) of an excited state. This situatios thet physics of atomic
cQED. In the case of semiconductors, however, the typicataion scheme de-
parts in that it is botltontinuousandincoherent We have extended the atomic
cQED formalism to take into account these specificitiése have also extended
the atomic cQED formalism per se to cover the most generascakarbitrary
initial conditions and detunings). This extension essdligtamounts to introduce
two pumping ratedsh, or P, for the QD excitation an; for the cavity mode.

Starting with the linear model (LM), | have presented a gaha&nalytical for-
mula for the photoluminescence spectra in E§s3€—(3.39, that contains both
the SE and the steady state (SS) expressions allowing foeet domparison. An
appealing feature of the SS expression is that, in its fulkgality, it involves one
parameter less than the most general case of SE, which igadde into account
when it comes to fitting an experiment. The two realizatiohe@ED—atomic
and semiconductor—meet in some limiting cases of intengsti general, none
fully includes the other.

On the experimental side, the theoretical description efdtiong coupling
(SC) spectral lineshapes in terms of Lorentzians atpthi@riton (eigen) ener-
gies, neglects the effect of dissipation—universally ustteod as one of the main
ingredients of the cQED physics. The reference work for tBheseémiconduc-
tor case, byAndreaniet al. (1999, did not focus on the lineshape but on the
microscopic Hamiltonian, demonstrating the feasibilifysemiconductor cQED,
possibly encouraging its pursuit and leading to its sudaoessalization. The lu-
minescence emission was however taken directly f@anmichaelet al. (1989
work, that specifically addresses the particular case afitteet SE of the excited
state of the emitter (an atom in this case). This has variceeddantages for
the semiconductor case, where emission is not that—diretthe emitter, but
instead that—"indirect”—of the cavity mode. It also has lin@tation of neglect-
ing decoherence brought by the excitation scheme as wdieaS$ state realized
by the interplay of pumping and decay.

An anticrossing of the cavity and QD lines at resonance |@tel repulsion
in the PL emission is generally granted as a proof of SC, dueetadentification
of the two splitted peaks with the polariton emission (Rebi doublet This as-

9See Fig1.14for the schema of Hamiltonian models used in each Chapter.
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sociation is already mistaken without pump, if dissipati®mot negligible (the
usual case). A system in SC can show an apparent crossing lfiéls (when the
ratio of broadening to coupling strenght is large) and, nsamgrisingly, also the
other way around, namely, a system in weak coupling (WC) cgpialisan ap-
parent anticrossing, with always two peaks visible in theeRlission. Analyzing
our extended theory, suitable for semiconductors, we hawved that the effect of
pumping further disconnects SC from an anticrossing oSlimsen in very good
systems with low dissipation where one would expect a vezgramanifestation
of SC and the Lorentzian approximation to hold. | gave a viscription of
this physics in terms of phase-diagrams that separateyrieattoncept of doubly
peaked emission and of SC (Fig)8). This brought me to emphasize the impor-
tance of a quantitative account of the experimental daterahan a qualitative
description, that would wrongly identify the mode spligimvith the Rabi fre-
guency. A consequence of this error is to discard SC in strastwhere it is only
hidden and could be revealed by playing with the excitatidmese, providing,
e.g., a more photonic character to the steady state. Coimgjamre of the seminal
reports of SC in OD semiconductors, namely thaRgithmaieret al. (2004, we
have found that our model indeed provides an excellent gatwé description
of the experiment (Fig3.13), allowing us to confirm SC and to quantify it with an
underlying exact theory. Our fitting should be understoothhe following re-
strictions, that are in its favor) we have used as little parameters as possible (any
other theoretical model would come with as many, or moranditparameters).
ii) we have made a global fit, which means that the coupling gtheand decay
parameters have been optimized globally but kept constamtaining is varied.

Considering the effect of increased pumping, we face thelgmolf which
underlying microscopic model best describes the semiadndease, and how
various possibilities compare with each other. My mainégrgwing to its fun-
damental importance, is the Jaynes-Cummings model (JCMgthatles a two-
level system (2LS) to an harmonic oscillator (HO). In appioag this system, |
investigated first the case of two coupled 2LSs, still adngtanalytical solutions
and enlightening on the effect of decoherence on the drestatel when there is
saturation (Fig4.1). Two 2LSs are trivial in absence of pumping but become of
tremendous academic interest when including a continuncsherent pumping.
We could isolate some of the JC phenomena, otherwise diffcidnalyze ana-
lytically. For instance, we could trace the origin of the Jibbles and splittings
of the spectral lines due to pumping (FHdL5.

The second step towards the JC physics, this time focusints onultiplet
spectral structures and how they melt in the transition ftbenquantum to the
classical regime (Fig>.21), was the study of the anharmonic oscillator (AO). The
AO in isolation is still essentially solvable. Our formatisallowed us to iden-
tify the degree of “quantumness” of the system dependindherstrength of the
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nonlinearities and the pumping that probes them. A systefguantum” when
the lines that compose the spectra can be identified witkiohehl transitions be-
tween the dressed states (grouped in manifolds of exawatibor example, the
AO (interacting excitons) in SC with a cavity mode and at lownp (though
enough to overcome the linear regime), presents clear goefieiatures: the spec-
tral lines can be identified one by one with manifold traosis (Fig.5.5).

Equivalently, a small pump is enough to probe JC ladder &trecand observe
multiplets in the spectra, signature of quantum emittersmebence (Fig5.19.
With the JCM, we obtained semi-analytical results, and | hetvewvn how the
character of the pumping can affect visibility of the JC mo@éarities, in a sim-
ilar way as described exactly in the limiting case of vamghexcitations. The
thermal distribution of particles that forms at low pumpolpes appreciably the
nonlinear steps of the JC ladder even when the average nuhiparticles is
much below one. On the opposite, as pumping intensity i®asad in a mistaken
attempt of going farther into the nonlinear regime, thedesg of the quantized
fields disappear and give rise to structures of much reducegblexities. In the
best strongly coupled systems, the spectra evolves witeasag pumping from
a vacuum Rabi doublet (the quantum linear regime), to the dQuantum non-
linear regime), to a Mollow triplet (classical lasing regjnand, ultimately, to
guenching of the coupling and emission (WC). The crossovemuwdsrstood and
tracked thanks to our spectra decomposition.

The method we use in terms of correlators allows to decompuesdine-
shapes into individual and identifiable transitions betwie states of the system
[EqQ. (2.103)]. With this information | was able to identify unambigudythe po-
laritons in all the models | studied, and to characterizedéht regimes depending
on the strenght of the coupling. Each spectral line is commpad a Lorentzian
part, corresponding to the pure polaritonic emission, adspersive part, corre-
sponding to the interference between different polaritorssions, overlapping in
energy as a result of decoherence. This led us to introdweeeénitions for SC
in presence of incoherent pumping.

In the last part of the thesis, we have applied the develggathiques to more
complex and practical systems involving three modes. I$eduwon a particular
scheme of entanglement generation between two QDs in g/davithree QDs),
on the one hand, and on two-photons generation in a QD witlxaibonic state,
on the other hand. In both cases, | have shown the feasibilithese devices
with a realistic description that takes fully into accoundaeven relies on the
incoherent pumping.
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